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PREFACE TO THE 2ND REVISED EDITION

This text book of B.5c Mathematics, Vol. I for the first year students studying in all
universities of Andhra Pradesh was first published in the year 1988 and has undergone several
editions and many reprints. The authors are very happy that the earlier editions have been very
well used by the students.

This revised syllabus is being adopted by all the universities in Andhra Pradesh, following
Common Core model curriculam from the academic year 2015 - 2016. This book strictly
covers the new curriculum for Ist year, 2nd semester of the theory as well as practical.

Objective type covering multiple choice type and fill in the blank type questions which are
useful to M. Sc. entrance tests are given with answers at the end of each section.

Detailed solutions for all the problems in the various exercises of different chapters
are given at the end.

All suggestions for the further improvement of the book are welcome.

We are thankful to the Management Team and the Editorial Department of S Chand And

Company Limited, New Delhi for all help and support in the publication of this book.

AUTHORS
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SEMESTER-11
SOLID GEOMETRY

UNIT -1: (12 hours) : The Plane :

Equation of plane in terms of'its intercepts on the axis, Equation of the plane through the
given points, Length of the perpendicular from a given point to a given plane, Bisectors of
angles between two planes, Combined equation of two planes, Orthogonal projection on
aplane.

UNIT-11: (12 hours) : The Line :

Equations of a line, Angle between a line and a plane, The condition that a given line may
lie in a given plane. The condition that two given lines are coplanar, Number of arbitrary
constants in the equations of a straight line. Sets of conditions which determine a line, The
shortest distance between two lines. The length and equations of the line of shortest distance
between two straight lines, Length of the perpendicular from a given point to a given line,

Intersection of three planes, Triangular Prism.

UNIT -1I1: (12 hours) : The Sphere:

Definition and equation of the sphere, Equation of the sphere through four given points,
Plane sections of'a sphere. Intersection of two spheres; Equation of a circle. Sphere through
a given circle; Intersection of a sphere and a line. Power of a point: Tangent plane. Plane of
contact. Polar plane, Pole of a plane. Conjugate points, Conjugate planes: Angle of
intersection of two spheres. Conditions for two spheres to be orthogonal; Radical plane.

Coaxial system of spheres; Simplified from of the equation of two spheres.

UNIT-1V: (12 hours): Cones

Definitions of a cone, vertex, guiding curve, generators. Equation of the cone with a given
vertex and guiding curve. Enveloping cone of a sphere. Equations of cones with vertex at
origin are homogenous. Condition that the general equation of the second degree should
represent a cone. Condition that a cone may have three mutually perpendicular generators
Intersection of a line and a quadric cone. Tangent lines and tangent plane at a point. Condition
that a plane may touch a cone. Reciprocal cones. Intersection of two cones with a common
vertex. Right circular cone. Equation of the right circular cone with a given vertex, axis and

semi-vertical angle.
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UNIT-V: (12hours): Cylinders and conicoids:

Defimtion of a cylinder. Equation to the cylinder whose generators intersect a given conic
and are parallel to a given line, Enveloping cylinder of a sphere. The right circular cylinder.
Equation of the right circular cylinder with a given axis and radius.

The general equation of the second degree and the various surfaces represented by it;
Shapes of some surfaces. Nature of Ellipsoid. Nature of Hyperboloid of one sheet.
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1.

UNIT -1

Introduction
Axioms, Definitions and Theorems (without proofs) of Euclidean geometry
having application in solid analytical geometry.

Coordinates

Coordinates, Interpratation of Equations. Concepts of Vector Algebra which
are useful in prooving theorems or solving problems, Revision of concepts
learnt in earlier class.

The Plane

Equation of plane in terms of its intercepts on the axes, Equation of the
plane through the three given non-collinear points, Length of the
perpendicular from a given point to a given plane, systems of planes,
Bisectors of angles between two planes, joint equation of a pair of planes.




INTRODUCTION

1.1. Logical development of any branch of mathematics depends on a set. The elements
of the set are underfined terms. Associated with them are certain statements which are taken
as axioms or postulates for the subject.

In earlier classes the set language was used for the effective understanding of geometrical
concepts. It may be recalled that the structure of geometry was developed by taking point,
line, plane and space as undefined concepts and that every geometrical figure is a set of points.

Solid analytical geometry (Three dimensional coordinate geometry) is a subject
redeveloped on the above lines, The study of quantitative and qualitative nature of the space
very much depends upon coordinates and algebraic operations and methods associated with it.
Also vectors as ordered triads have an application in the treatment of solid analytical geometry.

1. 2. We take a set S and call it the 3- pspace, R’ —space and its elements the
points of the 3- Dspace. We take line L, plane =, sphere 8, etc. as subsets of 5. If
P < L., we say that P is a point on the line L, i.e., line L passes through the pointP. If Pe L,
we say that the point is not on the line L ie. line L does not pass through the point P. Points
on the same line are said to be collinear and points on the same plane are said to be
coplanar. 1f L <, we say that L is a line in the plane = ie. the plane = contains the line
L. Further L & = implies L is not in the plane =,

1. 3. We give below, not all. but certain axioms, definitions and theorems (without
proofs) of Euclidean geometry which have wide application in solid analytical geometry.
Further some well known terms and concepts which are used in the development of the
subject and which have to be redefined are deliberately left out as their definitions and the
results involving them given out in earlier classes are true even here.

[T, Axiom.] One and only one line passes through two distinet points.
If A. B are two distinct points on L. we say that L is the one and only one line which

passes through A and B. We write L as AR . (Fig. 2)
[2._Axiom.] One and only one plane passes through three non-collinear points. (Fig.1).
If = is a plane passing through three non-collinear points A, B, C we say that = is the

-

one and only one plane determined by A, B, C. We write the plane © as ABC.

T T
B L]
L
‘A\—-\»
. Ce B
A
Fig. 1 Fig. 2
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3. Axiom.| If two distinet points lie in a plane then the line through the two points lies
in the plane. (Fig. 2).

If A, B are two distinct points in a plane 7, we say that AB lies in the plane =.

4. Axiom.]| If two planes intersect, they intersect
in one and only one line (Fig.3).
m,. T, are two intersecting planes intersecting
in the line L.
Every line consists of at least two points.
Every plane consists of at least three non-collinear

points. In space there always exist atleast four points

which are non-coplanar.
L6. Axiom.| Correspending to any two points, there exists always a unigue real number

called the distance between the points.

If A, B are any two points, there exists a unique real number & (AB) or AB called the
distance between the points A and B with the following properties (i) AB=0. (ii)
AB=0<= A=B (iif) AB=BA (iv) AC+CBzAB where C is any point.

7. Definition.] I A, P, B are three collinear points such that AP+ PB = AB then we say

that P lies between A and B on the line. We write A—P—B. The set of points P is called the
line segment between A and B with end points A, B. We denote the line segment as AB.
It is to be understood that the meaning of AB is to be understood depending on the

context.

If A-P-Band AP = PRB, then P is called the middle point of the line segment AB,

If A, B are different points, then ABw { P/A - B-P} is called the ray from A through B
and we write it as 33

[8. Definition.] Tivo lines Ly, L, inaplane n are said to intersect if Ly~ L, #é. Now
Ly, Ly are called intersecting lines.
9. Definition] Tiwo lines Ly, L, in a plane n are said to be parallel if either L, L,

Fig. 3

are coincident (Ly = L,) or L. L, are not intersecting (Lym Ly 24). We write L || L,.
. e a—
If A,BeL,; and C,De L, then we write AB||CD or AB| CD.

If AR, CD are non-collinear, AB | CD and B. D lie on the same side of AC we say that

— — i B 5 —  d—
AB| CD. Alsoif AB,CD are collinear we say that AB| CD.

If L,. L, are not parallel we write L, j L, .
10. Axiom.| To a given line, through a given point one and only one parallel line
exists.
11. Theorem. Two distinct lines cannot intersect at more than one point.

‘ rem. s a not e plane « and infersecting «, then the

L intersects the plane = in one and only one point.
If the point is M in =. then M is called the footof Lin .

—__13. Theorem. Plane containing a line and a point not on the line is unigue.

If Lcx and Pen and P¢ L, then & is unique.
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14. Theorem. Two intersecting lines determine a unique plane.

If Ly and L, are two intersecting lines, then L, and L,

determine a plane. (Fig. 4). Iy
[15. Axiom.] For every angle there corresponds a unique real

number between 0 and n. This real number is called the measure

of the angle.

The measure of an angle when measured by comparison with

selected standard - a radial, the measure will be in radians. When
the selected standard - a right angle, the measure will be in degrees.

. q‘ -
If @ is the angle between AB and AC. we write Fig. 4

0= 2 (AB, AC) = (AB, AC) (AC. AB) =< BAC= £ CAB such that 0<f <.
— — — —
Also (AB, 4B)=0 and (4B, BA)==x.

T — - — = i i
If £BAC =3 We say that BA is perpendicular to AC and we write BA L AC or

b

E
AB LAC or AB 1 AC.
—_— — g .
If OP,0Q are parallel to two lines L. L, respectively, the angle between L, and L,

— — —_— —
is (OP,0Q) or n-(0P,00Q). Angle between parallel lines is 0 or =.

Here = is the measure of an angle and not a symbol used to denote a plane and the
meaning of n is to be understood depending on context.
16. Definition.| A line L cuts ( or intersecits) a plane n in a point F. If all the lines
in n through P are perpendicular to L, then the line L is said to be perpendicular to the

i
plane n. We write LLx or nlL. If MeL, then we also write PM Lz or
PM L n.(Fig. 5).

Fig. 5

17. Theorem. L, and L, are two lines intersecting at B Then line L perpendicular

to the lines Ly and Ly, at P is perpendicular to the plane determined by 1y and L,.
| (Fig. 6.).

18. Theorem. P is a point and L is a line. Through P and perpendicular to L
one and only one plane (n) exists.

If L meets o in M, the PM LL. (Fig. 7.).
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19. Theorem. The ser of points so that each point is equidistant from two
points A and B determine a unique plane (z) perpendicular to AB and intersecting

AB at its middle point (C).
If P. Q, R .... are points such that AP = PB, AQ=0QB, AR=RB, ....thenP. Q. R ...

are in the plane = where = L AB at C (Fig. 8).
20. Theorem. If L, L, are two distinct lines perpendicular to the plane =,

then L, and L, are parallel and coplanar (Fig. 9).

21. Theorem. P is a point in the plane =. One and only one perpendicular
line to n_exists through P (Fig. 10)

22. Theorem. L, L,are two parallel lines. If a plane is perpendicular to L,
then it is also perpendicular to L4, (Fig. 11).

&
1 & 1
" T
: . P4 : !
Fig. 9 Fig. 10 Fig. 11

23. Theorem. One and only one perpendicular line can be drawn to a plane
Sfrom a point not in the plane.

24. Theorem. L is a line and P is a point on L. If = is the plane perpendicular
to L at F, then all the lines perpendicular to L through P lie in the plane n. (Fig.12)

[25. Definition] L is a line and = is a plane. If no point of L is in n(LAn=4) or

if L is in =, then L is said to be parallel to = and we write L| =n.
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26. Definition.

n. M,y are two planes which are either coincident (n, =n,) or
parallel (ryrny =9). Then n,n, are said to be parallel and we write = | n5.

27. Theorem. my, ®y are two distinct parallel planes. If a plane o cuts =y in
a line L, and ) in a line La, then Ly || L;. (Fig. 13).

28. Theorem. If L is a line perpendicular to the plane =n, then L is
perpendicular to the planes parallel to =, (Fig. 14).

29. If m;. n,5 are two planes perpendicular to the lines L, then =, || n, . (Fig. 14).

A

S —t— /Li g
~c [ 1/ 17

— [/ 4L

‘-r._._-_._._________._.---" Y

Fig. 14
Fig. 12 Fig. 13 9

30. Theorem. If L, is a line parallel to any line in a plane = then L || n.

31. Theorem. L, is a line parallel to the plane n,-m, is a plane containing
L and intersecting n; in L,. Then L;| L,. (Fig. 15.).

L, .‘5[3. . /

Fig. 15 Fig. 16

32. Theorem. L is a line in a planen. R is a point on L. Also Q is a point in
n, but not on L. Further P is a point not in z. Then

(i) QRLL and PRLL = PQ.l=x
(if) PRLL and PQlxr = QR.LL
(ifi) PQLx and QRLL = PRLL (Fig. 16).
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This is called the theorem of three perpendiculars.

33. Theorem. Tweo parallel planes m,n, alswys make equal intercepis or
lines perpendicular to m, ;.

Definition.| L is perpendicular to ny,ny. The
intercept on L by ny, n, is called the distance between A /ﬂl

ny, and ny (Fig. 17.).
34, Definition.] If L,. L,. L; are three lines such
that LyvLy Ly = P then the lines Ly, Ly and Ly are = L, - -
said to be concurrent.
35. Theorem. If Ly || Ly, Ly | Ls,then Ly || L;.
We say that L, L,, L; are parallel and we write /Fig. . /
Ly Il Ly I Ly,

36. Theorem. =y, 7n,,ny are three distinct planes so that no two of which are

parallel. _The three lines of their intersection are either parallel or concurrent.
(Fig. 18, Fig.19, Fig.20).

T
ﬁl’ ny
m3
L
Ly L
Fig. 18

n
\/\H

M LE

/ \L:u P

Fig. 20
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|37. Projections. | Here peojection will mean orthogonal projection only.
Pisapointand L is aline. Pe L. If Mis the foot of the perpendicular

from P on L, then M is called the projection of P in L.

2. Definition] P is a point and = is a plane not containing P If the perpendicular

from P to = meets r in the point M, then M is called the projection of P in =.

P. O are two points and L is

. : - Q

aline, pep and Q¢ L. If Mis the projection

af Qin L, then PM is ealled the projection of PQ

in L. (Fig.21).

[4. Definition] O are two points and Lis L
aline. P,Oel. If M N are the respective P M
projections of P, () in L, then the line segment Fig. 21
MN is called the projection of the line segment PQ in L.

5. Theorem. = is a plane and L is a line not in =. If perpendiculars are
drawn from every point on L to n, then all the projections in = are either collinear
(when L is not perpendicular to = ) or coincident in a point (when L L n).

[38. Some useful resulis]
1. Lisaline and P is a point on it. The perpendiculars to L at P are coplanar.
2. The planes perpendicular to a line are all parallel.
3. L is a line perpendicular to a plane n.
All the planes through L are perpendicular to .

L 3

4. L. L, area pair of intersecting lines. L4, L, area second pair of intersecting lines

sothat Ly || L, and L, || L,. Then
(i) the angle between the first pair = the angle between the second pair.

(ii) the plane determined by the first pair is parallel to the plane determined by the
second pair.

39. Definition.| L. is a line and R is the set of real numbers. f:L — R is a one-one
mapping. If A.Be L suchthat |A,B|= | f(A)- f(B)|, then [ is called a coordinate system
Jor L. The real number x (= f(P))is called the coordinate of P w.r.t. the coordinate system

f on the line L and we write it as P(x).

In this context L is called the coordinare line. The set P(x) is called the geometric
figure on L.
Every line has a coordinate system.
A coordinate system on the line L depends on an arbitrarily chosen points O and | on
L such that
(i) O, called the origin, to correspond to the number O, and
(ii) 1, called the unit point, to correspond to the number 1.
Clearly we can have infinitely many coordinate systems defined on L.
Then for every real number x and for each

point P on L one-to-one correspondence exists | b a
with the following properties and notation' P(x)  * {-1 E ? I':' ’
denotes the point P with coordinate x"(Fig.22). Fig. 22

P(a), Qb el =
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(i) P(a)=0 < P=0,
(ii) P(a) lies to the right of O is g > 0. and Q(b) lies to the left of O if p <0 .
(iii) Between P and Q, distance = P Q =|b-a| and directed distance =b-a,
(iv) P(a) liesto the right of Q(b) if 5> 5.
(v) Q(b) lies to the left of P(a)if p< 4.
(vi) P(a) coincides with Q(b) ie, P=Q if g=p.

| 40. Definitio 1|..| A(a), P(x), B(h) are points on the coordinate line L. Then

(i) A-P-B= P is said to divide the line segment AB internally in the ratio

(x—a):(b-x)and x-a, b—x are positive.
(i) p—A4—-B or 4-B-P = P is said to divide the line segment AB externally in the
ratio (x—a):(b-x) and (x - a), (b-x) are of opposite signs.
We write (P;:A,B)=(x-a):(b-x). Itis +ve or -ve according as P divides AB
internally or externally.
If (P;A.By=m:n,then (x=a):(b=x)=m:n = n(x-a)=m(b-x)
41. Theorem. In a given ratio_a line segment is divided at one and only the point]
[42. Skew lines.

Definition. Any twe non-parallel and non-intersecting lines are called skew lines.

Since any two lines in a plane must be either parallel or intersecting, skew lines are non-
coplanar. Conversely any two non-coplanar lines are skew lines. (N LL07)

43. Theorem. L,,L, are two skew lines. Then there exists one and only one
| plane n_through one of the lines and parallel to the second.

44. Theorem. If 'Iil__ﬁ is the projection of a line L in a plane =, then ﬁ y L are
coplanar.

If L||x. then L| MN.
[ 45, Theorem. If L,, L, are two skew lines, then there exists one and only one
line which intersects L, L, and is perpendicular to L, L,.
[46. Definition] 7 is a line and ny is a plane not .r,-.r.:;m.-.-':rfng L. If L is not parallel
to w,, then the angle between L and n, (written as (L, =) is the angle between L and

— —fr g . . : . . —
MN . where MN is the projection of L in n;. We write (L,%,)=(L,MN).

We can have (L.m)=

(S|

+8 where 0 is the acute angle between L and a normal to x;.



COORDINATES

2.1. COORDINATES OF A POINT IN SPACE
Let O be any point in space 5. Let X'X. Y'Y be two perpendicular lines through O.

Let the plane determined by the lines be X0OY . Through I‘r"
O and perpendicular to the plane XOY let 77 bealine. J

Imagine the plane XOY asthe plane of the paper and the

perpendicular 7'7 is to be visualized as perpendicular X' < 5 — X
to the plane of the paper at O. 77 may be regarded as

) — . — A e
verticaland X'X, Y'Y as horizontal. X'X. Y'Y . 7'7 are

three non-coplanar mutual perpendicular lines through Yy

) — — . — Fig. 23
Q. The lines Y'Y and Z'Z determine the plane YOZ

. e  H— . E
and the lines Z'Z, X'X determine the plane ZOX . Also

XOY, YOZ, 70X are three mutually perpendicular planes through O.

On X'X take O as the origin, 1 as the unit point ;

on Y'Y take O as the origin, J as the unit point and

on 77 take O as the origin, K as the unit point such that 01 = 0J = OK (Fig.23).

The coordinate of a point on X'X is called its x - coordinate, the coordinate of a point
on Y'y is called its ¥ - coordinate and the coordinate of a point on 77 is called its Z-
coordinate. XOY (XY plane), Yo7 (YZ plane), 70X (ZX plane) are called the rectangular

coordinate planes. XX (x-axis). ¥y (v -axis). i'_ﬁ{ - -axis) are called the rectangular
coordinate axes. Such an assigned system of axes is called the frame af reference or coordinare
frame (denoted by OXYZ) so that the coordinates of a point change with the change in the
frame of reference. (Fig.24). Pis any point in sapce. L, M, N are respectively the projections
on the coordinate axes. Let the X coordinate of L be x. Y coordinate of M be ¥ and £
coordinate of N be -. The numbers x.v.z taken in this order are called the rectangular
coordinates of P. We write P = (x,y,z) . Thus the point P is associated with an ordered triad
of real numbers.

Let (x,y,z) be an ordered triad. Take the point L. of co-ordinate x on H . the point M

of coordinate ¥ on Y'Y and the point N of coordinate - on ZZ. Through the points L, M,

N draw planes m;, m,, m; perpendicular to the coordinate axes X'X, Y'Y, Z'Z respectively.
11
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The three mutually perpendicular planes =, 7,5, 7, +Y

intersect at a unique point P.
M) E

Since Pen , the projection of P on XX is
L. and hence the x - coordinate of P is equal to L. J
Similarly the » -coordinate of P is equal to the F
¥-coordinate of M and the : -coordinate of P is ' /
equal to the : -coordinate of N. The coordinates X' ' 00
of Pare x.v.z inthat order. Thus for the ordered
triad (x, y, z) we have a unique point P in space. NZ) G
Hence a one-to-one correspondence is Z Y’
established between the set of points in space and Fig. 24
the set of ordered triads of real numbers. This

P(X.ff.Z)

space is called 3D space or R? space.
The three coordinate planes divide the space into eight compartments, each of which is
called an octant.

Oc mh - 0X o0X' 0X' 00X 0X oX' oX' 0X
wil F 3 7 W ¥ r r F K
bty T O O BF OY 0¥ B9 O
lines Z 0Z O0Z 0Z 0Z' 0Z' 0Z' o0Z'
Sign of the

coordinates of
any point in the
octant

Clearly the three planes through P are respectively parallel to the coordinate planes and
the six planes form a rectangular parallelopiped. The three pairs of rectangular faces are
PFNG EMOL : PGLE, FNOM ; PEMF, GLON
We have
(i) For any point on X-axis, v = 0 and z = (.
For any point on Y-axis, x = 0 and z = (.
For any point on Z-axis, x = () and y = (0.

L

(ii) For any point on xoy plane z = (),
For any point on YOZ plane x = (),

For any point on 70X plane y = 00,
(iii) Origin O = (0, 0, 0)
(iv) | x| =0L = ME = NG = FP = Distance of P from YZ plane,
| v | = OM = LE = NF = GP = Distance of P from ZX plane,
| z| = ON = LG = MF = EP = Distance of P from XY plane.
(v) PL, PM, PN are respectively perpendicular to X axis, Y axis, Z axis.

(vi) Distance of P from the X-axis = PL = J[I_F.1 +EP?) = J{yl +5%) »
(- (EL. EP)=90°)
Distance of P from the Y-axis = PM = ‘J’[Epz +ME?] = "(_.—3 +x7Y s
(- (EP, EM) =9(°)
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Distance of P from the Z-axis = PN = ‘.‘[[]%;IFI +FP?] = J{x}' + %) s
(- (FP, FN) =90°)
(vii) OP = y[OL2 + PL?] = J(_H- +y? 427 (- (LO, LP) =90°)
(viii) The projections of P(x,y.z)on the coordinate axes are L, M, N where
L =(x,0,0), M = (0,1,0). N = (0,0,2)..
The projections of P(x,y.z)on the coordinate planes (YZ, ZX, XY) are F, (G
E, where F=(0,y,z), G=(x0,z), E=(x,y)0).
(ix) Xaxis= {P(x,»,2)/y=0,2=0}, YZ plane = {P (x,y,z)/x =0},
Y axis = {P(x,y,2z)/x=0,z=0}, XY plallf: = {P(x,p,z)/z=0},
Zaxis= {P(x,y,2)/ x=0,y=0}, ZX plane = {P (x,y.2)/ y=0}.
2. 2. INTERPRETATION OF EQUATIONS

Definition. A locus is the set of points and only those points satisfving a given
condition.

Definition. F is a function from g3 into R.
Then the locus S ={(x,y,2)| F (x,y,2) =0} is called the surface represented by the
equation F (x,y,z)=0.

F(x,»,2z)=0 is called an equation to the surface S,

Definition. [f F is a polynomial (not a zero polynomial) in x, v, z then the locus
(surface) represented by F (x,y,z)=0 is v
A

called an algebraic surface.
Consider : (i) F (x) =0 where F(x)isa .;-:'; = X,
polynomial. So F(x)=0 has a finite number z' lixy.y.2
| %3 | EA 1

¥
>

ofrreal roots. Let x|, x,..... x, betherealroots. y-«

The locus (surface) m; = {(x,».2)/ x = x,} is (X3, y,2)
a plane parallel to YZ plane since every point | o
in @ has its x coordinate x, (Fig. 25).

Similarly the locus (surface) of each of s
the equations x=x,....x=x is a plane g

parallel to Y Z plane. Thus the locus of the equation F (x) = 0 is a system of planes parallel to
YZ plane.

Similarly F{»)=0 and F(z) =0 can be interpreted.
(if) F(x,z)=0where F(x,z) is a first degree polynomial in x,z(say, 3x-5z=15). This
i5aline in ZX plane (Fig.26). The locus (surface) n={ (x, »,z)| F(x,z) =0} is a plane parallel

to Y axis since every point P(x,y.z)in n has a point on the line with the same xand -
coordinates.
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Similarly F(x,»)=0 where F(x,y) is a first degree polynomial is the equation of a
plane parallel to Z axis and F(y.z) =0 where F(y,z) is a first degree polynomial is the equation
of a plane parallel to x -axis.

(#ii) The curve F(x.z)=01s of second degree in ZX plane in the two dimensional
Cartesian system (Fig.27). Let Q{x.0,z) be any point on F(x,z)=0. Then the point

P(x, v.z) where y e R satisfies the equation F(x,z)=0. ﬁ}' is a line parallel to Y-axis.

- Forall Qon F(x,z)=0, we have a set of lines parallel to Y-axis.

Thus the locus of the equation F(x, z) = 0 in 3D-space is a system of lines parallel to » -axis
and the locus is a surface called a cylinder. Each of the lines is called a generator of the cylinder.

Similarly F(x,z)=0 and F(z,x)=0 can be interpreted.

A surface generated by a line so that it keeps parallel to a fixed line and intersects a
fixed curve in a plane is called a cylindrical surface or a eylinder. In accordance with this
definition, a plane in (i), or (if) is a special case of a cylinder.

Thus the locus (surface) or an equation in two variables is a cylinder with generators
parallel to the axis of the missing variable.

(iv) If F(x,y,z)=0and ¢ (x,y,z) =0 separately represent two surfaces then the points
satisfying both the equations lie on the curve of intersection of the two surfaces.

EXERCISE2(a)

Find the feet of the perpendiculars from (-1, 6, -2) to XY, YZ, ZX planes.

2. A rectangular parallelopiped with the coordinate planes as adjacent faces is taken. If
one vertex 1s (=1, 6, = 2), write down the other vertices.

3. Write the locus of the point whose

—_

(i) x-co-ordinate =2 (ii) »-co-ordinate = -3 (iii) :-co-ordinate =4,
4. Write the locus of the point for which
(i) x=0 (i) y=0 (fif) z=0 (iv) x=0,y=0 (v) x=0,z=0

(vi) x=3,y=2,
5.  Write the locus of the point for which

2 2
() x2+y2=252=0 (i) v: =dav,z=0 (il %+%:l.::u
(iv) »*=dx (v) x2+22=9 (vi) 4x* +9y? =36.

6. The end points of a diagonal of a rectangular parallelopiped with faces parallel to the
coordinate planes are (2, 3, 5) and (5, 7, 10). Find the lengths of its edges.
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ANSWERS

1. (-1,6,0),(0,6,-2)(-1,0,-2).
2. (0,0,0),(-1,0,0), (-1,0,-2),(0,0,-2)(0,-6,0), (-1,6,0),(0,6,-2)

3. (i) Plane parallel to y»z plane (if) Plane parallel to zx plane
(iii) Plane parallel to xy plane

4. (i) yz plane (if) zx plane (i) xv plane
(iv) :z-axis (v) »¥-axis (vi) Line parallel to - - axis

5. (i) Circle in xy plane (if) Parabola in xy plane (#if) Ellipse in xy plane
(iv) Cylinder (v) Cylinder (vi) Cylinder. 6. 3,4.,5.

2.3. The study of 3D-geometry is made through vector methods wherever feasible. The
students are already familiar with a detailed study of the geometrical concept of vectors in
Vector Algebra. By expressing the equivalence of a vector to an ordered triad, we recapitulate
the necessary ideas of Vector Algebra in the ensuing articles.

If felt convenient, methods using concepts of Vector Algebra may be used by
students while proving theorems or solving problems.

2.4. VECTOR|
Let OXYZ be a frame of reference and ;. } k be a unit orthogonal vector ordered triad

(along OX, OY, OZ ) in the right handed system.

Let P(x, y. z) be any point in space and be determined by its position vector 0op . Then

we can have OP =xi+ yj+ =k for unique scalars x. .z,

In view of this, let the point (x, y, z) be associated with a unique vector xi + yj + zk and
the vector xi + 17 + zk be associated with a unique point (x, y, z).

Thus in R* -space a one-to-one correspondence is established between the set of points
and the set of position vectors. Hence we write (x, v, z)=xi +)j + 2k

The co-ordinates of any point P are the rectangular components of its position vector op .

Any pointon x -axis =(x,0,0)=xi.any pointon ¥ -axis (0, y,0)=yjand any point on
- -axis (0,0, 2)=zk.

If ais taken to represent the position vector of the point A(x, v, =), then

A :E:x|;+y|}+zli =(X. 0. 5)-

Note. O=0i+0;+0k=(0,0,0).

2.5. P= (%, ¥ 21).  Q=1(xy, ¥y, z,) are any two points
(Fig. 28). Then

(i) OP+OQ=(xi+y;j+z2k)+ (i + 15 j+2,k) 0 Q
Fig. 28

=]

=0 +) i+ +35) FH(z, +2) k=(x + X5, Yy + )5, 5 + 25)
(i) Gll—m:{.l'l =X, M — V2. 5y _-33}-

(iii) AOP =(h(xi+ vj+zk)=dxi+ Ay j+ Azk = (hx, Ay, Az)
where ;. is a real number.

(iv) PQ=PO+0Q=0Q-0P=(x; —x, ¥; =¥+ 23 — ;)
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2.6. Definition. If a=AB.bh=CDsuch that A, B, C, D are collinear or 48| CD . then
E.I: are said to be parallel or collinear.

Sometimes we write a | CD or A‘—Bu b . We take that null vector is parallel to every
veclor.

If @, b are not parallel or not collinear. then 7.5 are called non-parallel or non-collinear
vectors.
2.7. P=(x;,y.5)Q=(x;, ¥5,2;) are any two points. O, P, Q are collinear

& OP =100Q. & is a real number
S (XL Y 5)=A (X, ¥0. 5) S XXy =) 1Y 13y = A
2.8. LENGTH OR MAGNITUDE OF A VECTOR|
Any point P = (x, y, z)and OP = (x, y, ). The length or magnitude or norm or modulus

of the vector Op = | OoP |:DF = J{xl. 2. zh)
2.9. Theorem. Distance between two points (xp, ¥;,2;) and (x5, y3,25)is

VI =0 + (3 =y + G =)
Proof : Let A =(x, ¥, 1) B=(x;, ¥;5,2,).

Complete the parallelogram OABP so that OP | AB and OP=AB. . OP=AB

OP = I:.'l'z X1 ¥a—¥s Ia _:|}

::=| a|=DP= J[{Il —.\'1}3 +( ¥, —.1'|}|2+{:1 —-'|.‘JE]

|E|=ﬁﬂ'= Jl'[-"g _-""|}|2 +( ¥ — N }2 +( 25 -2 }zl

. Distance between points A = (x), ¥, 5, ), B=1(x5, ¥5. 5,)

= AH=JHIE —.1'1}3 +( ¥4 —J'|]'2 +( 2y ‘:112]

2.10. If E,E are two vectors, then there exists a unique vector ¢ such that

E+E=E ie., if Ei'={.‘|.’1._'|’|.21 ) IJ‘={.T2-_l'gazz}-E:{x-}'-:} then

(x, ¥, 2)+(x5. ¥5. 23 ) =[x, 7. ) =L ¥ 5) =% = X3, ¥ = V3. 5 = 25)

2.11. UNIT VECTOR|

y AB . : - . "
If A, Band A =B, are points, then — is the unit vector along AB in the direction

from A to B.
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If A=(x,».2)B=(x;5, ¥y, z;)then the unit vector along AB in the direction
{Ig —.TI-._'lr'g__]r'la —_; _—_]]

Gy =302 +(y — 1) +(z5 - 2,)%]

fromAtoB =

2.12. If OA =g, OB =5 are two non-collinear vectors, OA. OB determine a unique plane

denoted by AOB and we say that it is the plane containing a, b.

2.13. COPLANAR, NON - COPLANAR VECTORS|

Let a. bbe two non-collinear vectors and ¢ be a vector. Let O be the origin and A, B,

C be three points such that OA =E.r._, OB=bh,OC=c. Since OA, OB are non-collinear, they
determine the plane AOB.

If Ce AOB, then OA,OB,OC are said to be coplanar and if C¢ AOB, then

OA. OB, OC are said to be non-coplanar. |, ; k are non-coplanar.

2.14. ANGLE BETWEEN VECTORS|

If @=0A, h=0B, then the angle between the vectors g, b [written as (a, b) ] is

—_— — — —
({M. GBJsuchthat 0° g[mﬂhnﬂ]glsu‘.

- = — e [ o — —

We write 0° < (a, b) <180°. We have (a.—b)=(-a,b) = (DA, B{}] = [AD, GBJ

If (a,b)=90", then we write o L b or OA Lb or a1 OB or DA L OB. We take that
null vector is perpendicular to every vector.
2.15. If a.b,c are non-coplanar and r is any vector, then there exist unigue real
numbers x, ¥,z such that r=xa+yb+ze. r is said to be a linear combination of
a,b,c.

Since i, j, k are non-coplanar, any vector r = xi+ yj+zk, for unique scalars x, y, = .
2.16. g, b, ¢ are non-coplanar.

(i) _:-,E;+_p1f;-+z,5=x35+_1:35+:15::-x. =X V| =V =5

(i) xqa+nb+zc=0  =x=0y=0z=0.
2.17. Definition] 4, B are two points. If L.k, (h; +k, 2 0)are two real numbers such
that pe AR and ).,AP =1 PB, we say that P divides AB in the ratio L, :).,.

Ai.h3 >0, A=P=B ie., P is said to divide the line segment AB internally in the
Ayihy and Ak, <0, P-A-B or A-B-P ie, Pissaid to divide the line segment AB
exfernally in the ratio &, :4,.
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:"I.]E+;-.EE

2.18. If A=a, B=h and (P:A,B)=},:4, then OP =
l|+;‘|,j

(A + 22 20),

2.19, I. E. C are three points whose position vectors are g, b, ¢ respectively.

A (), B(b), C(c) are collinear < la+mb+nc=0,1+m+n=0,(l,m,n)#(0,0,0)

2.20. DOT PRODUCT OR DIRECT PRODUCT OR SCALAR PRODUCT OR INNER PRODUCT.

Definition. If a, b are two non-zero vectors, then a b=|a| |b| cos (a.b) and if one of

a, b is zero then a.b=0.
Now i.i=Lj.j=Lk.k=Li.j=0,i.k=0,j.k=0.
If @=(x, > 21 b =(X3, ¥3.23), then a@.b=(x;, 1, 7)) (X2, ¥2, 23)
= (%i. 1 J. 1K) (k. ya ) 22K) = XXy + 31y +217
Also we have (x;, ¥, 51} (x5, ¥3. 25) =(x9, ¥3. 25) . (31, ¥, 51)
Also if |a|=a, then 7 = 72 =a.a=x"+yW +3°
If @ is a unit vector, then g° =| g |2 =1.

2.21. If P=a=(a.b.q) Q=b=(ar.by.c;), PzQ=0and (OP,0Q)=(a.b)=0, then

=l

{TﬂSE!=|_ b _ iy + by + ooy
a

El \lr{ﬂ']z + .fJ']2 + qz} . J{HEE + .|':=32 + {,22}

a.b are parallel vectors <> g =2h

apih ey =ayiby ey orapia,=biiby=¢ 0,

a.b are perpendicular vectors <> a.h=0 < aay +bby +cjc3 =0

2.22. Projection of b on a(0) is b. =b+a=5.; where ¢ is the unit vector in the
lal la

|EI

= |

directionof g.

2.23. g.(b+c)=a.b+a.c,a.(b-c)=a.b-a.c,

(a—BP =la-B).(a~B)=a" ~2a.b+b

Ii.!-ll. CROSS PRODUCT OR SKEW PRODUCT OR VECTOR PRODUCT
If &, b are two non-zero or non-parallel vectors, then

(axb)=la| |b|sin(a.b)n
where » is a unit vector perpendicular to the plane containing a. » so that @, b, n form

a right handed system and if at least one of a, b is a null vector or a|| b, then (axb)=0.
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We find that gxb=—bxq and |axb|=|a| |b| |sin (a.b)]

Now }x}=ﬂ,}x}-—-ﬂjx;=ﬂ, ;x}=i~}xi=—_1}:-:E=E..Ex}=—.}
}:u:}:?c. I:::-:;:-:T; |f.:_r=[x|,_1,?|,:|], E=[x3,y2,:1}.then
axb=(xy, W, 51)% (¥, ¥3. 23) = (i + 3+ 2k)x (i, ya J. 22K)

= I|}'EE-I|:2}-IE_}?|E+_1’133;+:l.1'1}-.-'”QE
=Mz - m)i-(q2 —x%5) J+(xy —xn) k

i j ok
=2 =M. X -2 -nn)=l5x »n 3
n ¥ I

ie. (%, 3y, 2))% (X3, ¥, 22) = (0023 = a2y, X33 = X2, XYy — X2 0y)
(X3, ¥y, 23 )% (X ), 3) = = (0123 = Va2 X2 =X 29, X\ ¥y — X))
and |{.t,,J.-,,:,}xl[:l.y:,::]|-J[Z{}’l—‘:*}':—‘.}:]
225. If P=a=(a,b.¢).Q=b=(ay,br.c;)=(P=Q=0)
laxb| | (hey =By qay —cra, aphy —ayhy) |

and (OP, 0Q) =(a, b)=0, then sinf = —— =
|a]lo] \'riﬂlz+!'?|z+ﬂ'|2}a\f1["12+bzl+51:}

2.26. If ABC is a triangle, then the area of A ABC = %l ABx AC | square units. Also

ABx AC is a vector perpendicular to the plane of A ABC.

Area of A ABC =0« AB.C are collinear.
A, B, C, D are coplanar points. If ABCD is a parallelogram then the area of the

— ] — ) Sa—— .
parallelogram = | ABxAD| or E| AC x BDl square units,
If ABCD is a quadrilateral, then the area of the quadrilateral = % I AC x BD | S(]. units.

2.27. a=(a,ay,a3),b=(by, by, by), € = (e, €3, €3) .

axbh =(arby —azby. azhy — ayby. ayby —anhy) - lab ¢]=(axb).c
=(ayby —azby, azby —ayby. a by —ayby) (e, €5, ¢5)

= (aybye) —ashie) + aybyey —abyey + aybyey —asbies) = by by by

€ 6 o

ie. [ab c]=[(a, az.a3), (B, by By)(cpoeaae3)] =| By by b
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2.28. a.h.c are three non-coplanar vectors. If V is the volume of the parallelopiped with
adjacent sides a,b,c then V = |[a,b.c]| cubic units.

If V is the volume of the tetrahedron with adjacent sides a.b.c. then V =é| [a,b,c]
cubic units. Also if any two of g,b,¢ are parallel, [a,b,c]=0

2.29. Oneof a.b.c is {}::.-[51 E;] = 0.Also if any two of g b,c are parallel, [E.rjj]:ﬂ.

2.30. g b.c are three non-zero, non-parallel vectors. E*E,,E- are coplanar < [a,b,¢]=0.

a.a a.b a.c
If a,b.c are three non-coplanar vectors, then [E~E~E]E= b.a b.b b.c
n i
- Ex_al

2.31. A, B are two distinct points. Distance of P from AB = —|=|—
AB
2.32. A, B, C are distinct points.

AB. AC are parallel = A, B, C are collinear.
A, B, C, D are distinct points.

AB, AC, AD are coplanar < A, B, C, D are coplanar.
2.33. NOTATION
'‘m L L' means : There exist two points A, B such that AR =,, and AB | L.

m|| L' means : There eixst two points A, B such that A= and AB| L.

'mcn' means : There exist two points A, B such that AB = m and ABcr.
'men’ means: m isa point in the plane x.
SOLVED PROBLEMS

Ex. 1. Show that the points (3,-2,4), (L L1), (-1, 4, -2)are collinear. Hence find
(C; A, B).

Sol. Let A=(3,-2,4),B=(1,11) and C=(-1,4,-2)
- AB=|AB|=|0-3.1+2,1-9)| = | (2,3,-3) |- J@319+9) =y
BC=|(-2,3,-3) | = J(4+9+9) = J(22)

AC =|(-4,6,-6) | = (16 +36 +36) =24J(22) . .. AB+BC=AC.

= A,B,C are collinear and (C ; A, B)= (=1=-3):(1+1)==2:1 (Art 1.40)

OR : AC =(-4,6,-6),CB =(2,-3,3)

Since AC = -2(2,-3,3)=-2 CB. A.B.C are collinear. Let (C; A, B)=4,:4,
Ay AC=1,CB

= },1{—4~ﬁ~—6}=1|{l—3.3]:‘ Ell =—=II'|.‘|-E :}l. :Il'..I =-2:1=(C:A,B)=-2:1



Coordinates 21

Ex. 2. Show that the points (-1,-2,-1), (2,3,2), (4.7.6) and (1,2.3) form a

parallelogram.

Sol. Let A=(-1,-2,-1),B=(2,3,2),C=(4,7,68)and D=(1,2,3)
~AB={[2+1)? +3+22 +2+1?] = J@3), BC=6, CD=f(43), AD =6

Also AC = J(155) and Bp =43

~AB=CD,BC=AD and AC = BD. - ABCD 1is a parallelogram.
Ex. 3. Find the centre and radius of the sphere determined by the poinis

{1, =5, =3), (0, =6, =1), (=2, =2, 3), (1, =2, D).
Sol. Sphere is the set of points P=(x, v, z) where A =(a, b c)and paA =r(a non-

negative number) A is called the centre and » is called the radius.

-

o

Let P, =(1,-5,3), P, = (0,6, -1),P; =(-2,-2,3) and P, =(1,-2,0).
. 2 2 . 2

= (a-12 +(b+52 +(c-3)% =(a-02 +(b+6)2 +(c+1)*

(1) (2)
=(a+2 +(3+2 +(c-3)° =(a-1)* +(b+2)* +(c-0)*

(3) (4)
From(l)and(2): -2a-2b-8c=2=a+b+4dc=-I i)
From(l)and(3): —6a+6b=-18=a-h=3 . (B)
From(1)and(4) : 6b-6c=-30=>b-c=-5 s {7)
Solving (5), (6),(7), a=-1,b=—4,c=1. s, Centre A=(=1,-4,1).
Radius P A = \[(a-1)2 +(b+5) +(c-3)2] = J@+1+4) =3

EXERCISE2(b)

If A=(-1335) and B=(4, -12, -20) find whether O, A, B are collinear.

If O, A, B are collinear, then find (i) (A ; O,B) (i) the ratio in which B divides the line
segment OA.

If A=(2,-3, lﬁ} . find unit points on (i) D_ﬂ (if) ﬁ

Find the distance between the points (-1, 0, 6) and (5, 3,0).

Show that the three points (#) (1,1, 0), (1. 0, 1), (0, 1, 1) from an equilateral triangle.

(ii) (1,1, 1), (=2, 4, 1), (=1, 5, 5) form a right angled isosceles triangle.

(iif) (2,3.5).(-1 5, =1), (4, -3, 2) form a right angled isosceles triangle.

Which triangle is formed with the vertices (a, b, ¢), (b, ¢, @), (¢, a, b).
Show that the following points are collinear.

(/) (-L,0,7)(3,2,1),(5,3,-2) (4. U.A12)  (iii) (1,2,3),(7,0,1),(-2,3,4)
Show that the following four points

() (-1,-3,4),(5 -1, 1(7,-4, 7). (1, -6, 10) form a rhombus.

(i) (-2, 4,10 (-1, 5,5),(2,2, 5 11)form a square.



B.Sc. Mathematics - | (A.P.) (2nd Semester)

8. Find the centre and radius of the sphere determined by the points,
() (a,0,0),(0,5,0)(0,0,¢),(000) (i) (-1.1,3).(21,2),(0,56).(3,2,2)

9. Find the point equidistant from the points. (2, 0,0}, (0, 4, 0), (0, 0, 6), (0, 0, 0)

10. Find the equation to the locus of P(x, y, z)such that A =(a,0,0), B=(-a,0,0)and
PA +PB = 2K (# 0)

11. Find the equation to the locus of P (x, v, z) such that the sum of its distances from
(4,0,0)and (-4, 0, 0)is 10.

| ANSWERS
3 -3 53 -3 3§ -3
1. Yes () -1:5 i) -4:5 () |55 5 |G| 55 5
3. 9. S Equilateral 8. (i) (a/2.5/2.¢/2), Va® +b% +c2 /2 (i) (1,3,4):3.
9. (1,2,3) 10. [I—:—;]x2+}'2+:2=.&3—u: 1L 9x? +25y% 42522 =225 ¢

2.34. Theorem. If A=(x;,y;,2;) B=(x3, ys,22) and P is a point dividing the
line segment AB in the ratio )y : 35 (A +3; 20), then

P AaXt+Mx2 Ay My Apzi+hyzy
1-[+1-2 ' ’l-l'l'l: . 1]+?q

Proof : Let P=(x, yv.z). (Fig.29) '1—: ; B.+
A.P.B are collinear and
. L RS - - =
(PAB)=A; 1Ay (A +A,20) P A B
M - . - -
< A,AP:\,PB A B P
Fig. 28
& Aa(X=X, =V 2-2)=MN(Xy =X, Y3 — ¥, 25— 2)
= ll{x —.tl‘,l = li{xz -x). etc. = I[.'-'-.] +}'|.2‘}.1' = I'Ll.tl + ILI.'-:2 . etc.
g }'LEJ:] +:|'-.|:|:1 . ‘.""E-]"I +:-'-.|J'|r'2 L 12:] +"":"|:E

- P:[l!rl +I'l.13r2 11_1'| +?-.]}'1 J'“E:I +}'-.|:2

A +A, ' Ay +hs ' Ay +h

Note. 1. If %, =4,, P will be the mid - point of AB and

P:(Il +I3_ _'I‘I +r1-'l_ :I +:I_J

]~(}.1+lziﬂ}

g ° 2 7 3

Aaxy +hixs Aoy +h s Ay +Az;

2. A=(x, Vi, 5 s B=(%y, V5, 24), P=
S L [ M+hy  Mhy A t+hg

are three points and A, %4, € R such that & + %, #0.
— A, P, B are collinear.
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triangle.

2.35. THEOREM : If (X,,y,,2,). r=1.2,3 are the vertices of a triangle, then its
medians are concurrent and the point of concurrence trisects any median of the

Proof. Let ABC be the triangle (Fig. 30)

where A =(x, ¥, ),

B =(x;.53.2;), C=(x35. 5. 23)

Let DLE,F be the mid - points of the sides.
AD, BE, CF are the medians of A ABC,

Xo+Xa VPa+Vq Za+1Z
Now u=[ i~ 27 5 3]
2

2 2
Let(G;A,D)=2:1.

Xy +Xq Va+¥q In+I
2 j »2VS3 =2 3 )
2[ : > 3 ' 3 ]H{x.,;.}
G = - = Fig. 30
2+]1
_{.'rl+J.‘2+.Ir3..y|+_L'l+_1*3.:|+:2+:3} _ X +xy+xy Y Hyptyy ptIztzg
. 3 3 ‘ 3 ‘ 3

Similarly, the point dividing BE inthe ratio 2 : 1 is
[x] +Xy+Xy Y Yty I+

£l

3 = 3

» L

3 3 3
=, G is the point common to AD, BE, CF.

T NT Ty,
[x1+.r3+x3 Vi tVa+yy 3t

and the point dividing CF inthe ratio 2 : 1 is

-, Medians in a triangle are concurrent and the point of concurrence trisects each

median. This point G is called the centroid.

2.36. TETRAHEDRON
Let A, B, C, D be four points such that

—e 44— 4—s 4+——p

ABC, ABD, ADC, BCD are four intersecting planes. Then
the points A, B, C, D are said to form a tetrahedron (fig.

31). A, B, C, D are called vertices and the line segments B\
AB, AD, AC, BC, BD, CD are called the edges. AB, CD;
AD, BC: AC, BD are called three pairs of opposite edges.
Observe that for the tetrahedron :
(i) Each of the points A, B, C, D is non-coplanar
with the remaining three.

(if) Opposite edges form non-coplanar lines i.e., AB. CD are non-coplanar; Iﬁ BC

b L
are non- coplanar; AC, BD are non-coplanar,

(iii) Four bounding planes fxﬂlf:_ ;tDC_ AH&', Bcf) are triangular faces.

The point of concurrence of the line segments joining the vertices to their respective

centroids of opposite triangular faces is called the centroid of the tetrahedron.
If all the edges are of equal length, then it is called a regular tetrahedron.
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Theorem. If A=(x;,y;,2), B =(X2,¥2:22)y C=(x5,¥5.23) D=(x4,¥4:24)
are the vertices of the tetrahedron ABCD, then the line segments joining the vertices
to their respective centroids of opposite faces are concurrent and the point of
concurrence divides each line segment in the ratio 3 : 1.

Proof: (Fig.31). LetS, P, Q, R be the centroids of A BCD, AACD, A ABD, A ABC
respectively,

,_[-"z Ty +Xy Ntz t)y I+ "'-"4]

3 3 3
Let G divide the line segment AS in the ratio 3 : 1. Since A =(x;. ¥, 5,),

3[1’:1 TH +x4]+| « ] 3[-1!1 TVt ]"l‘ll « Vi 3[:2 tI3 T J+| =1 |
G

3 3 3
3+1 ' 3+1 ‘ 3+

El

4 4 4

Similarly, the points which divide the other line segments BP, CQ), DR in the ratio 3 :
| can be shown to be G.

-, The line segments AS, BP, CQ, DR are concurrent at G and each is divided in the
ratio 3 : | at G. G is called the centroid of the tetrahedron.

Ex. 1. Show that the following points are collinear

A=(54,2),B8=(8,-2,-T.C=(6,2,-1) IfA, B, C are collinear, find (C ;A B)

ie, G =['Ls:] +Xy+X3+Xy) Yty ¥ty S TERE +:d]

fA. U, M 2014)
Sol. Let Pdivide AB in the ratio 1: A (1+4 #0).
P SA+8 —-2+4A -T+2A )
| Ter ' 1ex " 1en If possible, let P=C.
SA+8 B
1+ A
Then JE*:H' =2,y & A=2.
1+ A
-T+2\ |
1+4
Since = 2 satisfies all the three equations, A, B, C are collinear. - (C:A,B)=1:2.

EXERCISE2(c)

1. Find the middle point of the line segment with end points (1,2, -3)and (-1,6,7) .
2. Find the points dividing the line segment joining (1, -1, 2) and (2, 3, 7) in the ratio
() 2:3 (i) -2:3.

3. Prove that the points (2,-1,3)(3,-5, 1),(-1, 11, 9) are collinear. fo.U.03, M99)

4. Prove that the ponts A(3, 2, 4), B(5, 4, —6) and C(9, 8, —10) are collinear. Find the ratio
in which B divides AC N U.M96)

5. Find the point of intersection of the line through (-2, 3, 4). (1, 2, 3) with the XZ plane.
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6. () A=(,2,3)and B=(2,10,1). If the points A, B, Q are collinear and if the » —
coordinate of ) be —, find the ¥ -coordinate and the = - coordinate of ().
(i) If A(=1,0,7), B(3, 2, 1), C(5, 3, = 2) are collinear, then show that y=1.

7. (i) Find the centroid of the triangle with vertices (7,-4, 7), (1, -6, 10), (5, -1,1).
(ii) A, B, C are the vertices of a triangle, A =(1,1,1), B=(-2,4,1). If the centroid of
the A ABC is the origin, then find C,

8. Show that (5,-1-1), (-1 5, -1),(-1, -1, 5),(-3,-3,-3) are the vertices of a regular
tetrahedron.

9. Showthat (2. 0, 3) is the point of intersection of the lines AB. CD where A =(3,—4.11).
B=(1,4,-5),C=(17,-18,-3),D=(7,-6,1).

10. Three vartices of a parallelogram ABCD are A(4, 7, 19), B(1, 4, 7), C(2. 1, -3). Find the

fourth vertex D. (03, L. 2000)
ANSWERS

1. (0,4, 2) 2. (i) (7/5,3/5,4) {(fi) (-1,-9,-3) 3. 1:2 4. 1:2
5. (7.0, 1) 6. ¥ coord. =-14, z coord.=7. 7. (i) (13/3,-11/3,6), (i) (1,-5,-2)
10. (5,4, 3)

2.37. DIRECTION COSINES OF A LINE

PQ is a ray making angles «, p. vy respectively with OX.O0Y,0Z. Then the ordered
triad (coso, cosfl, cosy) is called direction cosine triad of F_(S i.e., cosa, cosf, cosy in that
order are called the direction cosines (d. ¢s.) of F_Q"

The direction cosine triad is generally denoted by (/,mn). Thus
cosce =/, cosP=m, cosy=n and the d. cs. of ﬁ are I, m,n.

Since the ray QP makes angles 180" —a, 180" — B, 180" —y respectively with OX, 0Y,0Z
direction cosine triad of EF 15 [(cos (180° —a ), cos (180" —p ), cos (180" —v )]

ie (—cosa,-cosp,—-cosy) e (=I,-m,—n)

If L is a line parallel to F{i . then the two ordered triads (f, m, n)and (-{, — m, — n) are
defined as direction cosine triads of L i.e., (f, m, n) in that order and -/, —m, —n in that order

are defined as the d. ¢s. of L. Sometimes d. ¢s. [, m, n are written as (/. m, n).
Theorem. If l,m,n are d.cs of a line, then |2 + 52 + 42 — 1.
Proof : (Fig. 32). Let L be the line with d.cs. /., m, n
(cosa, cosP, cosy)= (I, m, n) or (=l,—m,-n). Y .
If Pix, y. z)(# G) is a point such that Op |L

and OP = 1, then: /
From Trigonometry — P(x, ¥z
In pOX plane, cosa = Z- X3 /
I i >

In POY plane, cosf= 2 ¥

In pOZ plane, cosy= T=% 2

OR 4= (OP,0X)=(OP,i) = cosc = OP.i = (x, ¥,2).(1,0,0) = x , €lC.
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ie (x,v,.2)= (f,mn) or (-I,—m,-n)

2

But 1E"F"E=|=:~.JL'2+_§;,J1+:1=l_—.:r!2+m +nt =1 etc.

Note. (/. m, n) and (-, —m, — n) are the only unit points on {Tﬁ andl,m,n; -l,—m,-n
are the d.cs. of L.

DIRECTION RATIOS OR DIRECTION NUMBERS OF A LINE
L is a line and P(x, y, =) isa point such that Op | L . Then the coordinates of any point

on OP , other than the origin, are called the direction numbers of L. But any point, other

than origin. on E}-ﬁ is (Ax, Ay, Az) (A #0). So in that order are called the direction numbers
of the line L.

Clearly. the direction numbers for a line L are infinitely many and they are proportional.
Further the direction numbers cannot be 0, 0, 0.
The direction numbers are sometimes called as direction ratios (d. rs.)

The d.cs. (I, m, n) or (=],—m,-n) of L are also d.rs. of L since each of (I, m, n) or
(—I, —m, —n) is also a point on OP .

If P(x, y, z) then unit points on Op are
\

x ¥ Z
ﬁx3+}'3+:lj ‘irl:-,tz+r1'3+:3} ‘||r{-_r3+3-1+.+3}a,‘
'Y V z i

[:.1'2 +_IL'2 +:2}. ..r"{-_vc2 +_v2 +:2}‘ J{-j’2 +,1.=‘TI +:E}‘J
Hence if d.rs. of L are x, », = then d.cs. of L are
- y z

F—";*J’l+:3}.E1'2+}'2+:2}1T-71+J’1+-’2]
-X i - -
ﬁvz+1rl+:3].ﬁx2+}'z+:z}1J{-_r1+_1.-1+:2'_|

Note. 1. D.rs. of the coordinate axes are respectively
x,0,0; 0,»,0; 0,0, z(x=0, y=0,x=0)

2. If x,», z are d.rs. of a line L. there exists a point P(x, y, z) such that Op | L and

= = A § -—
xi+vj+zk isavectoralong p ie. avectoralong L.
3. If I, m, n are the d.cs. of a line L then :i+n:]+ni is a unit vector L.

4. I, m, nared.cs.of a line L. If any two of the d.cs. and the sign of the third is known,
then the d.cs. of L can be found.

For example, l i aredes.of Land p<Q =n=- |-l_LJ=._1_
2 7

HI—

1 1 |
= d.cs. of L are ??_F
e.g. The d.cs. of the line with d.rs. ( 3. 2, 6 ) are
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i 2 6
e — - - , f——
J.[-l;+4+3ﬁ} (9+4+36) JEQ+4+315]| sl
2.38. THEOREM. If P=(x,,71.2).Q = (%2,

N

Xa—Xpy Vo=V %22 A@re d.rs. ﬂf ﬁ
— |
Proof. Let OPQR be a parallelogram (Fig. 33) :
Then OR = E =(Xy =X, Y2 =¥ 23— 3)
= R=(x, =X, V=W 23 -%;)

—
-, drs.of OR are x; —x, ¥, — ¥, 23— 3

s durs. of E are XxX,—Xx,¥;—YV,3;-2

= 0 | R
2.39. PROJECTION OF A LINE SEGMENT ON ANOTHER LINE, Fig. 33

The projection of a line segment CD on a line AB is MN where M. N are the feet of
the perpendiculars on AB . If CD make an angle

 with AB, then the projection of CD on AB is C "'fn.,’!
MN = CD cosB. (Fig. 33 (a))

D

k

- ul m| -
i
Let AB be a line. On ?ﬂ._ﬁ let the A M N B
projections of C, D be M, N respectively. Fig. 33 (a)

Then the projection of CD on the line AB is CD. |$:E| in the direction MN .

Theorem. If ABis a ray with d.cs. Lmn and P=(x;, y,5), Q=(x3,y3.2;)

are two points, then the projection of PQ on AB in the direction AB is
(X =X M+ (yy =y m+(2, -2y ).
Proof. {Fig. 34). PQ= (X2 =X, V2 —-NM:22-21)-

Unit vector along AB=e = (/. m. n)
-~ Projection PQ on 3 g in the direction g
=PQ.e=(xq9—-x, y2—WM.22—21) ({, m, n)

= (x5 = X))+ My = ¥ )+ m(z5 = 29)

- 1 H'I P
B
2.40. ANGLES BETWEEN TWO LINES| Fig. 2" & (l.m.n)

8 berween them is given by cos0 =11, + mm, + nn,

Proof. Let P=(/,,m;,m)and Q=(/5, m;,n,) and

OP=5 =), m,m) OQ=8 =(l, mr, ) . OP| L, and OQ| L,
Since @ is one of the angles between L, L, , we take (OP, 0Q) =6

. cos B =cos ((TF-', E}} = ¢cos (OP, OQ) = cos (¢), €37 )
= ¢.e =, my, m). (I, my,m) =Ll + mym; + mn,
-. Angles between L, L, are 8,180" -8 .
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Note. 1. Si.nB=.l'.T| KFE | #.{Hi'ﬂz —mznhnlfz —Hzlrhf]mz—flml}l

= ‘l[[{m"ﬂz —ﬂ‘lzﬂ'}l +{"|l’2 = HI.IF| }1 + {.’]mz —.Ir_zﬂ‘l'|}1] = JlZ{m|ﬂ2 — Mo }2]
OR: sin? 0=1-cos? 0 =(/7 +m* +m>) (15> + ms> + m")—cos® 0

2

= (2 +my +m 22 +my® 4132 ) = (L5 + mymy +mny)?

= (myny —mayn ]'1 +(ml; —"'zlflj'I +(fymy —l3m ]'I

2
3 wno- 500 _ 'JZ':"TI”E = mam)
cosB L5 + mymy + myns

where /5 + myms +mny 20

3. (ay. by, ¢))are drs. of Ly, (a3, by, ¢5) are durs. of L,
ayas + bbby + o0
V@ +b2 +6%) (@ +by? +er?)

JZ'[E"H?J ~byey)?
\II'{H'F +.F'-‘|1 +f|21 . \r{ﬂzz +.I":I22 +£‘22]

(if) LylLy &>sin@=0e Y (mmy —mym)” =0

-

(i) cosB=

sinfl =

S mmy—mm =0, mbh—ml=0,lm-lhm =0 S h:lh=m: m=nm.m

< ay:ay =b by =¢ 15 & dur triads are proportional. (N. U. S. 98)
(i) Ly LL; <=cos0=0 Ll +mmy+mny =0 < aiay + by + 0162 =0

< dot product of d.r. triads is zero. (N. U. 8. 98)

| 2.41. LAGRANGE'S IDENTITY
For any real numbers /[, my, ny. 15, my, ny

{ﬂlll T i"p"l'l2 + ﬂlz}{flz + MEI + ﬂzll—{flfl + My My +H|H2}2

= {mlnl — ﬂ‘l‘zﬂl :}2 +{H|f2 —ﬂz.lrl}z 'I'{.Irl.ﬂlz —flﬂ‘.'l }2

By simplifving L.H.S. and regrouping the terms we can show that L.H.S = R.H.S.
SOLVED PROBLEMS

Ex. 1. Calculate the cosine of the angle A of the triangle with vertices
A(l, -1,2), B(6,11,2), C(1,2,6). fA. U. M 201/ 4)

Sol. Given A =(1,-1,2), B=(6,11,2), C=(l,2, 6)

We have AB=(6-1,11+1,2-2) and AC=(1-1,2+1,6-2)

A~ AB.AC _  (5.12.0).(0.3.4) 0+36+0 _36
|AB ||AC| +25+144+0.J0+9+16 13x5 65

OR:D.rs. of AB, AC are (6—1,11+1,2+2) and (1 -1,2+1,6-2) i.e.,(5,12,0),(0,3,4).

e i S 12 3 4 5 12 3 4 36
- —,—, 0|0, ==, S cosA=— 04— .=40.—-=—
D.cs. of AB, AC are [la 13 J [ 5 5] 137 13°5 'S5 65
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Ex. 2. The d.cs. of two rays are connected by the relation

I-Sm+3n=0 and T +5m* =3n> =0 Find them.

Sol. Given equations are [-5m+3n=0 ..{1) 7P +s5m?-3nf=0 30 ]
Eliminating / between (1) and (2), 7(5m—3n)* +5m* —3n* =0

= 1800 -210mn+600% =0 = Gm—2n)Cu-m=t=P 20 _1
n 3 n 2
m 2 10n " 3m [ m n
[f::? from (1). I—T+3n:{}::»!:5 ::EI:?:an:E:E )
mo 1 sn ] I m n
—=— - 43n=0=l=2=-2A=2m=pn=>—=2=2
[I‘"JrI 2._,frc:rm{IL 5 Han=0= e (4)

From (3) and (4), d.rs. ofmthe two rays are 1,2,3; -1, 1,2 and d.cs. of the two lines are

l 2 3 1 1 ;)
R R T NN AR e S
Ex. 3. 8.7 the lines with [,m,n as d.c's and satisfving the following equations
2+2m-—n=0mn+nl+lm=0 are perpendicular. (K. L. 2001, 03,5, 5.K.1.98)
Sol. Given equations are 2/ +2m-n=10 LA mmenl+lm=0 .A2)
From (1) n=21+2m
Substituting » value in equation (2) we have m (2/+2m)+(20+2m){+Im =0

=22 45Im+2m? =0 = (1 +2m) (2 +m) =0
S ==2m or 2/=-m

A_m _n_NXP 1
Caw{ﬁ:lf!:—imar;:—?mz T2 -1 2 (32 3
-, DC's of first line are E_TE

{ |
Case (if):1f 2l=-m=n=m -_l=;=g=3

- 2
DC's of second line are _I ol
3 33

o b= 3 )+ (2 2)- ()3

- Griven lines are perpendicular to one another.
Ex.4. Prove that the two ravs whose d.cs. are connected by

al +bm+en=0 and wl® +vm® +wn® =0 (0. U. Oct. 2001, K.U. 2000)

are perpendicular if a*(v+w)+b* (w+u)+c*(u+v)=0(S. K. U. 2001 Oct., OU 2001)

¥ 2

3 i3 .3
and parallel if “—+—+=—=0 (S. V. U. A 93, O.U. 01, 2000)
i W W

Sol. Given @/ +bm+cn=0 ...(1) wl* +vm® +wn® =0 el 2)
From (1) and (2)

al +bm

;
ul® +vm® + w( ] =0 = ctul? +ctvm® + @i wi? + 2abwim + brwm?® =0

-
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%

= (@*w+c’u) _,L +2ahw.L+{.’:rzw+c:v}=ﬂ e (3)
m- m
Let f,.m.n: I5.ms.ny be the d.cs. of the two rays and m, =0, m, =0
E & b, Bweely Ly — mym,

my " my O theroots of G) - m my aw+elu  Bw+clv  cu+aiw

hi;
Pwsely dutatw av+bu
The rays are perpendicular < Ll; +mmy +mn, =0

1y, 1,

Using symmetry, we can have

o bPwicvicurawravibu=0 {:}aj{v+w}+h2{w+u}+¢'1(u+v}=l],
The rays are parallel «< the d.cs. are proportional < the roots of (3) are equal.
< discriminant of (3) = 0.

s o ¥ . il 7 il . ¥ g
Sdabw —-4(cu+raw)bw+ev)=0 = a’ctvw+ b et wi+ ctuv =0
P 2 2
o —+—+—=0,
TH T 7

Similarly, the result can also be obtained when [, 20,7, #0 or n, 20,1, 20
Ex. 5. Prove that one of the angles between the lines whose d.cs. are determined

by the equations [+m+n=0 and 2m+2nf-mn=0105 2x/3. (K.1.99)

Sol. Let L,.L, be the lines whose d.cs §,,m,.m and 5, m,,n,
are determined by [+ m+n=10 e (1) 2m+20l-nm=0 ... (2)
From(1)and(2): -2m(m+m)=2n(m+n)=mn=10

n
= 2m* —Smn-2n" =0= (2m+n)y(m+2n)=0=>m= 5 m=-—2n

n n n I m n

m==—=l-=4+n=0==-= S H=2m = e —=—

If 1 ; [from (1)] v
/

If m=-2n1-2n+n=0=>1=n|from (1)] S e e

- drs.of LL, are (1,1,-2),(1,-2,1). Let 6 be one of the angles between L, L,
- cosh = 1.1+1{=-2)+({-2).1 =_l

JOa+1+4) . J(+4+1) 2
. @=2r/3 (the other angle is n—-(2r/3) ie. (r/3))

"
I

Ex. 6. If (/;,m,m), (ly,my,m5 ), (I, my,my) are the d.cs. of three mutually perpendicular

rays, then find the d.cs. of a ray whose dors. are |, +1, +1;, my +my +my, n +n, +ny. Hence

show that the ray is equally inclined to the given rays.

Sol. Let L,.L,.L, be three mutually perpendicular rays whose d.cs. are
(homym), (G my,my ), (B, ms,ny)
3 3 3 3 3 3 5 5 3
ey ey =1L By =), I my ey =,
hiy +mymy +mmy =0, Lls +myms +nyn; =0, L +mymy +nym =0

MNow (i, +1, +;'}}1 +(m, +m, +m'}}3 +(m +n, +rr:-3,J|3
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Ky

= HI: +m,3 +nﬁ}+{!§ +m§ +n§}+{f§ +m§ +n§}
+ 2 (L5 + mymy + mns )4 2 (L1 + mamiy + 0amy) 4+ 2 (G + ngmy + iy ) =3

-, d.cs. of the ray L whose d.rs. are | +1, +1;, m +m, +my,are n +n, +n,
L+l +l my+my+my m+n,+ny

-HI'C "Illi » .Hll'j # \II'E
If (L,L,)= 6, then cosf = b (G + 1 + 1)+ my(my +my + ) +my (o +m +03) _ 1

J3 3
ie, 8=Cos'(1/4/3). Similarly, we can have (L,L,)=(L,})=Cos'(1/4/3).

~. L is equally inclined with L,.L,.L;.

Ex. 7. L,.L,,L, are three concurrent rays whose d.cs. are (i,m,n), ([, my,n,),
(l;,my,n;) respectively.

L omyon
Prove that Ly, L,. L, are coplanar < |, my n, |=0
L my m

Sol. Rays L,.L,,L;are concurrent and unit vectors along L,.L,.L;are
Li +myf +mk dyi +m +mk b0 +myj +mgk Le (m,m), (h,my,m), (I, my,ns) .
Lo m

mn
L,.L,,L;are coplanar. < [({,m.m) (L, my,m ) (L my, )] =0 [ my

=)
fy my hy

Ex.8. Thedcs. of 4B. AC are (4o o ), (G omy 0y ). Show that dors. of the bisectors
of (AB, AC) are L+l m +my, n+n,. Hence if (AB,AC)=0, find the d.cs. of the ray
bisecting ( 4B, AC)-

N, &

> M, B iy

Fig. 35

Fig. 36 C

Sol. O s the origin. Let P=(/,,m,,n )and Q =(/,,m,,n,)such that OPp = 1and OQ =1
Clearly, AB | OP and AC I [}_{}

Let ﬁl be a bisector of {A‘_.& A‘_.C} and H. be the other bisector of {E. E}.
EL J.Ha'.
Let OM > be a bisector of (OP, 0Q). .. OM2 I AM)

Let OM3 intersect PQ at R. Since OP = 0Q in AOPQ, R is the mid point of PQ

E =[f|_ +.Ir2_ ml +m~; ﬂ] +ﬂz_]

L] ]

5 5 5 D. rs. of OR are [, +1y, my +my, n+n
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Since OM2 || AM, d.rs. of AM are L+, m+m, n+n
Let ON, be the other bisector of (OP, OQ) . .. ONz| AN
Since PQ | ONa, PO AN;. Since d.rs. of PQare I, — by, my —my. n —m,
d.rs. of mm.rﬂ h=l, m—my, m—ny.
. D.rs. of bisectors of (AB,AC)are /, £1y, m tmy, n +n,
From AORP, ZORP=n/2and /POR =6/2

OR =0Pcos8/2=cos0/2 g |ﬁ|=cusﬂa‘2

- [T 2T (2 o

JIG +50% +(my +my)? +(m +my)?] = 2¢08 (8/2) = [ () +1,)*] = 2cos (8/2)

- D.cs. of OR are o = i Bt -, o Bl -
JEG+LP] JEG+L)] JZ¢ +6))
ie. f, +.|'3_ my + ey my + 1y

Z2cosB/2 2c0s0/2° 2cosB/2

I +E;__. my oty Wyt
Since AM1|[OR d.cs. of AMjare 2¢0s0/2" 2c050/2" 2c0s0/2

Note. The result of the above example may be taken as formula.

Ex. 9. Find the foot of the perpendicular from P(1,8,4)to the line AR where
=(0,-11,4), B=(2,-3,1).

oo 2 S3-11A 1+4A
Sol. Let (Q;AB)=1:A(1+A=0) s Q [|+1* 7 |+:-,]

vy 2 =3-11x 1+4M
PQ=| —-1 - - —(2— = (28—
.. [1+1 L i ]and AB =(2,-3+11,1-4)=(2,8,-3)

If PQ L AB. then AB.PQ =0
0 ~3-11A-8-8A 1+ dh—4-4h
2 8 -3 =0
[ 1+4 ]+ ( 1+ 4 ] [ 1+4 ]
|

—=2-2)-88-1520+9=0 = 1540 =-T7= l=—%:;- I '.I-L=l:—§

=3+
g — 2 7 1-2
i Foot fth d I f Pt AB = . —_— =4 3, =
001 O EPEI'PEII cular mrom 0 [UI.'E} {“‘2} UI."E]] {.4 5 2}

Note. Length of the perpendicular from P to the line

AB = y(4-1)2 +(5-8)2 +(-2-4) =36
Ex. 10. If P.O.R.8S are the points (-1,2,4),(1,0,5),(3.4,5),.(4,6,3), find the projection
of PQon RS in the direction of RS.
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Sol. PQ=(2.-2.1)and RS=(1,2.-2)

-, Projection of PQ on RS in the direction of RS
= Projection of PQ on RS in the direction of RS

PO.RS (2.-2.0.0.2-2) _ (1+(-2)2+41(-2) -4

“TIRS|  [(L2-2) Jl1+4+4] 3
Ex. 11. [If the edees of a rectangular para.’kr."ﬂpipfd are a, b, ¢ prove that the

angles between any two diagonals are Cos™'| = +a® + 1 £
a’ +b* + ¢

(S K. U.2002, AU.2000, 0.U.2002, N, U. M. 2001, 03)
Sol. Since a, b, ¢ are the lengths of the edges.
Y

a>0,b>0,¢>0 (Fig.37)
&‘E(ﬂ.h.ﬂi L (a,b,0)

Let (OALB: CMPN)be the rectangular parallelopiped o
as shown. Its diagonals are OP. AN. BM. CL . Direction ratios "‘E' ‘

. —— — w—

of OP,AN,BM,CL are respectively (a.b.c),(-a.b,c),

b.c)

(a,—b,c), (a,b,—c) . Their d.cs. are respectively —
- h = Y ' A(a,0,0)
I ftzaz} d J[E az} . J{Eﬂz} ; 7 C{ﬁ.ﬂ.l:} ME-E.'D.:}
Fig. 37
b

x\{'{zﬂ?}'g’[zf}'\n’[z;ﬁ} ‘

a —h c ""[ —c ]
JE&) JEd) JE) ) |JEd) J(Ea} J(Eab)

Let « be an angle between OP.AN

= n)@o) (&) (@n) (5 (5

r ¥ r y 2 3
—a+h e B | —at+b7 + e
=————— le&. a=Cos B

a” +b" +¢ a +b" +¢°

Similarly, we can find the angles between other pairs of diagonals.
+a*tb' +cf
at +b* + ¢

- The angles between any two diagonals are Cos™' [

Note. The signs in the numerator cannot all be + ve or — ve. For the angle become
Cos 'l or Cos '(=1) i.e., 0° or 180° which is absurd as diagonals become parallel.

Ex. 12. Find the area of the AOAB where O is the origin, A=(x.).5)and
B=(xy,:,2;).

Sol. OA =(x.),.2) and OB = (x,,y,.2,). Areaof the A OAB =

l| AxOB|
2
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i J ok
But OAxOB=)x w2 | =(h5 —»05.5% - 535 —X0)
X Vo I3

-

I ) 2 %3 .
-, Areaof AOAB= EJ{{M 23 = ¥25)) +(5x3 —23% )" +(x )2 — %2 )4) } 5q. units

Ex. 13. In a tetrahedron OABC.OA* + BC* =0B* +CA* =0C* + AB*. Show that

apposite edges are perpendicular

L

Sol. OABC is a tetrahedron (Fig. 38)
Let O be the origin and

A=(x,0.5).B=(x, 15,5 C=(x3,03.53 )
. OA=(x,1,7)

BC=(x3-X2.3-¥2.53 - 22

OB = (x3.¥2.72).

—y C(e)
E.Ial.={_'l"| —X3:. V] — V3.5 —:3}- AEE}
Now QA’+ BC?=0B*+ CA’

:”f "’J’E*'iﬁl +1§ +I§—EI3IJ +}'§ +}-_3. -2y, +:_f +:§ -2z,2, B (b)
Fig. 38

0

IE} +J.-'§ +:§ +_'-:|3 +Jr3J —2x3%, +Jr|: +l:|.-'3J =20 +.:|1 +:3] —2z,z,
= X300 —x )+ ¥y =W+ 50z -3 ) =0
= 0C.AB=0=0C.LAB
= opposite edges OC and AB are perpendicular.
Similarly, others follow.

EXERCISE2( d)
O is the origin and P is the following point. Find the d.cs. of OP .

(/) (6.2.3) (if) (=3,12,-4)

Find the d.cs. of the ray 2 g if A =(1,-2,3),B=(2.3,4)

(i) If @B,y are the angles made by a ray with OX.0Y,0Z . find sin® o +sin’ p+sin’ y.

(i) Find the d.cs. of lines which make equal angles with the co-ordinate axes 7 How
many such lines are there ?

(7) Prove that the line joining the points (4.5.7).(1.2,3) is parallel to the join of the
points (-1,3,-6),(5,9,2).

(ii) Show that the points (1,-2,3),(2,3.-4),(0,-7,10) are collinear.

(#ii) Prove that the line joining the points (2,3.4),(0,1,2) is perpendicular to
(2,0,4),(7.-4,3).

The d.cs. of two rays L,.L,are (,,m,m)(,,my,n) . If a ray is perpendicular to both
L,and L,, show that mn, —mym, ml, =l fm, —l,m, are d.rs. of L.

If L, LL,,show that these d.rs. are also one of the d.cs. of L.

If direction ratios of EISGT] are (-1,2,3),(-3,4,5). find d.rs. of a normal to the plane
containing OP,00Q .
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10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

The projections of PQ on the axes are (12,3.4). Find PQ.
(/) Direction ratios of two lines are determined by /+3m+3n=0,71" +5m" =3n" =0,
Find them.

(if) Direction ratios of two lines are determined by {+m—n=0,6ln—12Im+nmn=0
Find d.cs. of the lines.

Show that the lines whose d.rs. are determined by the equations /+m+n=0 and

2mn+3nl = 5im = 0 are perpendicular to each other.
(i) 0 is one of the angles between the lines whose d.rs. are determined by

W+m+5n=0,6mn-2nl+5m=0. Show that cos8=(1/6).
(i) Prove that the acute angle between the lines whose d.rs. are determined by

I+ m+m=0and Psm-n"=0is n/3,
L,.L, are two rays whose d.rs. are determined by a/ + bm +cn =0 and
Jmn+ gnl + him =0 Show that

fj.g. h

(L LL, =L +=4+==0
= a b c
(K.U.2004,03, 04, N. U. 8. 93, 598,.2001, 0. U. 092, 8. V. U. 92, SKU 2000
(i) Ly|| Ly = JJ(af) +J(bg) +(ch) =0 (N. U. 5. 98)
D_ﬁ, D_Ij,ﬁ have d.rs. L-L1; 2,-3,0; 1,0,3 respectively. Prove that ﬁ, D_:j,ﬁ are
coplanar,

Show that a line can be found perpendicular to the three lines with d.rs.
(2,1,5), (4,-2,2), (-6,4,-1) . Hence show that if these three lines be concurrent, they are
also coplanar.

(y.my.m ), (I5.my,n,) are dors. of two intersecting lines Lyand L,. If L,is any line
passing through the point of intersection of L,and L,and having d.rs.

L + Wy, my +dmy, m +dn, show that L,.L,.L,are coplanar.

P =(5.2,4) . Show that the projection of gp on the line having d.cs. =, -

E 1s 4,
7

= | ba
~d |

Find the angles of the triangle ABC with vertices A (2,3,5),B (-1,3,2)and C (3,5,-2).

Hence find its area. [Hint : Area of ABC = ry | ABx AC|]

In a cube show that one of the angles between any two diagonals is Cos '(1/3)
(5. K U 2001 5)
A ray makes angles ., v.8 with the four diagonals of a cube. Show that

;i ] , 4
cos” @ +cos” P+cos’ y+cos” B =—_ (A U AL KU 2002A,0. 98, 0. U M. 97, N, U. 93)
o

Show that the points

(i) A (4,7.8),B (2,3,4).C (-1,-2,1), D (1,2, 5) form a parallelogram.

(if) A (7,-4,7),B (1,-6,10),C (~1,-3,4),D (5,-1,1) form a rhombus.

(iii) A(2,9.12),B (1,8.8),C (-2,11,8),D (-1,12,12) form a square.

A (-1,2,-3),B (5.0,-6),C (0.4,~1) are three points. Find d.rs. of the bisectors of the

angle {E, ,a._'{:] )
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21. Show that the point (2,5,7)is the foot of the perpendicular from A in BC where

A=(3-L11),B=(0,2,3),C=(4,811).
22. O, A, B, C are four points in space such that 0A L BC and OB L AC Prove that

OC L AB.
ANSWERS
[EEE] " (iﬁi] 1 3 =F .
1. (i) 7505 (i) 13'13° 13 2, ﬁﬁﬁ 3 (D) 2.3
| l 1
o |t — - 4 1= N 12 311 -
[Ir}[ B 3] 5 -1.-2.1. 7. 13. 8 () -,2,-3;1,1,-2
U) 26" J26 Y26 ' v26 426 426 N2 ia' s ia s s
a2 41
16. —»cos™ =, cos™ —=;942 sq. units. 20. 24,8,5:-11,20,23,

2 3 f3



The Plane

Def : A Plane is a surface such that if any two points are taken on it, the line joinig
them lies wholly on the surface.

3.1. THEOREM. Every equation of the first degree in X, V., represents a plane.
Proof. Let ax+bhr+cz+d =0, a* +b> +¢2 20 (1) (A. N. U. ALl

be the first degree equation in x, ¥, =,

If we have to show that (1) represents the equation to the plane, we prove that every
point on the line joining any two points on (1) also lies on the locus (1).

Let P(x, v, z) and Q(x,. ¥,.2,) be any two points on the locus (1).

Then we have ax, +bx, +cz)+d =0 _(2) and avy+byy +ezy+d=0 (3)

Let R be any point on the line segment joining the points P and Q). Suppose R divides
PQ in the ratio K : 1.

Ky, +x; Ry +y Rz +3
K+l ° K+1 = K+l
We have to show that R lies on the locus (1) for all values of K(=-1).

Substititing the coordinates of R in the LHS of (1), we get
a(Kry +x) B(Kya+n) c(Kzy+3)
+ + +
K +1 K +1 K+1
= a (Kx, +.1|.-|;1+a’=nil':iy2 + ¥ )+c (Kzyq +:|}+d[h’. +1)

T,|1EI'IR=[ ],KH#{]

d

= Kiax, + by, +cz, +d) +(ax, + by, + ¢z +d) = K(0)+0 = 0 which shows that R lies on
the locus (1).
Since R is an arbitrary point on the line joining P and Q, every point on PQ lieson (1)

- The equation ax+by+cz+d =0, a +b" +¢’ 20 always represents a plane.

3.2. CONVERSE OF THE ABOVE THEOREM|
Theorem. The equation to every plane is of the first degree in x, y, z.
Proof. Let o be the plane and O be the origin.
Case(i). Let O¢n, and let M be the foot of the perpendicular from O in =.
Let OM = p(>0). Let P(x, y,z) be any point in the plane.
Let [/, m, n] be the Dc's of the perpendicular OM.
P+M. Join OP. OM = Projection of OP along OM
= p=l{x=-0+m(y-0+n(z-0) =k +my+n:z
Case. (ii). Let Qeq,then p=0.

Pen ohk+my+nm=0k+my+nz=p where p=0
37
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Since any point P on = satisfies the equation fx+my+nz = p I
it represents the equation of the plane. o

Equationto = is [Ix+my+nz=p where p20. M P(7)
Hence the equation to the plane ix+my+nz = p is r /
a first degree equation in x, y, =, p
Note. 1. If Oen. equation to the plane is ix+my+nz=0. -
2. fx+ my+ nz = p iscalled the normal form of the equation "

to the plane. Coefficients of x. v, = in the equation are /, m, n

and [/, m, n]are Dc's of the normal OM to the plane, where

p (= 0 is the distance of the origin to the plane. 0 Fig. 39

3. An equation to the plane, in general, is taken as ax+by+ez+d =0.

h.ﬂ. TRANSFORMATION OF THE EQUATION TO THE PLANE INTO THE NORMAL FDHH

Let the equation to the plane be ax+by+ ez +d =0, at+b% +e2 20 1)
We can take g0 or 4<0. fK.L)

ax+by+ecz+d =0 ax+by+ez=-d . Dividing by Jﬂl +h% +02 . we get

i‘u +b% 4 o? 'I||Iu +£r"+L \‘u + b2 4ot 'Ju +.f=2+-:
1‘{: +z‘;z+£ i‘fr +h2+£ 1‘-::; +4’12+¢ a +|'.1'2«1-t'E

This ((3) or (2)) is of the form Ix+my+nz=p [p=20

o b & v |
M=t———=N=t—— ,p=f
-, The m:nrmal ﬁ:nnn of the equation to the plane (1) is

cz d

JZ“Z JZ” JZ"E g :F\[E? (d<0 or d=0)

Note. 1. Derection ratios of a normal to the plane ax+by+cz+d=0are (a, b, c).
i.e., the coefficients of x, ¥,z in the equation.

- 2)

.(3)

where [ =+

| d|
2. Distance of the origin from the plane ax+bv+cz+d =0 is ﬁﬂ; b2

+ ::‘1}
3. First degree equation in x, ¥, = without constant term <= plane is passing through
the origin.

|
4. abe#0 and [ﬂ X+ (%J y+ [F] z+(=1)=0. This equation represents a plane

intersecting x—axis in the point (a, 0,0), intersecting v — axis in the point (0, 4, 0) and
intersecting the = — axis in the point (0,0, ¢).

3.4.(1). Consider the equation x+my = p (/ # 0, m # 0)of a plane (n), d.cs. of a normal
toitbeing /,m,0. Since(,0, | ared.cs.of - —axisand /.04 m.0+0.1=0, the normal to =
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is perpendicular to z - axis i.e., = is parallel to z - axis. Hence Ix+my = p is the equation
to a plane parallel to = — axis.

Similarly, Ix+nz = p is the equation to a plane parallel to ¥ —axisand my+nz=p is
the equation to a plane parallel to x —axis.

(2) Consider the equation /x = p(/+0)of a plane (x). d.cs. of a normal to it being

,0,0. Since 0, 1, 0 are d.cs. of y-axis and /.0+0.1+0.0=0, the normal to = is
perpendicularto ¥ — axis f.e., n is parallel to ¥ - axis. Similarly n is also parallel to - — axis.
Hence = is a plane parallel to yz plane (x=0).
Similarly my = p is a plane parallel to zx plane (y =0)and »nz = pis a plane parallel to
xy plane (z=0).
3.5. Theorem. If the equations ayx+by+cz+d, =0, myx+by+e;z+d, =0 represent
the same plane, then a, :b ¢, :d, =ay : b 1 ¢, 1y,
Proof. Given equations are ax+by+¢z+d, =0 (1)
@y X +By ¥+ 03z +dy =0 s}
SAay, by, e (ay, by, e5) are durs. of normals to the same plane.
Since the normals are either equal (coincident) or parallel,
we have a):a, =8 :by =¢)ic, =4 (say) (h#0) or (a.b,¢q)=~(a.b5.05)
Let (x;. ». ;) be any point in the plane represented by (1) and (2).
dy = —(ayx; +by, +ci2))
==(ap. b)) (x. v 5) ==h(ay. by, 03) . (3, yp. 5p) == A (ayx, + byyy + ¢32)) =-Ad,
Lapiay=biby=c¢ ey =d 1 d,y
3.6. ANGLES BETWEEN TWO PLANES]

Definition. Angles between two planes are equal to the angles between their
normals.

Angles between the planes ax+bhy+oz=d,ax+bhy+ez=d;

Let the equation to the planes be

ax+by+cz+d =0 A1) @yX+byy+cyz+dy =0 il Z)
Dc's of the normal to (1) =

e 1 I::'I-l 57 2 hl-: 3. T P CI-, 5 and
\Ir{u1“+b1“+c'1“} J{u[‘+h{+c',‘} J{u{ +5° +¢°)

Dc's of the normal to (2) =

m, e b, 3
| Jag +b2 +e2) @2 +b2 +e) (@ +b2 +e2)

Let 0 be one of the angles between the planes.
# = one of the angles between the normals m,, m,

ayiy +byby +ep04

i“”l +-‘11 +¢ ]J[I’J-’: +b +¢5 2y

The other angle between the planes is 180 -6.
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Cor. 1. Condition of parallelism.

)iy + z‘!l.l':lg + €169
4 i 3 4
@2 +52 +c2) J(a,? +b,2 +,)

Planes are parallel =0=0" or 180" = %1=

- 0 Y 1. 2 2

= ‘5"11"5‘2JI raley” +hay +bey” o ay” +¢7hy —2aiaybb, ~2bbycic, - 2cicya1a, =0
2 . 2

= (@b, —asb )Y + by =bcy) +(cya, —c3a) =0

= oy —ayby = bey —byey =@y 20 =0 = @ 1ay = by =iy

OR : Planes are parallel = their normals are parallel = d.rs of normals are proportional

Cor. 2. Condition of perpendicularity.
Planes are perpendicular = 8=90" = aja, + b, +cjc, =0.
e.g. The plane x+2y-3z+4 =0 is perpendicular to the plane 2x+5yv+4z+1=0 since
(1) (2)+(2) (5} +(-3)(4)=0

OR : Planes are perpendicular — their normals are perpendicular

= (a.b.¢p).(ay,05,¢5)=0 = aa, +byb, +¢yc, =0

Note. 1. The equations ayx+by+e¢z+d, =0, ax+by+cz+d, =0 represent a pair
of parallel planes.

2. A plane parallel to ax+bv+cz+d =0 is ax+by+cz+d =k ., where f is an unknown
real number,

e.g. 1. The equation of the plane through the point (x;, y;. z;) and parallel to the plane
ax+by+ez+d=010s ax+by+ez =ax; + by, +c7).

e.g. 2. The normals to the plane as x—y+z-1=0,3x+2y—z+2 =0 are perpendicular
since (1) (+(-D(D+1{(-1)=0.

3.7. DETERMINATION OF A PLANE UNDER GIVEN CONDITIONS

Consider the equation ax+ by +cz+d =0 of a plane. Since (a. b, ¢) # (0, 0, 0), without
loss of generally we can take g=0.

-, Equation of the plane is x+£}~+£; +£=|:]|
ol o i
. To know uniguely f, e 4 we require three conditions.
a o o

For example. we can find the equation to a plane, if (/) three non-collinear points in the
plane are given. (i) if two points in the plane and a plane perpendicular to the required plane
(i) if one point in the plane and two planes perpendicular to the required plane are given.

IS.E. Definition.| /f a plane nintersects the cordinate axes at (a,0,0),(0, b, 0),

(0,0,¢) then a, b, c are respectively called the x-intercept, the y-— intercept, the
= —intercept of the plane =.

If the plane /x+my+ nz = p intersects the x-axis at (a, 0. 0). then its

x — intercept =g = % .
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Similarly its ¥ — intercept = b =L its o intercept =c¢ = v
I n

Note. If abe 20 and ax+by+ez+d=0 ... (1) is a plane,

then its x - intercept = —f—!* (by putting y=0,z=0 in(1)
o

. d : d
y-ntercept = ——, z-Intercept =-—.
b d 9 9 9
e.g. The intercepts made by the plane x—12y -2z =9 with the axes are T 12" 32
Le., 9, -i _2 :
4’ 2
3.9. Theorem. Eguation to the plane making intercepts a, b, ¢ on the
coordinate axes is ~+2+%=1,
a b ¢
Proof. Let = be the plane making
intercepts.

a. b, c on the coordinate axes (Fig.40)
Let A=(a,0,0), B=(0,40)and
C=(0,0.¢). .. abe=0.

Clearly, A, B, C are non-collinear.
Let the equation to the plane = in the

normal form be k+my+nz=p ...(1)
Let M be the foot of the perpndicular
from Oto n and let [{, m, n] be the Dc's -

B(0.b.0)

Ci(0.0.c) Ala 0 0)

of OM. Let OM = p. Fo®
p=0M = Projection of OA on OM = al |
Similarly p=bm,and p=cn. - From(1)
equation to the plane = 1s £y +£_}r+£: =p =5 £+£+i= 1 (- p=0)
i h c a b ¢
Note. Equation to the plane ABC is §+ % + = 1. This is called the intercept form of
"

the equation to the plane and this plane does not pass through the origin.
OR: Let A=(0,0,0), B=(0,5,0), C=(0,0,c). Let P=F =(x, y, 2).
Now A, B, C are non-collinear. Pe ABC (PzAorP=A)

< AP, AB, AC are coplanar or ,&L_P[ = ﬁLEE‘ are three vectors.

e r-a(#0)b—a,c—a are coplanar or r—g(=0),b—a,c—a are three vectors.
= [(x—a, y, z), (—-a, b,0),(-a,0,¢c)]=0

X-a y =z
g .

= | -a b 0|=0e {.t—a]hc+_1'm‘+:uh=[}{::1——l+§+l=ﬂ (-: abe # 0)
ol o
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X S . T r 2
o TeXiiog - Equationto ABC is X +¥+Z21.
a b rc a b ¢

Note. 4 :E_: += =1 is called the intercept form of the equation of the plane and
il &

this plane does not pass through the origin.

3.10. Theorem. Eguation to the plane determined by three non-collinear
x y z 1
"I'.I -P] zl 1 =n_
points A(xy, 3,5, BOg, 3 ) CG 05, 3) B |y gy 2y 1
X3 WLl
Proof. Let the equation of the required plane be ax+bv+ez+d =0 A1)
This passes through the given points if ax; + by, +cz; +d =0 o 7
ax, +byy +ez, +d =0 -(3)  axy+byy+e;+d=0 A4)
Eliminating a, b, ¢, d from the above equations (1), (2), (3), (4), we have
x y =z 1
x n 5 1
=0
X; ¥y 2 1 .{3)
X W o5 |

This is the equation to the required plane.
OR :

Proof. Let A=E={r._._l:]~:|}. E=h={r2.}-'14 :1}‘ C=F={r3,_1-'3i:3}
Let F=(x,»,2). F(2a)em F(=a)en
< F-a,b-&,t-a are coplanar or -3 (=0),b -a,¢-a are three vectors
o [F-ab-a,c-a)l=0
Sx—x, y=yp 2= (X=X, ¥y = V3. 2y =) 1 (X =X, V3 =0 33— 5)] =0
=% ¥Y=-»n -5
S [ X% W»-n 5-5|=0 A1)

Xx-X WM—-N -4

x-x y-» z-z 0 x y z 1 R, +R,
; z | - -
= o e I :ﬂ i o Y | :ﬂ H.j"'Rl
X=X Va=M -5 0 X ¥ |l Ry+R,
Ii —.'i'! _]rrg _.r! ::g . :I {} .t.1. }-1 :1. I

Note. Equation (1) may also be taken as the equation of the required plane.
Note. If the points (x}, ¥}, 2;) (X5, ¥3, 23) (x5, ¥3, 23), (x4, ¥4, 24) are such that
N W 3

Xa Ve I3 3
S =0 , then the points are coplanar.

1
1
o0y |l
1

Xy a2y
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N N 5

If

[
Xy ¥y 29 1 )
S | * 0 . then the points are non-coplanar.

I ¥y I3

Xy o5 |1
3.11. Theorem. Equation to the plane (n) through the point A (x;, v, 71) and

perpendicular to line (L) with d.rs. (a, b, ¢) is a(x—x)+b(y-y)+ec(z-z)=0.
Proof : (Fig.41). Let penr and P=(x. »,z). A=(x;.¥y.2) LT (A5, 6)
and d.rs. of L are (a, b, ¢)

Now d.rs. of AP =(x-x), ¥y-y.2-17)). "
— A P=(x.mnz)
APen< APLL

S alx=x)+b(y-wl+c(z-2)=0 AT . 2)

. Equationto n is a{x-x)+b(y-))+c(z-2)=0,

3.12. PARAMETRIC EQUATION OF A F‘LAHE Fig. #1
Theorem. Equation to the plane passing through three non-collinear pmm"s

Afa), B(h), C(c) is r=(1-t-5) a +sh + te, where s, t are any scalars (real numbers).

Proof: 7e ABC=7-a.b-a.c-a are coplanar

or F-a(#0),b-a,c—a are three vectors

& F-a=s(b-a)+t(c-a) where s, ¢ are any scalars

& F =(l—s—1)a+sbh +ic is the equation of the plane through @, b.¢
Note. Let 7 =(x, v, z),@ = (x1, ¥, 2y & = (%2, ¥3, 22, € = (x3, 3. 23)
Then parametic equation to the plane ABC is

(x, ¥. 2)=(l=s5=0)(x). »1. 21) + 5 (x3, y2, 23 )+ 1 (x3, ¥3, 23)

ie. x=xp+s5(xy—x)+t({x3-x), y=n+s(Qr-m)+t(y»-»)
2=y 45 2y =2)+1(29-2¢)

Cor. Points a, b, ¢,d are coplanar
c::-;-,?:{[—s—.'}EHfTHE +:::-{I—:.-—.'}EH.'EHEH—I)J:D

& M@ +Aab + 23T +A4d =0,
AM+hs+hy+hg=1=-s5-t+5+1=1=0 and (A;+A5 +Ay+Ay)=(0,0,0,0)
3.13. TWO SIDES OF A PLANE

A plane = divides the space into two half spaces. Let a line AB intersect = in C. IfA,
B are in the same half space, then (C; A, B) is negative and A, B lie on the same side of C. If
A, B are in different half spaces, then (C ; A, B) is positive and A, B lie on either side of C.

Theorem. If the line through A (xy, ¥,,2,) and B (xs, y1,22) intersect the plane
ax + by + ez +d = 0in C, then (C; A, B) = —(axy + by +czy +d): (axy +byy +ezp +d).
Proof: (Fig.42) Let A =(x;, v, 2;) and B=(x,, v5, 2;) and C divide AB in the ratio
Aiha(hy+hy 20).
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L] T

o (C; A B)= A :Aa(hy+hy #0) and c:[?‘ixl thxy Aanthiyy Ax ”":?]

?"|+".'|"2 }.|+12 }.]+|‘I'l.2
Cenesgli2fithixy | flam+hyy | [Ran+hz | o g
..'".| +.'-'|.1 .:"n.| +lz ?..1 "':"1

= Aalaxy +by +ep+d)+ hj(avy +byy +ez3 +d) =0

o> Ajlavy +bys + ey +d) ==Aa(ax) + by +cz) +d)

< Ay ihy =—(axv +by +czy +d):(axy + by +cz3 +d)

= (CA,B)=—(ax; +byy + ez +d)(axy + by + ez +d)

OR :

Proof : (Fig. 42). Let A=a=(x}, 3, 5) and B=b =(x3, 35, 23)
Let C =¢ divide AB in the ratio A, : .

S CGAB)=A tha(h +4, 20)

T I
—s e > e e
A B Cc A C B
B i Fig. 42
TI]E" E:M
:'..|+:".1

Let the plane represented by ax+by+ez+d =0 be F.m =g where
r=(x,y.z),m=(ab,c) and g=-d

had@ +hyb
L Cexmedec.m—g=0 T4 a8,

Ay +aa ] il
Ao @ D)+ Ay (B . TT) = ghy + gy & WD . HT-q) =2 (@. W ~q)
hMiha=—(a@.m—gq):(b.m—q)

hyihy == \(x. y. 21) (@, by )+ df: (X2, ¥2.22) (@, by €) + d |

Ay ks ==(ax) +by) +czy +d):(axs +bys +cz3 + d)

gt 60079

> (C:A.B)=-(ax) +byy +czy +d) :(axs + bys + 25 + d)

Note 1. A, B lie in the same half space.

< axy+ by + ey +d, axs + by + 25 +d are of the same sign and

A, B lie in the different half spaces.

< ax)+ by +ezp+d, axy +byy +cz5 +d are of the different signs.

e.g. 1. The points (2,3, 5),(0,4,-7) lie in the different half spaces (on the opposite
sides) of the plane x+2y+2z-9=0 since 2+2(3)+2(5)-9>0and 0+2(4)+2(-7)-9<0.

2. The points (1, 2, -5),(0,4,-7) lie in the same half space (on the same side) of the
plane x+2y+2:-9=0 since (1)+2(2)+2(-5)-9<0and 0+2(4)+2(-7)-9<0.
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3. The points (1, -1, 3) and (3, 3, 3) lie on different sides of the plane x+2y-7z+9=0
since 5(N+2(-1-7(3)+9=-9<0 and 5(3)+2(3)-7(3)+9=9=0. (N.U.M.98)

3.14. PERPENDICULAR DISTANCE OF A POINT FROM A PLANE
Theorem. The distance of A(xy, yy, ) from the plane ax + by +cz +d = 0 L.e.
length of the perpendicular from the point A(xy, y;.2;)
to the plane ax + by +cz +d =0 is Lol T R A (O.U.0ct. 2001)
{ﬂ:+b:+¢3}

Proof : Let n be the plane ax+by+cz+d =0 (1) 0

Let A =(x), », 5;) be the point (A ¢ n) from which the
perpendicular drawn to the plane = meets it in C. ¢« D
Let the normal form of n be Ix+my+nz=p ) A(X,, ¥, Z,)
the equation to the plane parallel to (2) and passing .
through the point A be

x+my+nz=p..(3) where Ixj+myy+nzy=p ..A(4)
Let ODE be perpendicular to (2) and (3) as shown.

= AC=py ~p

1 r distance of A to the plane = .
= AC=0E-0D =lxj+my+nz - p

PR +—h Yy ey + g
T T T e de
Eﬁz E-N'3 Eﬂ'l Eﬂl Flﬂ.da

., Laxy +bhyy + ¢+ d) ax; + by +ez) +d |

Le., + or .
"U'[ﬂ'2+h2+r.‘1 Jﬂz'l"f}'z-l-r,‘z B(b) C
OR : Proof : (Fig.44). Let A=a=(x, ».3).
Let nbe the plane ax+by+ez+d =0. "
Equation to = can be taken as r.m =g where r =(x, y, 2).
m=(ab,c)and g=-d.
Now, | i |= \|'I(n-3 5 2y
Let C be the foot of the perpndicular from A to =. Fig. 44 A7)

Let B(=C) be j in =. Lb.m=g 1)

. AC =

|AB.AC| |(b-@).i| |b.m-a.m| |a.m-b.m| |a.m-7|
| AC | | i | i |

_ (xy, M. 21) - (a,b,¢)—q| B | axy + by +czy +d |

wu'[uz +b% +c* -...'-:‘r2 +b% 422
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e.g. The distances of the points (2,3.4) and (1.1.4) from the plane 3x -6y +2z+11=0
_P@-s@ 2@ 36841116 o

and = —
JO+36+4) | J9+36+4| 7
3.15. DISTANCE BETWEEN PARALLEL PLANES

Theorem. Disiance befween parallel planes
|dy —d, |
ac+by+ez+dy =0,ax+by+ez+dy, =0 is m; dy <0, dy <0.

Proof. The equations to the planes are

ax+by+cz+dy =0 el 1) ax+by+cz+dy =0 wdd)
a b c

the D¢'s of the normal to the planes are ’ *
P "u'r:::2+.|':l‘.'£+c".'t \'l'ﬂl+l!'-'2+l’.-'2 ‘»a'ra::2+:‘;|1 +ct

Now p, and p; be the perpendicular distances to the planes from the origin
—d —dy

= A =  P3 =
1,1.:11+h2+..;-1 '|.'.;:|'2+.h‘!+|:‘2
| dy =di|

— Distance between the parallel planes =| py— p2 | =

T
a - +b" +c
Note. Equation to the plane parallel to (1) and (2) and midway between (1) and (2)
(/) When origin lies on the same side of both (1) and (2) is ie., ax+ h}‘+¢:=M
(if) When origin lies in between (1) and (2) is ax+by +cz =@

e.g. The distance between the planes 2x—y+3z=6 and —6x+3y-9z =

= The distance between the planes 2x-y+3z=6 and 2x-y+3z= &
5
6—(-
‘ =3 23

ZJ{4+|+9;1 T34

SOLVED PROBLEMS
Ex. 1. Find the point P equidistant from A (4, =3, 7) and B (2, -1, 1) and lying on
v—axis. Hence find the equation to the plane through P and perpendicular to AB.
Sol. Let P=(0, v.0). Since PA = PB, PA® = PB-
= (0-42 +(y+3)2 +(0-7 =4+(y+1)* +1 = 4y=-68 = y=-17
P=(0,-17,0) and d.rs. of AB are 2,-2,6.
-, Equation to the plane through P, and perpendicular AB is (Art. 3.11)
2{(x-0)-2(y+17)+6(z-0)=0ie, 2x=2y+6z=-34=0, je, x=y+3z=-17=0
Ex. 2. Show that the line joining the points (6,-4,4),(0,0,-4) intersects the line
Joining the points (-1,-2,-3),(1,2,-5). (A. U. M 2014)
Sol. Let A=(6,-4,4), B=(0,0,-4),C=(-1,-2,-3), D=(],2,-5)
©. AB=(-6.4,-8) and CD=(2.4,-2)
AB is neither perpendicular not parallel to CD.
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.. If we prove that A, B, C, D are coplanar, then AB intersects CD.
x=6 y+4 z-4

Now equation to the plane ABC is | -6 4 -8 |=0
-7 2 =7
= (=28+16)(x—-06)—-(42-56)(y+4)+(-12+28)(z-4)=0
= 6(x-6)-T(yv+4)-8(z-4)=0= 6x-Ty—-8z-32=10 -L1)

Substituting D in the L.H.S. of (1), we get 6-14+40-32=0=R.H.S,

.. De ABC - AB and CD intersect.

Ex. 3. Obtain the equation to the plane containing (0, 4, 3) and the line through the
points (-1, -5, -3), (-2, -2,1). Hence show that (0, 4, 3), (-1, -5,-3), (-2, -2, 1) and (1,1,-1)
are coplanar. (5. ¥ U.A. 93)

Sol. Let = be the required plane. Let a. b, ¢ be d.rs. of a normal to it.

Let A=(0,4.3), B=(-1,-5, =3), L=l=4-41)
D.rs. of AB are -1, -9, -6 and d.rs. of AC are -2, -6, -2 .

Since AB, AC are in T,
—a-9%—-6c=0 . a b E . a_ b ¢
—Ea—ﬁh—2¢=ﬂ}‘ Solving, T Tan T e by
- Equationto ® 1S 9(x-0)-5(y-4)+6(z-3)=0 e, 9x-5y+6z+2=0 .[(1)
Clearly (1,1,-1) lies on (1). Hence the points are coplanar.
. Equation to the plane containing the points is (1).
Ex. 4. Find the equation of the plane through (4, 4, 0) and perpendicular to the planes
x+2y+2z=5 and 3x+3y+2z-8=0.
(AN, 06,07, MI3, O.U. AI2, KU AI2, AU MIS, KU MI&)
Sol. Let = be the required plane. Let a, b, ¢ be d.rs of normal to n. Since = passes
through (4, 4, 0), equationto n is a(x—4)+b(y—4)+c(z-0)=0
But n is perpendicular to x+2y+2z=35and 3x+3y+2:-8=0
a+2b+2c=0 5 B b_ ¢

Ja+3b+2c=0f -2 4 -3’
-~ Equationto  is =2 (x-4)+4(y-4)-3z=0 [using(1)] ie, 2x-4y+3z+8=0.
Ex. 5. Find the equation of the plane passing through (1,0, - 2) and perpendicular to
the planes 2x+y-2=z;x—-y-z=

(ANU.MI15,S.KU. 2001 S, MI13,A.U. MI4, S.K.UMIS, V.S.PMI8)
Sol. Let n be the required plane. Let a, b, ¢ are the drs. of the above plane.
Equation of the plane passing through (1,0, -2) and having a, b, ¢ as drs. is
al{x=D)+b(y-0)+c(z+2)=0=a(x-D+by+c(z+2)=0 .(1)
But the n plane is perpendicular to the planes 2x+y-z=2 and x-y-z=3,

b

© 2a+b-c=0 .A2), a-b-c=0 ..(3) Solving(2)and(3) §=_—I=§.
Equation of the = planeis 2(x-1)-y+3(z+2)=0 ie, 2x-y+3z+4=0.

Ex. 6. Find the angles between the planes 2x-3y—-6z=6 and 6x+3y-2z=18.

. (A. U. M I3, M 14)
Sol. Let 8 be one of the angles between the given planes.
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. B=cos

| 2(6)-33)-6(-2) _ - [E]
J(4+9+36) /(36 +9+4) 49

The other angle between the planes is 180" -6 e, 180" - EGS_I[E]

Ex. 7. Find the locus of the point whose distance from the origin is three fimes its

distance from the plane 2x-y+2z=3, (4. U.AIlLR.U.)

Sol. Let O be the origin and P be the point (x;, »,, z, ) such that OP is equal to 3 times its

distance from the plane 2x-y+2:z =3

10.

‘I:..E.t] _I_!-"'I +..|?.:| _3}:
4+1+4
— xlz +_1.r|2 +:|: = 4:;:1J +.1'l! +4::|2 +9—4x, v, —4y 2 +8x2) — 1 2%, + 6, - 122,

. 0Pt =9,

= 3x; 43z] —dx,y, —4y,z, +8x,2, —12%, +6y, =122, +9=0
- Locus of P is 3x* +32° —dxy—4)z +8xy—12x+6y-1224+9=0
EXERCISE3(a)

Find the intercepts of the plane 2x-3y+4z =12 on the coordinate axes.

What are d.rs. of a normal to the plane 2x-2y+z=5. Express the equation of the
plane in its normal form.,

(/) L, M, are respectively the feet of the perpendiculars from P (a,b,c)to YZ and ZX

planes. Find the equation of the plane OLM.

(i7) Find the equation of the plane containing the lines through the origin with d.c.s
proportional to (1,-2,2) and (2,3,-1). (. L.07)
Flcmt of the perpendicular for the origin to a plane is (2,-3,4) . Find the equation to the
plane.

O is the origin and A is the point (a.b,¢) . Find the d.cs. of 0A and deduce the equation

of the plane through A and at right angles to OA.
Find the equation to the plane through the point (4.0.1)and parallel to the plane

4x+3y=12z+8=0.
Determine the constant k, so that the planes x-2y+kz=0and 2x+35y-z=0 are at

right angles. Find the equation to the plane through the point (1,-1,-1)and perpendicular
to the above planes.

(f) Find the equation to the plane through the points (2,2,1), (9,3,6) and perpendicular
tothe plane 2x+6y+6z=9 (KU MIS5, S.K.U. MIS, A.U.95, N.U.97, S.V. U. 2002 A, 93)

(#) Show that the equation of the plane passing through the points (1,-2,4), (3,-4,5) and

perpendicular to XY plane is x+y+1=0, (5.0 M. M%)
(#if) Find the equation of the plane through A = (-1.1,1).B = (1.-1,1) and perpendicular
to the plane x+2y+2z= (O.U. M4, K.U. M14)

Find the equation of the plane through the point (-1,3,2) and perpendicular to the planes
x+2y+2z=35 and 3x+3y+2:z=8.

(R.U. 08, O.U. 07, AU 84, S. K. U. 01 5, 5. U A 93, 95, A.UM 18)
Prove that the equation of the plane through the points (1,-2,4) and (3,-4,5) and parallel

tox—axisis yv+2z=6.
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11.

12.

13.

14.

17,

18.

19.

20.

21

22.

23.

Find the equation to the plane through the point (2,3.-1) and is perpendicular to the line
through the points (3,4,-1)and (2,-1,5). (O.U.07,A. U, 95, 12)
Find the equation to the plane through (-1,6,2)and perpendicular to the join of the
points (1.2,3)and (-2,3.4).

(/) Find the equation to the plane bisecting the line segment joining (2,0,6) and
(—6,2,4)and perpendicular to the line segment.

(i) Find the equation of the plane which bisects the line segment joining (x. y,z,) and
(x5, V.25 ) perpendicularly.

(i) Show that the equation of the plane through the points (2,2,-1), (3.4,2),(7,0.6) is
Sx+2y=3z-17=0 (S.A LLI2N U088, 0. UM 13)
(ii) Find the equation to the plane through the points (L1.1), (L.-L1)and (-7,-3,-5).

Show that it is parallel to y- axis.
Show that the following points are coplanar.

(i) (=6,3,2),(=13,17,=1), (3,=2.4), (5,7,.3) (O 27 (i) (2,2,-1),(7,0,6),(3,4,2), (0,4,-3)
Find the equation to the plane containing the points A =(3,2,-5), B=(-3.8,-5),
C =(-3,2.1). Show that the point (-1,4,-3} is the circumcentre of the A ABC .Also find

its centroid.
Find the angles between the planes.

(i) x+2y+3z=353x+3y+z=9 (i) 2x-3y+4z+11=0, 3x-2y-3z+27=0

(fif) 2x—y+z=0,x+y+2:z=7 (N.U. 96, 99, 2000, 02, 04, V.5.P MI18)
(iv) x+y=5z4+6=0, 2x+3y+6z+5=0(v) 3x=4y+5z=0, 2x=-y=-2z=5(N. U. M 98)
Find whether the following points lie in the same half space or different half spaces of
the plane 2x-3y+4z+5=0.(i) A=(,2,0), B=(1,2,-3) (ii) A=(-2,1,2), B=(3,1,2)

If AB meets the plane = in C, find in each case (C; A, B).
Two systems of rectangular axes have the same origin. [f a plane intersects them at

distances, a, b, c and a,.h,¢ respectively from the origin, prove that
al+bl+c = u.'z +a’:||'2 +a:'|_3 (N. U, 20

A plane meets the coordinate axes in A, B, C. If the centroid of A ABCis (a,b,c).

show that the equation to the plane is = + ]E+ £ o
a €

(O.U. M5, S.V.U. 00, S.K.U. 01 0, O.UM. 98, A. N. U. 0 90, M14)

(a) A variable plane moves so that the sum of the reciprocals of its intercepts on the
coordinate axes 1s a constant. Show that it passes through a fixed point

(NNU. MO9S N U . A8E)

() A variable plane makes intercepts on the axes, the sum of whose squares is j?
(a constant). Show that the locus of the foot of the perpendicular from the origin is
(2 + 92 +272Xx% + % +22)= k2. (Ex. 7 after Art. 10.4) (A U. 12, A. N, U. M13)
A variable plane is at a constant distance 3p from the origin and meets the axes in A, B,
C. Show that the locus of the centroid of the A ABCis x " +y 4z =p~

(S.V.U. 08, S.K.U. 00,02, N. U. M. 98, 12, K. U. 12, 0. U. © 01, K.U. MI&, S.K.U M18)

A variable plane is at a constant distance p from the origin and meets the axes in A, B,
C. Show that the locus of the centroid of the tetrahedron OABC is

Xyt 4z =16p™ (S0 U. 493,095, AK.N.UMIS)
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24. Prove that the distance between parallel planes
2x—-2y+z+3=0 and 4x-4y+2z+5=0is 1/6 (S V.U 08)
25. If A=(1,3,2), B=(-5.0,2), C=(1,1,-4), find the distance of (2,3, 4) from the plane ABC
without finding the equation to ABC.

26. Find the equations of the planes through (6,4, 3), (0,4, -3)(other than the plane through
the origin) and cutting of intercepts whose sum is zero. (AU MI8)

27. Pisa point such that the sum of the squares of its distances from the planes x+ y+z =0,

x+y-2:=0,x-y=0 is 5. Show that the locus of P is x* +* +z2 =5
(A. U.AIO S K U OW)

ANSWERS
2x 2y z 5 . ’ -
1. 6,-4.3 2, ———4—== 3. (i) bex+cay—abz=0(ii) 4x=5y-T7z=0
3 3 3 3
4, 2x-3y+4z=29. 5, ==t bt axibyrez=at b+
‘ul[i',u' \'rl".al JEHI
6. 4x43y-12z-4=0 7. k=-8,14x-5y+3z=16 B. (i) 3x+4y-5z=9
9. 2x—dy+3z+48=0 10, x+5y-6z+19=0 11. x+5y-6z-23=0
12. 3x-y-z+11=0. 13 (i) dx+y+z+4=0 (i) E{.t—xz}{.t—xj:'r‘.!]:ﬂ-
14.(i7) 3x-4d4z+1=0 15.()) x-y-T7z+23=0 16. x+y+z=0,(-14,-3)
. 12 il 12 n K . m 2n
17. (i) cos i(—] T —Cos [—] (ii) — (iil) -~
V266 V266 ; ¥ 8
, oo =8 ¥ —25] 0
v} Cos s M—CO0S —_— ¥y —
) [zlﬁ] (zwﬁ ® 3
18. (i) different half spaces 1 : 11 (if) same half space. -3:1, 25. 1

26. 6x+3y-2:=182x-3y-6z=06
3.16. SYSTEMS OF PLANES
c

: 2 b . e
Consider the equation ax + by +cz+d =0, (a,b,c) = (0,0,0) , 4, = —hy == Ay = - of a plane.

When three conditions satisfying the equation are given, A,.%,.A;can be uniquely
determined and hence a plane can be uniquely determined. (Art. 3.8, 3.9).

When two conditions satisfying the equation are given, one of A,,4,,%; say, &, cannot
be found uniquely and 2, is called a parameter. Since A, can be assigned any real value, an

infinite number of planes arise and these planes are called a system of planes.
When one condition satisfyving the equation is given we have two parameters, say,

A,. A, giving rise to a system of planes for different values of i, 4, .

We give below a few systems of planes involving one or two parameters,

(i) The equation ax + by +cz + A =0 represents the system of planes parallel to a given
plane ax+by+cz+d =0, ) being the parameter.

(i) The equation ax+ by +cz + 4 = 0 represents the system of planes perpendicular to
lines with d.rs. a,b,c; A being the parameter.
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(iii) The equation a(x=x)+b(y=n)+ec(z=2)=0,(a,b,c)#(0,0,0)
ie, (x-x)+M{(y-»)+Ai(z—2)=0 where g=0(say), A =(bla)r,=(c/a)
represents the system of planes passing through the point (x,. .z ) X,.%, being the parameters.
(iv) The equation A, (ax+by+gz+d)+d; (ax+by+cz+d,)=0
represents the system of planes through the line of intersection of the planes
amx+bhy+ez+d =0, ayx+by+ez+d, =03 A, Ay being parameters and (A,.A,) = (0,0).
The truth of the statement can be seen from the theorem proved in the ensuing article.
3.17. Theorem. n; =g x+hy+ez+d, =0, m, =ayx+by+ey2+d, =0
represent two intersecting planes.
(A) If (A,h;)#(0,0), then m, +k,n, =0represents a plane passing through
the line L of intersection of n and n,.
(B) Any plane passing through the line L of intersection of = and =, is given
ﬁj" ,'1'] +lﬂ: =0, (1::1;}*{“,01
Proof : (A) Let S=am +4,7, =0, (4,,4;)=(0,0)
S 15 a first degree equation in x, », z and hence represents a plane.
Now A, =0=8=n,, A, =0=8=nr,. Let P(x;.».5) el
ax+hy o +d =0..(1) ax+by+oz+dy =0 ...(2)
Also from (1) and (2), PeS. when (A,.3,)=(0,0)
. 8 represents a plane through the line L of intersection of =y and =,.
If &, = 0., =0, for different values of A,,%,: S represents any plane through the line

L. of intersection =, and =, and different from =, and =,.
(B) Let P(x.y.2).Q (x,,¥,2,) be different points on L such that x, = x, (say).
Let S=ax+py+yz+8=0 be a plane through L and hence

ox, +By +yz, +8=0 e (3) oy +Pyy +y2, +8=0 e ()

Let I,m,n be d.rs. of L, the line of intersection of the planes =, and =, .
al +hm+en=0 ) i i
ayl +bym +cyn = ﬂ} by, by B €ty — €y - aby, —ayh

Since (he, - b, oay —cay, aby —ayh) = (0,0,0) without loss of generality we can
take B, —bye 20,
For A%, and (2,,A,)# (0,0) there exist equations Ah + i, =B, Aig+he =7
such that they have a unique solution ,and &, .
ax+pBy+yz+é=axn+ (B + b))+ (Ao + A ) 2+ 0
= Mlax+hy+oz+d))+ h(ax+bhy+ o2+ ds) +ox = Aoy x = Ay x = Aydy = Aqd; +0
=hlax+hy+az+d)+rh(ax+hy+e,z4 d;)
+(C=Aa = At ) X+ (=N} = Aydy)

=AMlax+hy+az+d)+h(@x+by+oz+dy)+hx+ iy coun L)
H-}'Iﬂ‘l": -'".3 =ﬂ_-'"-.|ll:l'1 _';""Eﬂl" -"'r_q =E_:"l.-|d| _:""ldl
PeL=PeS=ax +Py+y5+5=0 = Ayx,+1, =0 e (D)

using (3)and (5), and Qe L=>QeS=i;x, +A, =0 vese (7)
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using (4) and (5),

(6)-(T)= A3 (x—-x%,)=0 = A; =0 (" x#x3) - From(6), A, =0.
. S=dm +i,my, =0 1sthe plane passing through the line of intersection of =, and =, .
Note. Let A, #0 (say). Now equation to the plane (distinct from =,,=n, ) passing

s
through the line of intersection of planes =, and =, can be taken as 7 +[ wl v 0 ie
!

n, +An, =0where A = By . This form of equation might be taken while doing problems.

3.18. PLANES BIEEC'II'IHG THE ANGLES BETWEEN TWO PLANES.
Theorem. x, =ax+by+cz+d, =0, @, =a, x+byy+e,a+dy =0
and dd, >0, Equation to the plane bisecting the angle containing the origin
between the planes
oty U8 mx+hy+eitdy ﬁx+5_}'+ﬁ:+d;
Jai +8} +} Vai +8 +
and to the plane bisecting the other angle between the planes
R nl.t+b|_p+r.-]z+d, _mx+bhyteztd,
..,{Iaf+bf+c’ Jai +b2 + el
Proof : Equations to =, 7, are
ax+by+oz+d =0...(1) ayx+by+cz+d, =0 ...(2) and d, 4, =0
We know that if P (x, v, z) is any point on one of the planes bisecting the angle between
f,, 7, then the perpendicular distances of P from =, 7, are equal (in magnitude) so that

@x+hy+oz+d X +bhy+oyz+d, ; . :
X Hhyta Lo BT7 VP77 are the equations to the bisecting planes.

Vai +5 +f Va3 +83 +c;
Equation to the plane bisecting the angle containing the origin is
ax+hy+cz+d a1 x+b v+ +dy,
L s L= 42 2t~ o) =~ ifd >0 d,>0 il i)

3 ] - b ¥
\Il'.:.-f +h + c-,z a; + .’:rz2 +¢5

This plane bisecting the angle containing the origin also bisects the vertically opposite

angle.
. Equation to the plane bisecting the other angle and its vertically opposite angle is

vay +b +q yay +b; +¢;

Note 1. In the bisecting planes (7) and (8), one bisects the acute and the other bisects
the obtuse angle between the given planes .7, .

The bisecting plane of the acute angle makes with either of the planes =7, an angle
less than 45° and the bisecting plane of the obtuse angle makes with either of the planes
.7, an angle greater than 45° (of course <90°). This gives a test for determining which
angle (acute or obtuse) each bisecting plane bisects.

2. Even if d, <0.d, <0, the theorem holds.

ﬁ'|T+h|1 + 02 +'"I :;2x+ﬁ-_,vl-'+{'j:+'d1 if d| =0, ﬂrl >0 {E}
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Butif d, >0,d, <0 or d, <0, dy >0, equation to the plane bisecting the angle containing

ax+hv+oz+d ax+bhyv+ez+d . :
‘ f" e = ":"‘} ————= and the other equation gives the other
\.lr.:.r,'+.b,""'+::g Ju§+b5 +ci

the origin is

bisecting plane.
3. x+my+mz=gq,, Lx+my+mnz=g,are two intersecting planes such that

(4. my.m), (ls.my.ny) are unit points and g, g >0 (g,.q, are of the same sign).
. Equation to the plane bisecting the angle containing the origin is

(h =) x+(my =my) y+(m —n,) = = g, — g, and equation to the plane bisecting the other
angleis (f +L)x+(m +m) y+(m+m)z=q +q,

SOLVED PROBLEMS
Ex. 1. Find the equation to the plane through the point (x, . z)) and parallel 1o
the plane ax+by+cz+d=0

Sol. Let ax+by+ez+2 =0 ...(1)bethe plane parallel to ax+by+cz+d =0.... (2)
for all values of ;.

If (1) passes through (x,..z)then ax, +by +cz +h=0ie, L=—aqg—by -

~. Required plane is ax+ by + ez —ax, by, -z, =0

ie, a(x—-x)+b(y—-n)+c(z—z)=0

Ex. 2. Find the equations of the planes through the intersection of the planes
x+3v+6=0 and 3x-y-4z=0 such that the perpendicular distances of each from the

Origin is unify. (A.KNU. MIE)
Sol. Let the plane passing through the intersection of the planes

x+3y+6=0, 3x—y—4z=0 be (x+3y+6)+ L (3x-y-42)=0
=(1+30)x+(3-A) y-4iz+6=0 p—
Perpendicular distance of origin from (1) =1
b

j ¥ g

JA+30) +(3-2)% +1622
. Required planes are dx+2y-4z+6=0, -2x+4y+4z+6=0

ie, 2x+y-2z43=0, x-2y-2z-3=0

Ex. 3. Find the equation to the plane through the intersection of the planes

x+2y+3z+4=0 and 4x+3y+3z+1=0 and perpendicuar to the plane x+y+:z+9=0
(N U 8. 98)

=1 =260 =26 = A =+1

Sol. Let the plane through the intersection of the planes

x+2y+3z+4=0, 4x+3y+3z+1=0 be (x+2y+3z+4)+A (dx+3y+3z+1)=0

= (1+40) x+(2+30) y+G+3N) 2+ (4 +4) =0 (D)

If (1) is perpendicular to x+y+z+9=0, then (1+4%).1+(2+3%).1+(3+31).1=0

Le, 10h=-6 le, ) =-3/5. . Required plane is Tx-y-6z-17=0

Ex. 4. Find the equation to the plane through the line of intersectionof x— y+3z+5=0
and 2x+y-2z+6=0 and passing through (-3.1,1) (A. U.AI0, 8. V. U. M13)

Sol. Let the equation to the plane through the intersection of the planes x—y+3z45=0,
x-y+3z+5=0, be (x-y+3z+5)+A (2x+y-2246)=0 ... (1), for any 2.
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Let (1) pass through the point (-3,1,1). S =3-143+5+A(-6+1-2+6)=0

e, =)h+4=0 ie, L=4

. Equation to the required plane is 9x+3y-5z+29=0

Ex. 5. Find the equation to the plane through (2,-3,1)and is normal to the line
Joining (3,4,-1) and (2,-1,5).

Sol. Let the plane through (2,-3,1)and perpendicular to the join of P (3,4.—-1)and
Q(2,-1,5)be a(x=2)+b(y+3)+c(z=1)=0.

Since d.rs. of ﬁarc (3-2,4+1,-1-5) ie, (1,5-6)

We have ?= I—; =i =), 5ay. .. Required planeis A (x-2)+5L (¥ +3)-6A(z-1)=0
ie, x-2+5(y+3)-6(z-1)=0 ie, x+5y-6z=-19
Ex. 6. A variable plane passes through a fixed point (a, b, ¢). It meets the axes of
reference in A, B and C. Show that the locus of the point of intersection of the planes

through A, B, C and parallel to the coordinate planes is ax™' +by™" 427" =1

(.UM 98N U 93, 5K MI18)
Sol. Let the variable plane meeting the coordinate axes in A, B, C be

X y =z

— e e — I . == = .

2 B 7 s (1) - A=(c,0,0), B=(0,p,0), C=(0,0,7)

Also (1) passes through the fixed point (a.b,¢) £+|£3 e 1
o Y

But equations to the planes through A, B, C and parallel to the coordinate planes are
x=a, y=p,z=7. Clearly they intersect at P = (a,p,y)

. Locus of P from (2) is E+£+ LA ie, ax” +by +cz7 =1
x y z
Ex. 7. Find the bisecting plane of the acute angle between the planes
3x—-2y—-0z+2=0,-2x+y-22-2=0 (S. KU MI5N. U S. 98)
Sol. Equations to the given planes are taken as 3x-2y-6z4+2=0 e (1)
2x—y+2z+2=0 vers (2)
(constant terms are taken as + ve)
Equations to the bisecting planes between

the given planes are Ja1
Ix-2y+6z+2 :+2.t—y+2:+2
JO+4436) J(d+1+4)
ie, Sx—y—-4z+8=0 e (3)y 23x-13y+322420=0 ....(4) ! Fig. 45
Let @ be the acute angle between (2) and (3)
10+1-8

. cosB=

|
NJ25+1416) | (Jaz) (Fig-45) - tanb=\dD>1 - 0>(x/4)

Hence 28, the angle between the planes

(1) and (2) is greater than 90° i.e., obtuse.
= (3) is the equation to the plane bisecting the obtuse angle between (1) and (2).
. (4) is the equation to the plane bisecting the acute angle between (1) and (2).
Note. 5x—y-4z+8=0 isthe plane bisecting the angle containing the origin between

(1) and (2).
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[EXERCISE 3 (b)

1. Find the equation to the plane through (i) (1.-2.-3) and parallel to 3x—y+z=10
(i) (2,3,4) and parallel to 5x-6y+7z-3=0
2. Find the equations to the planes through the intersection of 2x+y+3:-2=0,

x—y+z+4 =0such that each plane is at a distance of 2 units from the origin.
3. Find the equation of the plane through the line of intersection of the planes

(i) x=3y+2z+3=0 and 3x - y-2z-5=0 and through the origin. (8. ¥ U. M06, A10)
(i) x+y+z-6=0and 2x+3y+4z+5=0through the point (1,1.1). (5. ¥ U. M 13)
(iii) x+y+z=1 and 2x+3y-z=-4 and is parallel to x - axis.

4. Find the equation to the plane through the line of intersection of ax+by+ ez +d =0,
ax + b y+¢z+d) =0and perpendicular to the xy plane.

5. (i) Find the equation of the plane through the intersection of the planes x+ y+z =1,

2x+3v+4z =5 and perpendicular to the plane x—y+z=0 (S.K.U. 2001 Oct)
(#f) Find the equation of the plane passing through the line of intersection of the planes
2x—=y=0 and y-3z=0and perpendicular to the plane 3z -4x-5y+8=0 (O.U. 07)
6. Find the equation of the plane passing through the intersection of the planes
x+2y+3z=4, 2x+ y-z+5=0 and perpendicular to the plane 6z +5x+3y+8=0.
(A. U.AILAU MI8)
7. Find the equation to the plane through the line of intersection of x-2y-z+3=10,
=3x-5y+2z+1=0 and perpendicular to yz plane. (O.U. 07)
8.  Avariable plane is at a constant distance p (+# 0) from the origin. It meets the coordinate
axes in A, B, C. Through A, B, C planes are drawn parallel to the coordinate planes.
Show that the locus of their point of intersection is x™ + v + 7% = p™* (O.U. 01, N.L.O7)
9. Find the equations of the planes bisecting the angles between the planes.
(i) x+2y+2z=19, 4x-3y+12z+3=0
(i) 3x=6y+2z45=0, 4x-12y+3z=-3=0 (S K U. A12,13,0.U, 200IM,A. N. U. M13)
(iil) 2x=y=2z+3 =0, 3x=-2y+6z+8=0
(KU, S FEU A S K U AL KU MI8, KES.PVMIS)

Point out which plane bisects the acute angle. Also point out the plane bisecting the
angle containing the origin.

10. Find the equation of the plane bisecting the obtuse angle between the planes

3x+4}'—ﬁ;+1:{}ﬂﬂd 5I+12}'—E3:=D (5. M. ALY
11. Determine the planes through the intersection of the planes 2x+3y-z+4=0,
x+y+z-1=0 and which are parallel to the coordinate axes.

ANSWERS |

1. (i) 3x-y+z=2  (if) Sx-6y+72-20=0

2. x+2y+2:-6=0,15c—12y+162+50=0

3. (i) Tx-9y+2z=0 (i) 20x+23y+26z=69 (iii) y=3z+6=0.

4. (ac)—ac) x+(bey—be) y+(dey—dic)=0 S (i)x-z+2=0 (ii) 28x-1Ty+9z=0

6. Slx+15y=-50z+173=0 7. 1ly+z=10.

9. (i) x+35y-10z=256,25x+17y+62z =238 (bisector of acute angle and bisector of
the angle containing the origin)
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(i) 1lx+6y+5:+86=0,6Tx~162y+47=z+44 =0 (bisector of acute angle and

bisector of the angle contining the origin)
(iif) Sx-y-4z=3,23x-13y+32z+45=0 (bisector the acute angle)

y=3z4+6=0,x+4z-T7=0,3x+4y+3=0

11.
| 3.19. JOINT EQUATION OF A PAIR OF PLANES |
Consider the pair of planes =, n, whose respective equations are
e (2)

hx+my+nmz+d, =0
Consider the equation ({,x+my+mz+d) (Lhx+my+mz+d,)=0

e (1) Lx+myy+nz+d, =0

v (3)

Let P=({x.0.2).

both.

Pem=hx+my+nmz +d, =0 = ({lx, +my +mz, +d) (Hx, +my +m2 +d;) =0

Pen, =lLxy+my+mzy+dy =0 = (Lx; +my +mzy +d ) (hxy +mayy + 032+ dy ) =0
Plieson (3) = (hx, + my, +mz +d)) (hxy +my + 2 +d5) =0
= hxy+my+mz+dy =0 or = Lxy+my +mz+d> =0 =Pen, or =Pemn,

- We have Pex, or Pen, : Plieson(3)
Le., an equation is satistied if and only if a point lies on the one plane or the other plane or

. (3) represents the joint or combined equation to the planes =, and =, .
Note 1. ax+hy+oz+d =0, a,x+by+e2+d, =0 are two intersecting planes. The

combined equation to the pair of planes bsecting the angles between them is

ax+hy+gz+d)  ax+bhy+ez+d, }

qj{ﬂﬁ +f:-|: - c'f} \,'[[ué"' +f:r:: +{'§}
ax+hy+gz+d, .
JI{::II - h-lz + cf}
2

{;:r.,u-+;’:|J.-+a:‘l:+u",]|':r - (@ x+by+c,z+d;) 0
f:.!jz +.ﬁ.§ +.-:_E

a,x+by+e,z+d, 0
. 2 .
J[a: +5 +¢e7)

Le.
¥ 3 .l
ay +8 +o)

Theorem. If § = ax® + by’ +cz® + 2fiz+ 2gzx+ 2oy + 2ux+ 2wy + 2wz +d =0

is a second degree equation representing a locus of which the plane L =0 is a
part, then § can be expressed as a product of two linear factors in x, y, 2.

(Proof 1s left out) ) )
3.20. Theorem. § =ax?+by* +cz® + 2fiz+ 2ezc+ 2hxy + 2ux+ 2wy + 2wz +d =0

represents a pair of planes n;,m,.
Then H =ax®+by* +ez* + 2+ 2gzc+ 2hay =0 represents a pair of planes

through the origin and parallel to the planes =, .7, .
Proof. Letthe planes n, n, represented by 5 =0 be respectively fix+my+mz+d, =0,

Lx+my+mz+d, =0
¥ i %} .
ax” +by” +ez” + 2 Hz+ 2gzx + 2hxy + 2ux + 2vy + 2wz + d

m(fix+my+nz+d) (Lx+my+nz+d,)
=Ll =a,mm, =b,mn, =c, kmy +L,my =2h, mp, + mym =21, nl; +n,l, =2g.

Joint equation of the planes passing through the origin and parallel to =, m, is

(hx+my+mz)(lLx+myy+nz)=0
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ie, Lhx" +m1m:,_1:: +'H|H::: +(lmy +1my )xy + (mny +man ) yz +(mly +0l)) zx =0

ie, ac’ +by’ +cz’ +2fiz +2gzx+ 2y =0 ie, H=0.
3.21. Definitiond /f H = o’ + by” +¢2” + 2 fiz + 2gzx + 2hxy = 0 and a h g then
D=|\h b f
D is called the determinant of H. g F ¢

Theorem. H =ax® +by* +¢z* +2 fiz +2gzx+2hxy = 0 represents the equation of
a pair of planes or a plane if D=0, f* > be, g* > ac. b* > ab.

Proof., H = 0 represents the equation to a pair of planes or a plane = H can be
expressed as a product of two linear factors in x, ¥, =

Let the factors be [x+my+mz+d, Lx+my+nz+d,where (I,,m,n)=(0,0,0),
(. my.n, ) #(0,0,0)
coax’ by vt 4 2fiz 4 2gzx + 2y =(hx+my+nz+d) (hx+my+mz+d,)
=hl;=a, mimy =56, mmy, =c, hmy +my =2h, mny, +mym =21, ml; +ml, =2g.
hdy +ld, =0, mdy +myd, =0, nd, +nyd, =0, did, =0

= d, =0(-- at least one of /5, m,,n, is not equal to zero)
Similarly d, =0=> 4, =0. = o =dy =0

K L 05 mom
m om, 0|5 m n

n n 0110 0 0

We know that

241, L, +hmy Ly +him, 2a 2h 2g
= | lymy +1,m, 2n1,m, mi, +myn |=|2h 2b 2f
mly +hny,  mn, 4+ nm, 2mn, 28 2f 2¢
h L 0L m n 2a 2h 2g
det {|m my O|4 m m|r=det|2h 20 2f
m o onm O[O0 O O 2e 2f 2

L oL 0|, me o om a h g
= [y my Ofth my mi=818 & | _ g futbsnni.
m n 00 0 0 g f e
Also 41 —4hc = (myny + m,m ) —dmynymany = (myn, —myn, P20 fl = he.
Similarly we can prove that ¢ = ac, ¥ = ab.
We give below two theorems, for which proofs may be supplied by the readers if
needed.
1. H = 0 represents a pair of planes if (/) D = 0 and (/) at least one of
W —ab, f*—be, g° —ac is + ve and the remaining two are non-negative.
2. H=0represents a plane if D=0, i’ =ab, f* =be, g° =ac. Inthis case H takes the

form (ax+b&y+ez) -
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3.22. Theorem. If 8(<n/2)is the angle between the pair of planes H = 0,
a+bh+c

{a+b+e) +4(f +g° +h* —ab-bc-ca)) ‘

Proof. Let the pair of planes represented by H = 0 be

hx+my+nz=0, Lx+myy+nmz=0.

then cost = (5. K M. MIE)

oot +;,}-3 oo +2fiz+2gze+2hxy =(hx+my+nz) (Lx+my+nz)

=iy =a, mmy,=b, nmy =c. hmy +lymy =28, mpy +mamy =2f, mly +ml =2g
Since 0(<(xn/2))is the angle between the planes,

hiy + mymy + iy

JOZ +md + a2y @ +md +nd)
a+h+c

J{:Hﬁl‘g + mfmi + H-Izﬂg + [f.mg +lr2.fﬂl }3 —llfﬁgﬂilmE

#(myny +mym ) = 2mymymny +(mly + ol ) = 2hhmny )

cosB =

a+b+c

Ji(@ +B + 2 +4 it —2ab+ 412 —2bc +4g* - 2ac)}

a+b+c
Ha+b+c) +4(f +g° +h* —bc—ca—ab)) ‘

Cor. 1. Planes are perpendicular < 6=90°

eosb=0 = a+b+c=0

& Coeff. of x>+ Coeff. of ¥*+ Coeff. of =0

2. Planes are identical (coincident) < @ =0°

a+b+c

& oosb=1e
Jila+b+cl +4(f? + g* + i —ab—bc—ca)}

= |

e (a+b+c) =(a+b+cV +4(f* +g° +h* —ab-be-ca)

o g +h —be-ca-ab=0 = (f° -bc)+(g” —ac)+(h" —ab)=0

tbf:=hugz=m;hl=ah L,f3gbng33m;h32ah}
Note. 1. fx+my+mz =0, L,x+m,y+n,z =0are two planes intersecting in a line with
d.rs.. Lm.n.
= g S — z
:}||I|I+m]J'H+H|H=ﬂs j=f+m:m+ﬂ2n=ﬂ 1y = s 1 ”I"E —=H:|;| -’.mg —‘!3m|

/ m

= : =
[y =mym)' = dmmymmy ] J(mdy — ol = dnlynsly ]
L]
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) m n / m n
= - — = =
J@f -4be) (Jag?—4ac) J(ah'-4ab) J(f1-be) (Jgi-ac) (i -ab)

= d.rs. of the common line are ,J'{_f? ~be), J(gz —ac), ,UI'[.IF —ah)

=

2. If B(=n/2) is the angle between the pair of intersecting planes given by

ax’ +by? +ez” +2fiz + 2gzx + 2y + 2ux + 2wy + 2wz +d =0, then
a+hb+c

Jita+b+e) +4(f2 + g2 + b —ab—-be—ca)} |"

cos =

d.rs. of the line of intersection are J{ 2 —ho), .J(gz —ac), J{_;,-F —ah)
SOLVED PROBLEMS
Ex. 1. Prove that the equation 2x* -6y* =12z +18)z + 2zx + xy =0 represents a pair
of planes, and find the angle between them. (S. ¥, U. MI15, AN.U. Mi5, S.K.U. Mi3, 8. V.U MI8)
Sol. Let the given equation be ax® + by +¢2” +2 fiz+2gzx + 2y =0 e (1)
Comparing the given equationto (1), a=2,b=-6,c=-12, f =9, g=1,h=1/2
a h g 2 1/2 1
. D=|h b fl|=|/12 6 9
g f ¢ 1 9 -2

- | 9 15 21

-E{TE—EI]—E{—6—9}+I[E+E] =—IE+?+?={}

fP=8lLbc=T2=f">bc, gl =lac=-24=g’ >ac, ¥ =1/d,ab==12= K" > ab.
. Given equation represents a pair of planes through the origin.

Let 6 be the acute angle between the planes.

- a+b+c
[(a+b+c) +4(f* +g° + K —ab—-bc—ca)]
_ 2-6-—12
! : -3 & B=C "[EJ
J{{-Iﬁ] +4[3|+1+;I+11-?1+14]} 3 os!|

OR: 23 -6)" 1227 +18yz + 2z +xp =0 = 2x" +x (y+22)-(6)7 +12:7 —18)z)=0
Ay +22)[(+22)° +8(6)7 +12:7 —18y2)]
4
= 4x = —~(y+22)£(49y% 140z +100z%) = 4x=-y-2z%(7y-10z)
= 4x-6y+12z=0,4x+8y-8z=0=2x-3y+6z=0,x+2y-2z=0

. Given equation represents a pair of planes through the origin.

_ 2()-3(2)+6(-2) _ +16 o ’ Iﬁ]
J{4+9+35]..,.|"{I+4+41 21 5. 8=Cos [—

=X
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Ex. 2. If & +b* +¢% >2ab+2bc+2ca, show that the equation

ax’ +by’ +cz* —(a+b-c)xy-(b+c—-a) yz—(c+a-b)zx=0 represents a pair of
planes. Also show that the line of intersection of the planes make equal angles with
the coordinate axes.

Sol. Let H=ax” +h? +e2” —(a+b-c)xy—(b+c—-a) yz—(c+a-b) =0  ...(1)

- Determinant of H=D

a ~a+b-c) —Ac+a-b)
2 2
~(a+b-c¢) i —(b+c-a) 1 2a (a+b=c) (c+a-b)
| a2 I e (a+b-c) -2b (b+c—a)
—(c+a-b) —(b+c-a) ) (c+a-b) (b+c-a) -2¢
2 2 )
1 0 0 0
=M+t R,

c+a-b b+c-a -2

Y 2,47 3
b+ a) peod +b +¢ {'ab+2bc+1m)}ﬂ{byh}rp.}

[ /% > be be condition] : [ -

i F
Lk 4 3 . -bH h-
Similarly [ g° > ac.h” = ab conditions ] [E+ g ] —ac>0, [ﬂ+2 f] —ab=0
. (1) represents a pair of intersecting planes.
For the common line ﬁﬁ of intersection of the planes, d.rs. are

[z - e -} () )

Ya*-2ab Ya*-2ab Ya* -ab

- By Note 1, Art. 3.22) ie, 1,1,
ie ; - i (By No ) ie, 11,1
But d.cs. of 0X, 0Y, 0Z are 1.0,0; 0.1,0; 0,0,1. Let E:{ﬁ ﬁ}
_ EDSH_I.IH.I]H.D__I_ ; a1
. '———‘.ﬁﬂ ﬁ Le. B=Cos E

Similarly we can observe that PQ OY = Cos~'(1/4/3),(PQ 0Z)=(1/43)

. The common line PQ makes equal angles with the axes.

Ex. 3. Show that the equation x* +4y* +9z° —12yz -6zx +dxy+5x +10y 15z +6=0

represents a pair of parallel planes and find the distance between them.
(S.VUANSKUAILSVY.MMIS)

Sol. x* +4y? 4927 —12)pz —6zx +4xy = (x +2y-32)°

x4yt 4922 —12yz —6zx + dxy + 5x +10y - 15246
=(x+2y-3z+k)(x+2y-3z+1) where
k+1=52k+21=10,-3k-3=-15k=6ie, k=3,{=2
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. Given equation represents the planes x+2y-3z+3=0,x+2y-3z+2 =0which are

rallel.
e . 3-2 |
-. Distance between the parallel planes ~ Ji+4+9) - Jaa)
EXERCISE 3 ( c )|
1. Show the following equations represent pairs of planes. Also find the angles between
them.
(i) 2% =3y" +42° +xy+62x - yz =0 (O.U. Oct 2001, AN.U. M13, K.U. MI8, V.S.RU MI8)
(i) 2x° =2y° +4z° +2yz+6zx+3xy =0 (K. L. 08)
(fi)) 12x" =237 —622 + Tz +6zx-2xy =0 (S.K.U.MI8)
(iv) 6x7 +4y" =107 =1 Loy +3yz +dzx =0 (O.UM. 97, S.V.U, K.U. A1, AI12, N.U.12)
(V) X +4y" -2 +4xy =0 (AN L. M6, M14)
2. Ifthe equation ax’ +by” +ez” +2 fiz +2gzy + 2hxy =0 represents a pair of intersecting
planes, show that abc+2 feh—af’ —bg” —ch’ =0. Also if a+b+c=0,then an angle
3t d2 o2 2 12 B oy )2
between the planes is Tan ™' [‘ (" +g +h —be-caab) ]
a+b+c
3. If p(xpo)=a’ +by” +c2 + 22+ 2+ 2hxy =0 represents a pair of intersecting
planes through the origin, show that the product of the perpendiculars from
to the two planes is ¢ (@.B.7)
Jia+b+cl +4(f2 + g2 +h* —ab-be—(a)}
4. If 22 + 5% +¢* —2ab-2bc - 2ca > 0, show that 24 h +—5_ =0 represents a pair
y=z z=Xx X=)
of intersecting planes.
5.  Find the planes represented by the equation.
x' =2y =z* —xp+3yz=6x+3y+9=0 and hence find the angle between them.
(S. KU, Mi6)
6. Show thatthe equation x* +4)” +4z° +4xy +8yz + 4zx —9x — 18y — 18z + 18 = O represents
a pair of parallel planes. Hence find the distance between them. (S.K U.A493)
ANSWERS
a"'_ 4 2
1. (i) oS [T (i) cos™ [%] (iif) ©os kg] (iv) % (v cns"g
J2
5. Cos [T 6. |
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UNIT - 11

The Line (Right Line)

Equations of a line, Angle between a line and a plane, Conditions for a line
to lie in a plane, coplanarity of lines, Number of arbitrary constants in the
equations of a line, sets of conditions which determine a line, shortest
distance between two skew lines, length of the perpendicular from a point
to a line, Area of a triangle, Orthogonal Projection on a plane, volume of a
tetrahedron, Intersection of three plane - Triangular prison.

Change of Axes

Translation of Axes, Rotation of Axes.




RIGHT LINE

4.1. REPRESENTATION OF LINE
1. Consider XZ and XY planes. Their common line of intersection is X - axis.
P(x,y,z)eX-axis < PeXY planeand Pe XZ plane < z=0and y=0

. Equations to the line X - axis are y=0.z=0 ie, equations to the planes passing
through the X - axis.

Similarly equations to Y - axis are x = 0, z = 0 i.e., equations to the planes through the Y
- axis and equations to Z - axis are y =0,x =0 je., equations to the planes through the r
- axis.

2. Consider any line L and two planes x,, 7, whose line of intersection is L.

Let the equations to x,, 7, be respectively

ax+bhy+ez+d =0...01) dax+by+cyz+d, =0

P(x,y,z)eL<> Pemand Pen,

& ax+bhy+oz+d =0, ax+b,y+cyz+d, =0

. Equations to the line L are ax+hy+cz+d =0, ayx+by+cz+dy =0

Thus : A line is represented by the equations of two planes through the line. Since any

pair of planes can be taken through the line, the pairs of equations of the line are infinitely
many.

4.2. PARAMETRIC FORM

Theorem. Equations to the line passing through the point(x,,y,,z,)and having

d.cs. Lmn, are x=x,+lIr, y =y, +mr, z=z.+nr,rbeing any real number.
Proof. (Fig. 46). Let L be the required line and
A (x.3,5).dcs.of L are I,m,n.

aY

Let P=(x,y,z)eL. Let AP=|r]|.

- _— " Lo
T'he projection of AP on the x - axis= x—x, =/r A (x4,¥1.21) A
Similarly y-y =mr,z-z, =mr '

Yy V=5 | dc's “'m'".'i'.}r;

= x=x+lr, yv=yp+mr,z=z, +nr L O

r being any real number.

~. Equations to L are -

Fig. 46

x=x, +lr, y=p+mr, 2=z +nr

L X=X V=W I==
ie. 1 ¥=h _ |

—

) m n 65



66 B.Sc. Mathematics - | (A.P.) (2nd Semester)

i il of s . .
Note.l. L =2 =" &g :/, =a,:l, = a, :/, and if any of I's is zero, the corresponding

'II 2 3

¢ 15 also zero.

2. Equations of the line in the parametric form x=x, +lr, y =y +mr, z=z +nr

can be written as I—!I‘ e WS (=r).
This form of equations of thé'line ar'called the equations of the line in the "Symmetric

form'.

3. Equations of the line through the point (x,.y,,z,)and with d.rs. [ m, » are in

(i) Parametric form : x=x, +lr, v=y,+mr, 2=z, +nr

(i) Symmetric form : 2~ _ Y7 H =7

/ m n
(iif) Vector form : 7 =a+1d where @ =(x.v.z), d =(I,m.n) and ¢ being any real
number.

4. Any point on the line through the point (x.,z)and having d.rs. /,m,n is

(x, +Ir, )y +mw,z, +1r), r being any real number or 7+, ¢ any real number.

5. I_;I1 - 7N represents the plane through the line perpendicular to XY plane;
m

YN _ 275 represents the plane through the line perpendicular to YZ plane; =—=1 - !
m " H

represents the plane through the line perpendicular to ZX plane.

6. Let n=0, [ #0, m=0. Equations to the line L are 2= _ Y~ N 2—2,=0

/ m
Then L represents a line parallel to Z - axis.

7. Let m=0=n,/+0. Equations to the line L are y-y =0, z—z =0. Then L
represents a line parallel to x-axis.

B. (x—x) ) +(y-3) +(z—z) = +m’ +n)=r"

L = J[x—x] }3 +{}=—}-‘.}2 +{:—:.“,|I2
i.e. |r| is the distance of any point (x, y,z) from the given point (x,,3.z,).
In this context the equations of L are called equations in 'Distance form'.
4. 3. Theorem. Equations of a line through twe distinct points (x,,y,,z,)and
i W T, | WP i RS - . Jo,
=8 hoh L=y =5 h=h La-§
Proof. Let L. be the required line. Since (x;,y,z)h(x,.55)el | duos. of L are

(X3,05.5,) are

X=X V2= W22 5 -

- X=X ¥=TM Z=—ZX X = A V= =gt ¢
. Equations to L are N i ; L or 2 -2 2 _ 2

=4 WMm—W 74 Xa=X WVa— MW S2—5
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4. 4. Theorem. Transform the equations a,x+by+c,z+d, =0
a,x+b,y+o,z+d, =0 of the line to symmetrical form. (0. U. A12)
Proof. Let L be the line of intersection of the planes
ax+hy+ez+d =0 o 1) ayx+bhy+ez4d, =0 ... (2)

Let [/,m,n]be the D.cs. of L.

L. lies in both the planes (1) and (2). Since the d.rs. of the normals to the planes are

(a.b.¢) and (a,.h,,c,) we have gl +bm+gn=0, al+bm+cn=0

/ m n

— = —
hoy—ho  q@m-aa ab-ah
Without loss of generality we can take ab, —a,h, #0.

Now to find the equations to L, we require a point on L.
Let L intersect, say, the XY plane ie. Z=0atP.
s From(1)and (2): ax+hy+d =0, ayx+bhy+d, =0,
b _.I’j.d:—b:.:.". ,__'dlﬂl_diul
Sving~" aby — ayhy o @by — axhy
P= bdy = bud, dia, —dsa . i
[ﬂnf’z —ab b, —ak ) 158 point on L.

by — byd dya, —dyay
= y- B
». Equations to L in the symmetric form are ah-ah " akh-on -0
ey =bye €y = Caty aby = ayby

Ex. Write the equations of the line x=av+b and z=cv+d in the symmetrical
farm. (N. U. 98)

Sol. Equations of the line L are Ix+(-a)y+0.z=band Ox+cy+(-1)z=-d.

Let d.rs. of the line L be /. m.n.

m n
l.I+(-a)m+0(n)=0, 0./ +em+(-yn=0 ie., E:T:;
A pointon L is (b.0.d) . ~ Lis x—b=3-';l}=:—d
a c
OR : Equations to the line are x=ay+bh,z=cy+d.
They can be written as x-h=£‘:-d=£. ie. =2 _ ¥ _2=d which form is the
i 1l ¢ | a | ¢

symmetrical form of the equations of the line.

Note. If the equations of a line are given as ax+by+ez+d, =0,

a,x+b,y+cyz2+d, =0,then the equations of the line are said to be in unsymmetrical
form.

SOLVED PROBLEMS
Ex. 1. Find the distance of the point (1,-2,3) from the plane x—y+z=35 measured

parallel to the line whose d.es. are proportional to 2,3,-6.
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Sol. Let L be the line through the point P (1,-2.3) and parallel to the line with d.rs. 2,3,-6.

x=1_ y+2 z-3 (
3 -6

Any pointon L is Q (2:+1,3r-2,-6/+3). Let nbe the plane x-y+z=35.

. Equations to L are — ¢ say)

Qen = U+1-H+2-6143=5=2=-Tr=1l = 1=(1/T)

9 —11 15 s 9 V¥ (=11 . ¥ 115 . ¥ 4+9+36
N [ LI Y - —— 2oy ==
0(???] PQ [? ')+[?+J+[v 3] 19

. Required distance = |
Ex. 2. Find the image of the point (2,-1,3)in the plane 3x-2y+:z=9,
(O.U. 07, ALN.U. M35, 06, M14,S.V.U. A10,8.V. M. M18)
Sol. Let P=(2,-1,3). Let nbe the plane 3x-2y+=z=9,

Let Q=(x,),z)bethe imageof Pinx. . pPQLlx. . Dus of PQ are 3,-2.1.
. Equation to PQ are Igzz-"':l =:;3 (=1 say)

Let R be the mid point of PQ. Let R =(3r+2,-2r-1.1+3)

Renr = H+6+4+24+14+3=9 ::~t=—l

29 2 -1 11 =5 20
R=[_+z,-—l,—+3]=(— — —]. R is the mid point of PQ

7 - SR | F T 7
2 . 8. -10 | -3 40 . 19
=2+IL=T l.e., ,'l.'1=?.. —]+_].'l=T Le, _]-’|=T, 3+n=— L&, =—
: 8 =319
. Q=Image of P in = =(—,—,—]
Q= Imag Ty
Ex. 3. Find the foot of the perpendicular from (1.2.3)to the plane
X+2y+3z+4=0 (A.U. MI3)
Sol. Letthe given plane is n=x+2y4+3z44=0 .. (1)

Given pointis P =(1,2,3)
Let the foot of the perpendicular from P to the plane is Q = (x;, 3,5
The Dr. of PQ are x; -1,y -2,z -3

Equations of PQ, I'I_I = '!:‘2_2 = "'_'3_3 =t (say)

Xy =t+lyy =242,z =343

Since () lies on the plane, we have

t+D+2(2+2)+3(3t +3)+4=0

14:+13=ﬂjr=T
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-9 - ~18 4 -27 -6
II=T+|=T _].'|=2!'+2=T+2=—? _|=3-f+3=T+3=T
) -2 -4 -6
. Foot of the perpendicular =P = (x,)y,5) = EREET
Ex. 4. Find the angles between the lines x-2y+:z=0; x+y-z=3;... L,
x+2y+z=35, Bx+12y+5z=0.... L, (ANU.07,M13)
Sol. Let the planes be x=2y+z=0 .. (1) x+y-z=3 e 2}
x+2y+z=5 ... (3) Bx+12y+5z=0 e (4)

(1). (2) represent the line L, and (3), (4) represent the line L, .

The d.rs. of the normals to the planes (1), (2), (3), (4) are (1,-2,1), (1,1,-1), (1,2,1) and
(8,12, 5) respectively.

If (/,,m.m)and (I,.m,.n,)and the d.rs. of the lines L, and L, respectively,

(o) =(2=1,141,142) = (1,2,3) 3 (homy.m)=(10-12,8-5,12-16) = (-2,3,~4)

- D.rs.of L, are 1,.2,3and d.rs. of L,are -2,3,—4

. -2+6-12 -8
If & is one of the angles between L,. L, then cosf = -
. 1 JI+4+9 . J4+9+16 /406

e af ~B
& (L, Ly)=Cos™' | ——=|,n-Cos™'| ——=
gl tin [ {4:}5}]” . [ [40!5}]

Ex. 5. Find the d.rs. of the projection of the line = ~% P

= == in the plane
3 4 2
9x+8y+2z-1=0,

(2]

- e 38 7. n, be the plane 9x+8y+2z-1=0.
3 4 2

Let =, be the plane through L, and perpendicular to =,
Let (a.b,c) be the d.rs. of the normal to =,.

Sol. Let L, be the line =4 _»-2

Ly|my =3a+4b+2¢=0; n La, =9 +8b+2c=0

a b ¢ | a_ b ¢

e R e -. D.rs. of the normal to =, are 2,-3.3

Let L, be the projectionof L, in m;. Let /,m,n be the d.rs. of L,.
L,cn,=2/-3m+3n=0, Lycn =9%+8m+2n=0

== o f1 30,23,43
=30 23 43° - drs. ol L, are —-30,23,43.

Note. Equation to the plane =, containing L, is
2{x—-4)-3(y-2)+3(z-1)=0 ie 2x-3y+3z-5=0
. Equations to the line of projection of L, in &, are 9x+8y+2z-1=0=2x-3y+3z-5
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Ex. 6. Find the image of the line -“: J;E: -”‘33 in the plane

3x-3y+10z-26=0 (NUAS VU ALAUMIB S V.M. MIS)

Sol. Let L, be the line I;i = }'1_! - "”'33 (=1 say)
Let n be the plane 3x-3y+10z-26=10
Any pointon L, is (941,742, =3 =3), If this point lieson =,

then 3 (9 +1)=3(t+2)+10 (=31 =3)-26=0 = —61—59=0=> 1 :-5?9

. L, cuts the plane = in the point

|
()2 () e (209

6 6 6 6
525 47 159
- Image of ["T-*‘E-?Jin n is itself. Clearly (1.2,-3) isa pointon L, .
. Equation to the line L, through (1,2.-3) and perpendicular to the plane = is
x=1 y=2 z+3
3 3 10 =rsa)

A point on this line L, is (3r +1, =3r + 2, 10r - 3) . If this point lieson x,
then 3(3r+1D)=-3(-3r+2)+10(10r-3-26=0=r=(1/2)

3 -3 | 31
. T =i ig | =+1, —+2, 10x—==3]; —,=,2
. The foot of (1.2,<3)in = is [2"' 2"‘ R ]:.e. [2 > ]

If (x;,,2) is the image of (1,2,-3)in =, then
l+x 5§ 2+» 1 -3+
2 "2 2 "2 2 Cimmdone-l =T

- Image of (1,2,-3)in =nis (4,-1,7).

i . 525 47 159 ! : .
. The line through the points 6 6 ) WL is the image of the line L, and
its equation is ie X4 _ytl_z-7
549 41 =117
Ex. 7. Find the equations to the line L, passing through the origin and
; ) x-2 y+3 =
perpendicular to the L, whose equations are == Also find the foot of the
perpendicular from the origin to L,. (S. K U.M6)
. -a F*3 I
Sol. Equations to L, are ud I =‘H,; -y (=1 say)

Any point L,is (1+2,-21-3.1).
Let P be the foot of the perpendicular from the origin to the line L, .
If P=(t+2,-2t-3,1) then d.rs. of (.- L =ﬁ} are 1+2,-21-3,1.

L, LL, = 1((+2)-2(=20-3)+11=0 ::ﬁr=—3_—..;~r=—g
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. Foot of the perpendicular from the origin to L, =[j+l§—l_—4j=[z ~1 —-4]

3 3 3 3 3 3
. Equations to L, are I_ru T BT g XY SE
@3) (-1/3) @3 T

Ex. 8. A variable plane makes intercepis on the axes, the sum of whose squares
is k2 {a constant). Show that the locus of the foot of the perpendicular from origin to

the plane is (x> +y 2 +z72) (X +37 +22) =42

(5. KU, N. U. 92, A. U. 12, {Refer to Ex. 21 (b) of Exercise %{a))
X ¥y Iz
Sol. = is a variable plane E+i+ P | (abe=0).

— intercepts of ® onthe axesarea, b, ¢ = g* +b* +* =&* (given) —

111
D.rs. of normal to = are —.—.—.
a bc
Let L be the line through O and perpendicular to =.

¥ _y _ =

- Equations to L are TP T T (=1 say).

i.i.i]. P is the foot of the perpendicular from O to =

- Any point Pon L is [
a bc

=-'PEH=-.“2“+“I—*+:!—1=]=I=[”_I +h_: +c—3}—|
a v
Lo P=(@ @t +b7 4y L b @+ 7)Y L @ +h T ).
P={x,y.5)=x :a_lfﬁ'—: +5° +.r;'-:|.": ¥ :b'lia-!‘ +h2 _i_ﬂ-:}-]:
z| = (a2 48672 4272,
.."L"|3 "“,}"|2 "i‘.-'.--|1I =[[ﬂ.z+|§ 2 +L'-:} I]E{{; 2 .i-,b'z +c 2} =(a 2 +b-1 +o :_l'} ! and

-2 -2 -2 -2 2 L | 2 2 2
X +w =@+ )Y (@ +b° +c7)

S+l 4z 0)= : 3 -
| thoth )= B2y [using (1)]

T N 2, .2, 2.2
:::{Jq +y +3 '_l[x| +}f|‘+z|]

¥

=k
- Locusof Pis (x* +y? +27%) (2 +y* +22)V =4&*
Ex. 9. The plane Ix+my+nz=p, I +m* +n° =1, p>0meets the axes in P. . R
and G is the centroid of the A POR, If the perpendicular line to the plane at G meets

| | | 3
" " &) + -+ = —
the coordinate planes in A, B, C then prove that GA GB GC p

Sol. Let = be the plane jx+my+nz=p,I° +m’ +n° =1. nmeets the axes in P, Q, R.

-(ac)o-(aZa}a-(on
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~. Centroid G of APQR =(p/3l, p/3m, p/3n)
Let L be the line perpendicular to nat G,

x=(p/3) - v=[(p/3m) - z=(p/3n)

~. Equations to L are / " ) (=r say)
L meets the YZ plane i.e. x=0 in A.
: . lo=(pi3n] | -p 1 3
S =CA=s|—————|=|—| je —=—(p=0
| | ‘ ! 31‘2 L&, Gﬂ p {F }
+ p 3
. I I | In® . | | | 3" +3m +3n 3
Similarlv —="_and —="_ .- + + = -
YGB - o Gc p GA GB GC p p
EXERCISE4(a)
(a) Find the equations of the line through (w3, y) and parallel to
() X'X (i) Y'Y (i) 7'z

(h) Show that the line m (x -a)=1(z-5), y = cis perpendicular to the y- axis.

Find the equations of the line through (3.1.2) and equally inclined to the axes.

Find the equations of the line joining (-2.1,3) and (1,1.4).

Prove that the points (1,2,3), (4,0,4), (-2,4,2),(7,-2,5) are collinear.

Show that the four points (1,1,1), (-2,4,1), (-1.5,5),(2,2,5) are the vertices of a square.
Find the equations to its diagonals.

Show that the points A (2,-1,1),B (1,2,-3),C (1,2,-1),D (2,-1,3) form a parallelogram.
Find the equations to the side BC.

F 1 Ll . |

(7) Show that (1,3,-2) is the point of intersection of the line 't: . f‘} == -;,* with the
- =

plane 3x+4y+5z=35. (K. U. 08, A. N. U. M13)

(ii) Show that the line joining (2,-3,1), (3. -4, -5) intersects the plane 2x+ y+z =T inthe
point (1.,-2,7) .

Show that the line M:3:E;y::;FI intersects the line 2x+4y+3z+3=0,
=
x+2yv+3z=0 in the point (9.-6,1). (S.VU, AKN.VMIS)
Find the point of intersection of the lines ¥l y-2 z-dagx1 y3S_ =
-3 2 2 3 1 =5
(KS.PVMIS)
Find the angles between the lines i O e B o OSSN
‘ _ | 0 -1 3 4 5
Find & so that the lines
W X+1 v+2 z-=-3 x=1 y+5 z+6 :
i - - and = = are perpendicular. (K. U. A12)
3" a3 3k - Pl
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12.

13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

iy 221 r=2 275 and 212273 L 276 gre perpendicular. (V.ULS. 98, S.V.U.08)
-3 2k 2 3k I -5
Find the equations of the lines bisecting the angles between the lines

=1 y+4 z-23 x-1 y+4 z-3

| 2 -2 4 3 12 -
Find the distance of the point (3,—4,5) from the plane 2x+ 5y -6z =16 measured along

a line with d.cs. proportional to (2,1,-2) .

Find the equations of the planes passing through the line
2x+3y—-5z-4=0=3x-4y+5z-6 and parallel to the coordinate axes.

Find the equation of the plane through the point (I.1.1)and perpendicular to the line
x=-2y+z-2=0=4x+3y—-z+1.

Find in symmetrical form the equation of the line x+ y+z+1=0=4x+y-2z+2,

(K.U.MI8)
Prove that the equations of the line through (x.3.z)and perpendicular to the lines
o Y RO SO AP . BTN st SR Y
||r'| .I'H| H| l;: ml ﬂ: ml ”l - m!”l H];E — H!fl !Ifﬂ! — I‘! J".l'.ll ) )
Find the equation to the plane through (x,,,z)and parallel to the lines %: LI
: . L I
and ==X ==

L om om
Find the equation of the line through the points (a,b,¢) and (a',#',¢’) and prove that it

passes through the origin if
(@ +b% +c) (@ +b7 +¢*)=(aa’ +bb' +cc’)’ = (ab' —a'b)’ +(bc' =b'c) +(ca’ -c'a).
Find the image of the

(f) point (1,3,4)in the plane 2x-y+:z+3=0,
(Kr U I2Z8. K U. O N U AIZ, K. U MI4, S KUMIS S.V.MMIS, VS.PVMIE)

(if) point (1,6,3) inthe line * _¥~1_2-2 (5. K. U.AIl)
| 2 3
il =*]Ft_E = :+3] in the plane 3x-3y+10z-26=10,

(iv)line *=1_¥=2 _2=3 ip the plane x+y+z=
2 3 4

(iii) line

Find the ;quatiuns of the line through the point (1,2,4)and parallel to the line

3x+2y—-z=4, x-2y-2z=5. (4. KN.U.MI18)
: . x-1 42 =z
(i) Find the angle between the lines x+2y-2z=0,x-2y+z=T; TT= }_; ==

(if) Show that the lines 2x+3y—-4z=0=3x—-4y+z-7, Sx—y-3z+12=0,
x—-Ty+5z—6=0are parallel.

(#if) Find an angle between the lines
3x4+2y+z-5=0=x+y-2z-3, 2x—y-z=0=Tx+10y-8z
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Show that the condition for the lines x=az+b y=cz+d; x=az+h.y=¢z+d, tobe
perpendicularis aag, +co, +1=0 (0. U.M. 97,097, N. U. 88)
Find a, b, c.d so that the line x = ay + b, y = ¢z + d, may pass through the points (3,1.-3),

(4,2,—4) and hence show that the given points and (5,3,-5) are collinear.

Show that the equations of the perpendicular from the point (1.6,3)to the line
x y=1 z=2 r=G z=3 . .
- ! 5~ are x=1=0, }_3 =—,—and the foot of the perpendicular is (1,3,5) and

the length of the perpendicular is (13) .

P is a point on the plane x+my + nz = p. If Qisapointon OP such that OP . 00 = P
then show that the locus of Q is p(Ix+my+nz)=x" +3° +2°.

xr—1 y =42

27. Find the equation of the line of projection of the line : =-_]=Tin the plane
2x+y=-3z-4=0,
ANSWERS
L. (i) y=-p=0,z=y=0 (i) x=a=0,z=y=0. (iii) x=a=0,y=-p=0
x=3 y-1 z-2 x+2 z-3
. = = L = y=1=0
2 | | | 3 -3 -1 )
=1 y=-1 z-1 z+2 y—-4 z-1
8. == ; = = 6. x-1=0,y-2=0. 9. (-2,4,5
| & 2 1 == : "’ %)
10. cos™'(-1/5), x—cos 1 (~1/5) 1. (i) k=2 (i) k=-10/7
x=1_y+4 z-5 x=1_y+4 =z-5 60
12. 5 7 2 " -1 =17 62 13. 7
14, 17y-25z=0,17Tx-5z-34=0,5x-y=10 13, x=5y-11z+15=0
1/3  y+2/3 =
16. xtl ='P+,} - 18. X (x-x)(mpn; —nin ) =0
4 y+1 z-7
20. (i) (-3,5.2) i) (1,0,7) (i) —5— =" ="
.. X+T/3 _y+4/3 _z+1/3 x-1_2-y z-4
) —3— =73 2 2. =775 T
, - _ 8 - _8 .
22. (i) c08 | == |, A=C08 | —| (iil) —
o o g} - i) 0 3
24, a=1b=2.c=1,d=-2 27. x+4y+2:43=0=2x+y-3z-4
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4.5. ANGLE BETWEEN A LINE AND A PLANE

Theorem. If @ is the acute angle between the line *— "1 = Y"1 75 4pg
i n
al + bm +cn

Mieplms et b o e e e
a*"+bh"+e” JI"+m” +n

Proof. Let L be the given line and E be the given
plane.

The d.rs. of L are (/, m, n) and the d.rs. of the normal
to E are (a, b, c).

Since @ is the acute angle between L and E,
the angles between L and normal to E are &
90°+ 6 (vide 46 of Art. 1.3)

. EN
! >
=05 (9010)=1sinf=—= j’“fwtm — Fig. 47
‘.'II:'.F +b° +¢*° ‘u'[f' +m-+n
(vide Art. 2.41)
gl st : 14:ir.|’+i1u'n+1:'rf1' _—
u'[-::' +b5° +¢° w.n'r."' +m°+n
b .
Note. 1. a/+bm+en=0<=L|E. 2, 2=2=SoL1E
i m n

4.6. CONDITIONS FOR A LINE TO LIE IN A PLANE

Theorem. If L is the line *"‘f"’ =Y 270 gnd « is the plane
m i

ax+by+ez+d =0, then Lor < ax, +byy teg +d =0, al+bm+en=0 | (0. U. MI35)

Proof. Any point Pon L is (x, +Ir,y, + mr,z, + nr) where r is any real number.
Lcr <« Penm <alx+ir)+b(y,+mr)+c(z,+nr)+d =0 for any real number
< (ax, + by + ez, +d)+ r(al + b+ en) =0 for any real number
= an+by+e+d=0,al+bm+en=0
Note. 1. A line lies in a plane if (i) any point on the line lies in the plane, and
(i7) the normal to the plane is perpendicular to the line.

2. Equation to a plane containing the line ’r_j'r' XN _ 275 can be taken as
m "
al(x=x)+b(y-y)+c(z-z)=0where a b, ¢ are parameters such that a/+bm+cn=0,
3. Theline 25 _ Y~ N _ =75 s parallel to the plane ax+by+cz+d =0and not

[ i n
contained in the plane = g/ + bm+cn=0and ax, + by, + ¢z, +c20.

4. The line "f‘f"' =221 = 2771 js perpendicular to the plane
m H

ﬂ.r+f:l_1‘+r.‘:+d=ﬂ=:~i=_=_
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SOLVED PROELEMS
Ex. 1. Find the equation to a plane through the line .'r;.r, =20 273 gnd
parallel to another line with d.cs. 1,,m,.n,. | . .

Sol. Equation to the plane through the line 2 = ,v;,v. 4 :' can be taken as
Hx=x)+m(y=3)+n(z-z)=0 ... (1) whulere 11 +Imm| +ﬂ|r1| =0 wons K2)
If (1) is parallel to another line with d.cs. [,,m,,n; then 1L +mmy + 1y =0 .. (3)

[ m n
- From (2) and (3). —— » ) " bty — i (= Ksay)

-. Equation to the required plane is

(myny —mym ) (x—x )+ (mdy = ) (v = )+ (hmy = Lmy ) (z—2) =0

X=X ¥Y=hn I-3
e | | m, ;| =0 (may also be obtained by eliminating [, m, n from (1), (2),(3))
-Irz s s
Ex. 2. Find the equation to the plane through the line x—‘r.rg =270 78 and
L "
through the point (x,,v,.%,) (KUMILS KU 12)

Sol. Let L be the line 'T—Jr-‘fz =X7¥ 275 . L passes through the point (%3, )3:23) -

m f
Let = be the plane containing the line L and passing through the point (x,.5).
Let the equation to the plane n be a(x—x,)+b(y—3;)+c(z-2,)=0 s L1)
where g/ +bm+cn=0 e (2) Also a(x—x;)+b(0 -»;)+e(5-2,)=0
Eliminating a, b, ¢ from (1), (3) and (2), equation to the plane =

X=X Y-k 2-3
is [ X1—% M-=-¥ -z |=0
! m n

Ex. 3. Find the equation of the plane through the origin and comtaining the line
x=3y+2z43=0=3x-y+2z-5,

Sol. Given lineis x-3y+2z+3=0=3x-y+2:z-5,

Any plane through the given lineis x-3y+2:43+A(3x—y+2:-5)=0

If it passes through the origin, then 043+ A (0-5)=0=A =3/5

~. Equation to the required plane is x -3y +2z+3+(3/5)3x-y+2:-5)=0

ie. Tx-9y+82=0,
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Ex. 4. Find the equation of the plane which passes through the line
ax+bhv+ez+d =0=a,x+by+e,z+d, and is parallel to the line %- g
Sol. Letthe plane through the line ax + by + ¢z +d, =0 = ayx + by + ¢,z + d, and parallel

x y =z
to ?=i=;be ax+By+ez+d +h(ax+by+cyz+d,)=0where

(ay +Aa; ) [+ (B + A )y m+ (g +Aey ) n=0

. lay + mby + ne,
L, Am—— b 1%, . (lay + mby + ne’ # 0)
lay + mb; + ne,

. Equation to the required plane is

(la, + mby + ne; Y (apx+ By + oz +d))— (lay + mby + ne ) (ayx+ by + e,z 4 d;) =0

Ex. §. A=(a.0,0),8=(0,6,0),C=(0,0,¢c) and P =(ab,c)are points distinct from O
such that p* =a® +b” +¢ (p=>0yand g7 =a” +b* +¢7 (g=>0). If 0is the acute angle

R — 2 3q
between OP, ABC show that 5in9==—

P
Sol. Equation to the plane ABC is £+§+i_= l.
o i
D.rs. of its normal are (1/a).(1/b){1/¢c) .
D.rs. of OP are a,b,c . .. 8=(OP, ABC)
a. I +b. I +c. I
= 5inf = —nu=— 4 "’ £ 1 — = sinf = -4
Jat +b2 ¢ \J1/a®)+(1/2) +(1/c?) L P
d
EXERCISE 4(b)
yode 2 =
1. Show that the line x"-ll =2 ;' = ';5 lies in the plane x+2y-z=0
-2 y+3 z+4
2. Show that the line II = }_2 =73 is parallel to 3x+4y+z=4
. +3 y+4 z+4 .
3. Show that the line I_I =2 3 5 IS perpendicular to the plane —2x+3y+5:z =

4. Interpret the nature of the equations /, (x—x,)+m (y =3 )+n (z=-2)=0;

h ) mh &
5. Find the equation to the plane containing the parallel lines

x-3 y-2 z-4 x+2_y_z-3
3 3 ) and = kT (N. U. Al10)
x-1_ y+]l_ =2-3

6. Find the equation to the plane containing the line > = 2

to the plane x+2y+:z-12=0, (A UAILO. U MI4,S.UMMIS)

and is perpendicular
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11.

12.

13.

14.
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) . x=1_y=-2 z=13 ,
Find the equation to the plane through the line ——="- 3 4J and parallel to (/) the

x-axis, (i) the y-axis (#i7) the z-axis
Find the equation of the plane through the z-axis and is perpendicular to the line

i N L M
sin  cosB

(i) Find the equation of the plane through the points (1.0,-1).(0.-8,1) and parallel to the
line 6(x+1)=3=-3y=2z+4,

(if) Obtain the condition for a line to be parallel to the given plane and hence write the
equation of the plane through the points (2,-1,0), (3,—4,5) and parallel to the line
Jx=2y=z (O, U. M. 98)

Prove that the plane through the point (x,,),,z)and the line x=py+g=rz+5 is
X py+q rz+s
X, ph+g rg+s|=0
| | |

() Find the equation of the plane through the line x— y+3z+5=0=2x+ y-2z+6and

passing through the point (3,1,1) .

-

x+1 y-3 z+2

(if) Find the equation of the plane containing the line = == and the point

(0,7,-7). Also show that the line 6x=14-2y=3z+21 lies in the same plane. (0.0.08)

Find the equation to the plane through the line x-;:q ="M _ 273 and parallel to the
m n

line ax+by+ecz+d=0=ax+bhy+¢z+d,.

(@) Find the equation of the plane containing the line 2x -5y +2:-6=0=2x+3y-z-5

= L il
=

and parallel to the line x=?" == (0. U. M 14)
(b) Show that the distance of the point (3, 8, 2) from the line x;l = '1':3 =3 ; - measured

parallel to the plane 3x+2y-2:4+5=0157.

x+2 2y+3 3z+4
3 4 5

measured parallel to the plane 4x+12y-3z=0. (A. U. M 13)

(¢) Find the distance of the point (-2.3,-4) from the line

Find the equation of the line through (1,2, 3) and parallel to the planes 2x+3y+4z =11 and
3x+4y+5z=12.
Find the equation to a pair of parallel planes each plane containing one of the two lines

X=X YW _Z-fh X=X _Y-W _i-3

If| my i ;-_. s i
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4.

5.
7.
9.

19

ANSWERS
First equation represents a plane through the point (x|, yy, z;) and having /|, my, m
as d.rs. to its normal.

Second equation represents the line normal to the plane at the point (x), v;. ).

—x—=3y+11z=35. 6. 9x-2y-5z+4=0
4y-3z+1=0, 2x—z+1=0, 3x-2y+1=0, 8. xcosB+ysinB=0
(i) 4x-y-2z=6 (if) —33x—4y+9z+70=0

11. (i) 9x+3y=5z+29=0 (i) x+y+z=

12.

15.

X—X ¥=n z-2 1
/ m n =0 13 6x+y-16=0 14. - = =
bey—bc cay—cja abyj—aqb

.1'—.1'] _'I-'—r'l-'| :—:] I—Iz r|-'—I|-'1 :—:2

I moom (=0 h my m |=0

;2 ﬂf: 2 ||I2 L] )

4.7. COPLANARITY OF LINES

Theorem. L, L,are lines whose equations are *~ 1 = Y~"1 _I74 (1)
[ m, "
N8 N 44
TN VTN 378 (). LyLare coplanar = | | m, n, =0
I m, " I i ;

(0. U. 08, ATl K.U)(S. V. U., N. U. 88, A. U. M 13)

Proof : First Method.

Equation to the plane containing line (1) is a(x—x)+b(y—y)+ec(z-z)=0 ..(3)
with the condition that af, + bm +cm =0 ... (4) where not all @, b, ¢ being zero.
The line (2) lies on the plane (3) if

(i) the point (x5, 5.2 ) lieson(3)= a(xy =x)+b (s =W )+c(zy=-2)=0 ... (5)
and (i) the line (2) is perpendicular to the normal to the plane (3)

= aly +bmy +cny =0 .. (6)

The given lines (1) and (2) are coplanar if the three linear homogeneous equations (4),

(5). (6) in a, b, ¢ are consistent.

=8 Ni=h a=5hH
Eliminating a, b, ¢ from the equations (4).(5).(6) we get| 4 m, mo =0

This is the condition for the lines (1) and (2) to be coplanar.
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Note 1. If the above condition is satisfied then the equation to the plane containing (1)
and (2) is obtained by eliminating a, b, ¢ from equations (3), (4). (6)
X=X yV-» I-%
ie., U mh mo|=0

5 - M

Second Method. Proof. Let A=(x,y.z)and B=(x,y,2;)
. Ael, and Bel,. -, BA is coplanar with L, and L,
Let n =(lj.m.m)and uy =(l5.m7.n;).

Since /,,m,n are d.rs. of L, and /,,m,,n, are d.rs. of L,, we have 7 || L,and & || L,.
L,.L, are coplanar.

#Iﬁ.ﬁ..ﬁg]zﬂ <X =X, 0 = V2.5 =23 (Gamm ) (.msn,)]1=0

-, For L;,L;to be coplanar, I is the required condition.

Note 2. Condition for the lines 7 =i +th and 7 =% +sd to be concurrent.

The line 7 = @+ b passes through the point @ and is parallel to 5 and the line 7 = ¢ + sd
passes through the point ¢ and is parallel to o .

Lines 7 =@ +th and 7 =¢ +sd are coplanar < 7 -z, b, d are coplanar.

< a-c,b,d]=0 o [@ b d]l=[t b d].

3. Ifthe lines 7 =@ +1 (b +¢), 1 being real and 7 = b +5 (Z +@). 5 being real, intersect,
then they are coplanar.

For their point of intersection F. G +1(h +¢)=b +5(C+a)

&ith=b, f=sc,a=s5a <s=i=1.
. @+b+F isthe point of intersection of the lines.

4. 8. Theorem. Eguation to the plane containing the line L,with equations

NN YEN D ET5 and parallel to the line Lywith equations

I. iy ny

X=X ¥y=-n i-y
X=X Y=V _i7%0 | & m, n |=0

(5. K U)
B "y L 1 sy ",
First Method.
Proof. The linesare = =2 _2"5 () *=% _Y-) _z-% e (2)
||I| HIL ﬁ'| 'FE "-il:|I ﬂl

the equation to the plane containing the line (1) is
alx-x)+b(y-»)+c(z-z)=0

. (3)
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with the condition af, + bm, +cny =0 ... (4) where not all a, b, ¢ are zero.
The plane (3) will be parallel to the line (2), if af, + bm, +cny, =0 e (3)
We obtain the equation to the required plane by eliminating a, b, ¢ from (3), (4), (5)
r=x5 ¥y-» -5
h m, n |=0

h  mom
Second Method. Let xbe the plane containing L, and parallel to L,
Let A=a=(x,»,5) - Ael) ie, Aen
Let P=F=(x,y,2)ex.
Let m = (h.m.m). somllLy. Let m =(h,mym). o m| L,
Aen, Per=P=A orpzA=r-a=00rr-a=0.
If 7—&@ =0, then [F-a.R,/.]=0 wsea (I)

If 7—a =0, then ¥ -a,n,n are coplanar. ie., [F-a,m,m]=0 e (1)
Pem L,cn, L, | (using I, IT)
e[F-an.m] <lx-x,y-y.2-5) 0. m.m)h.mm) =0
X=X Y-» I-3
Sl h o om ow |=0

5 s Hy x=x y-m z-z
. Equation to the plane = containing L, and parallelto L, is | / m m =0
o m

Note. Equation to the plane containing the line =2 _ Y72 _ 272 apd parallel to

h n, "
X=X Y-y -3
is| A moom =0
m, o

the line 2L = Y= N _ 274
g m L I

Proof. First Method. The equations to the lines L,,L, are

A A T8 L HENR N IR e (2}
h m, g h my 2

the equation to the plane containing the line L; is
a(x=x)+b(y=y»)+ec(z=z5)=0 s
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with the condition al, + by +cny =0

if L,liesin(3) then al, + bm, +en, =0

..1'""..1'1 .-!'._'.-F'I :F:I
Eliminating @, b, ¢ from (3), (4), (5) we get I, '"1 m |=0
/s - s

this is the equation to the plane containing the lines L, and L,

Second Method.
Proof. Let = be the plane containing L, and L,

e (4)
- (3]

Let A=a=(x,.%) o A€l ie, Aex. LetP=F=(x,y,z)ex.
Let i =(f.m.m). som||Ly. Let & =(h.my,ny). o0 L,
Aen, Pen=P=A orpzpA=rFr-a=0o0rr-g=0.

If 7/~@=0,then [F-a,n,n]=0 e (1)
It ¥—&@ =0, then ¥ -a,m, n are coplanar. ie, [F-a,m,m]=0 ) 1)

Pen, L,cn L,| = (using I, II)

er-anm.nmn] Sx-x,yv-y.z-z)0.m.n)(L,m,n)]=0

X=X ¥y=»n -5
l5 Iy s £=% Y=Wh -5
-. Equation to the plane = containing L, L,is| 7 ", m o |=0

5 15 s

Note. By taking the point (x,.,.z,) in the plane n containing the lines L, and L, we

X=Xy ¥—Y2 ZI—I
can find the equation to the plane mas | | iy n |=0
h my "z
M= AT 478
For lines (1) and (2) to be coplanar we have | |/, i m|=0
L mm

(5) shows that the point (x,, y,,=2,) lies on the plane (3) and the point (x,, »,,z,) lies on

the plane (4). These two equations i.e. (3) and (4) are then identical.

Thus the plane containing two coplanar lines is the one which passes through one line

and is parallel to the other line or, through one line and any point on the other line.

4. 10. Theorem. If the lines -‘;“-P"FJ-T 2D
m n

ax+bhyteztd, =0=ax+by+c,z+d, =0 —)]

ald +bm+en ayl +bym+con

are coplanar, then
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Proof. Any plane through the line (2) is

Mo +By+az+d)+ A (@ y+e,z+4d,)=0,and A, A, being any scalars such that
(A 22) % (0,0). Qe (M@ +hoa) x+(Ab +haby) v+ (Mo +hac )z +(Md) +hady) =0

If the line (1) were to lie in this plane, then

Mlao+bp+gy+d)+ A (au+bf+e,y+d,)=0 aves [3)
My +hya ) T+ (0B + 050 m+ (e +Age) n=0
Le., hlaf+bm+cn)+dy(ad+bym+om)=0 e (4)

From (3) and (4), since (A,,%,) = (0,0)., we have
aqutbp+ay+d _ ama+bftey+d

al +bm+en iyl +bym 4 ¢yn

Proof. Equation to a plane containing the line (1) can be taken as
Mlax+by+oz+d)+h(ax+by+0,24d,)=0,

A, A, being any scalars such that (L,,1,)=(0,0).

Le, (May+ham)x+ (B +0:0,) y+(hg +h0) z+(0d, +),d;)=0 e (3)
Similarly equation to a plane containing the line (2) can be taken as

(Ayay + Agay ) x +(Aaby + A 00, y+(hgey +hyey) 24+ (Aqydy +4,d,) =0 ceee (4)
A3, Ay being any scalars such that (k. 4,)=(0,0).

If (1) and (2) are coplanar, then &,,%,.%,, %, can be so chosen to make the equations
(3), (4) represent the same plane.

For a0, Ma+ha =Aga+0a,)= Ma +Aa; +(=hA;) ay +(=Ah ) a; =0,
My +haby = A (haby + by ) = Ay + a8y +(=AA;) By +(-AA ) by =0,

Mo A0 = A (e + )= Ao + A (=AM o +(-AA ) ey =0

Mdy +hady = A (Aady +hydy )= dyd) +hody +(=AA;) dy +(=Ah ) dy =0

If these equations are to have a non-zero solution i.e.
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a ay, ay a b o d
; h b b b| . |B B o & _,
(A ha. Ay, 0, ) =(0,0,0,0) , then 5w W B =0 iLe., o b e ds ee (D)
d d dy d, a, b, ¢ d,

Note. If(5) s satisfied, the point of intersection of the lines (1) and (2) is obtained by

solving any three of the four equations of (1) and (2) as simultaneous equations.

4.12. NUMBER OF ARBITRARY CONSTANTS OR PARAMETERS

IN THE EQUATION OF A LINE
Consider the following equations of' a line L in symmetrical form E _‘r'tl =7 ;;‘H = . ;—'|
Let m20,n=20.
The equations to L. can be expressed as ¥ = [ﬁ] }+[M1T-!H] X = {i]: +(%J

ie, x=av+b x=cz+d where a, b, ¢, d are arbitrary constants.

Here the plane x = ay+ b is parallel to = - axis and the plane y = &z + 4 is parallel to y-

axis. Thus the equations to the line L always be expressed in terms of two first degree
equations with not more than four arbitrary constants.

Now to determine a line we consider various sets of given conditions by which we will

be able to evaluate the arbitrary constants in the equations to the line. For instance, when the

line

(#) passes through a given point and has a given direction (d.rs.)

(if) passes through two given points,

(iii) passes through a given point and is parallel to two given planes.

(iv) passes through two given points and perpendicular to two given planes.

(v) passes through a given point and intersects two given lines.

(vi) intersects two given lines and has a given diretion.

(vii) passes through a given point and is intersecting a given line at right angles.

(viii) is intersecting two given lines at right angles.

4.13. LINE COPLANAR WITH TWO LINES

Consider two non-coplanar lines w, =0=v, and u, =0=v,.
For (A,.u;)=(0,0)and (A,,n,)=(0,0), the line & +p,v =0=25u, +u,w lies in the

plane A,u; +u,v, =0which again contains the line u, =0=v, .

The two lines A +pv, =0 = Ay +p1,vy; u = 0= v, are therefore, coplanar.
Similarly the two lines X +p,% =0= 24,1, +u,v,: w, = 0=y, are coplanar.
Thus, &+, =0=~u, +p1,v, is the line coplanar with both the lines

m=0=v,u=0=w
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SOLVED PROBLEMS

Ex. 1. Prove that the lines *=1_¥=-2_z-3. x=2_y-3_z-4 ., coplanar.

2 3 4 3 4 5
Also find their point of intersecton and the plane containing the lines.
(A NUMISAIZS KU MIS A U MILVESEVMIS, K.UMIE AUMIES)

Sol. Given linesare *~1_¥-2_2z-3 L) Eos Y3 2-4 e (2)

2 3 4 - 3 4 5

~. (1) passes through the point (1, 2, 3) and (2) passes through the point (2,3,4).
D.rs. of (1) are 2, 3, 4 and d.rs. of (2), 3,4, 5. For (1) and (2) to be coplanar.,

1-2 2-3 3-4 =1 -1 -l =1 -1 -l

2 3 4 |=12 3 4|=|-1 -1 =-1|=0| R,-R,4

3 4 5 3 4 5 3 4 5
~. Lines (1) and (2) are coplanar and (1) and (2) are not parallel.
-~ (1) and (2) intersect. Two planes through (1) are
3(x=-1)=2(y=-2) ie 3x=-2y=-=1 ....(3) 4(y=-2)=3(z-3)ie, dy-3z=-1.... (4)
A plane through (2) is 4 (x-2)=3(y-3) ie. 4x-3y=-1 .. (5)

Solving(3),(4)and (5), x=y=2z=-1

x-1 y-2 z-3
The plane containing the lines (1)and (2)is | 2 3 4 |=0
3 4 5

ie, (-)(x-D-(-2)(y-2)-1(z-3)=0 ie, x-2y+z=0
OR

x—]_}'-—l_:-ﬁ:P ¥=-2 y=-3 z-4
2 3 4 3 4 5
If the given lines intersect, then we can take
Rp+1,3p+2,4p+3)=(3g+2,4g+3,5g+4)

= 2p+l=3g+2 ie. 2p-3g-1=0; 3p+2=4g+3 ie, 3p—-d4g-1=0
4p-5¢-1=0 ie., 4p-5p-1=0

Solving p =g =-1and the equation 4p—5g—1=0 is satisfied by p=g=-1

Let = g.

- Given lines intersect and their point of intersection is

(-2+1, =3+2, -4+3) ie, (-1,-1,-1)
x-=1 y-2 z-3
The plane containing the given linesis | 2 3 4 |=0
3 4 5
Ex. 2. Show that the lines §= i = i i = ;—H = i £=% =Z are coplanar if

i{h—c}+ﬂl{c—a}+£{a—h}=ﬂ
a i ¥
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Sol. D.rs.oftheline =X _Z are L.m.n. - A vector along the line is (/, m.n) .
ey fﬂ' "i_l_;' L

Similarly vectors along the lines 2 B e’ a B 7

are respectively (ac,bp,cy), (c.p. 7). The three given lines are coplanar

= the vectors (/,m,n), (ac,bP,cy). (o, B, y) are coplanar

= [({, m, n), (ac, BB, cy), (@, By)] =0

{f m n
=>|acx b cy|=0 = Ipy(b=-c)+mya(c-a)+maf(a-b)=0
a By

=L p-0)+ P c-a)+ 2(a-B) =0
v [3 Y

Ex. 3. Prove that the lines 1 _ Y1 _ 2+l apd x+2y43:-8=0=2x+3p+4z-11

| 2 3
are intersecting and find the point of their intersection. Find also the equation to the
plane containing them. (5. V.U, M06, N. U. § 98)
Sol. Given linesare ¥*+1_y+1_z+I s 1)
| 2 3
x+2y4+3z-8=0=2x+3y+4z-11 anne. i)

Any pointPon (1)is (r=1,2r=-1,3r-1)

If P lies on the first plane containing the line (2),
r=1+4r-2+9-3-8=0 ie, 14r=14 ie.,r=1.

~. P=(0,1,2). Clearly P also lies on the plane 2x+3y+4z-11=0
- (1)yand (2) intersect at the point P (0,1,2).

A plane through the line (2)is x+2y+3z-8+k (2x+3y+4z-11)=0
ie, (1+2k)x+(2+3k) y+(3+4k)z—-(B+11k)=0.

If this plane is parallel to (1), 1(1+2k)+2(2+3k)+3(3+4k)=0

ie., 20k =-14 ie, k=—7/10).

-. Equation to the plane containing line (2) and parallel to (1) is
x+2y+3z —E—% (2x+3y+4z-11)=0

ie. =dx=y+2z=3=0 je dx+y-2z43=0
This plane clearly contains the point (-1,-1,-1) (a pointon (1)).
5 dx+y-2z+3=0 isthe plane containing the lines (1) and (2).

Note. 1. Ifthe point (-1,-1,-1) on the base (1) does not lie on the plane 4x+ y-2z43=10
then 4x+ y—2z+43 =0 is the plane containing the line (2) and parallel to line (1).

2. To show that the lines (1) and (2) are coplanar, find the point of intersection of (1)
and (2) or find the plan containing the line (2) and the line (1).
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Ex. 4. Prove that e '!:6 = :—-EI and 3x-2y+z+5=0=2x+3y+4z-4 are
coplanar.  Find the point of intersection (K. U. M13,5.K.U M1&)

Sol. Given lines are x;‘ - y;ﬁ - :j' —1 (say) ... (D)

and 2x+3y+4z=4=0=3x-2y+z+35 « (&)

Any point Pon(1)is P=(3r-4,5-6,-2t +1)
If P lies on the 1st plane of (2), we get
(3 -4)-2(5t-6)+ (-2t +1DN+5=0
=W =-12-100 +12-2t+1+5=0 = -3 +6=0=1=2. s P=(2,4,-3)
Clearly P lies the second plane of the line (2)
- The lines (1) & (2) intersect the point (2,4,-3).
Hence the two lines are coplanar.
Ex. 5. Show that the lines x+2y+3z-4=0=2x+3y+4z-5
2x-3y+3z-5=0=3x-2y+4z -6 are coplanar. Find the plane containing the lines.

Sol. Given lines are x+2y+3z-4=0, 2x+3y+4z-5=0 ... (1)
and 2x-3y+3z-5=0,3x-2y+4z-6=0 e (2)
1 2 3 -4 1 2 3 -4
i =S
2 3 4 5| (o1 2 3| % o
Now|o 35 5| |03 3 iy
3 2 4 -6 0 -8 ~5 | % 1
=] =2 3| |=1 =2 3
R,-7TR; =0
=|-7 -3 3|=|0 1 -8 *

R, -8R,
-4 56| [0 11 18]

- Lines (1) and (2) are coplanar.
A plane through (1) 1s (x+2y+3z-4)+ AL (2x+3y+4z-5)=0

ie, (1420 x+(2430) y+(3+40) z-(4+50) =0 e (3)
A plane through (2)is (2x -3y +3z-5)+u (3x -2y +4z-6)=0

Le. (2+3W)x+(-3-2u)y+B3+4u)z=(5+6u)=0 ee (4)
If (3) and (4) represent the same plane, then

1+2A=k(2+3pn) ie, 20-2k-3pk=-1 - |
243k =k(-3-2n) e, 3h+3k+2uk==2 weee (6)
3+4h=k(3+4n) e, 4-3k-duk=-3 e (1)
4+50=k(5+6Q) ie., Sh-5k-6puk=-4 weee (8)
2x(6)+(7):100+3k=-7 e, (10)A+3k+7=0 e (9)

3x(6)+(B):14A+4k==10 ie,(T)A+2k+5=0 s (1)
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T I
From (9) and ( 10), 13- S o Am=l k=]
». From (6), -3+3+2u=-2 ie, p=-1. Clearly i, p,k saitsfy (5).
. Equation to the plane containing the lines (1)and (2) is

(1-2)x+(2-3)y+(3-4)z-(4-5=0from (3) ie. x+y+z-1=0,

Ex. 6. A.4" B B C,C" are points on the axes. Show that the lines of intersection
of the planes A'BC, AB'C"; B'CA, BC'A; C'AB,CA'B' are coplanar.

Sol. Let A =(a,0,0),B=(0,b,0),C=(0,0,c), A"=(a,0,0),B'=(0,5,0),C"=(0,0,¢).

- Equation of the plane A'BC is _f' +£ G ] e (1)
i e
and equation of the plane £+ 4= = oin ()
a b ¢

A plane containing the line of intersection of the planes (1) and (2) is

[.ry:][xy:]_(]I][II][11]
—+=+==] |+l —=+=+—=1|=0 je. | —=F+—|x+|—+—|y+| —+—
a b c a b ¢ "\a' a b b ¢ ¢
By symmetry of the equation to the plane (3), the other two lines of intersection also lie
in(3)
. The three given lines are coplanar and the plane containing them is (3).

=21...03)

OR : Line of intersection of the planes A'BC, AB'C’ is

'_TI_|..£+£_'|_=[L i-}-#-‘l-%—l = 0,
a b ¢ a b c

Similarly the line of intersection of the planes B'CA . BC"A" is
e e, L

a b ¢ a b ¢
l/d b (1/e)-1
lla 1B /cy=1

Clearl =0 (- Ry+Rs=R:+Ry)
e U Qle)-1 R R

1la b (/)=

Lines A'BC,AB'C’, and B'CA, BC'A’ are coplanar. Similarly we can prove the
other pairs of lines to be coplanar. Hence the result.
Ex. 7. Find the equations of the line through the origin and intersecting each of

; X=X V=W Z-=z X—Xx f—Y I=I
the lines - - L and 3 _¥—h 2
Jr] I, mn l‘-: iy I

Sol. Given linesare 2— 0 _Y=h _=75 (L) 28 _ 2T D)
1l m n J i, n

Let the equation to the plane containing (1) be
a(x—x)+b(y-n)+c(z-z)=0 ...(3) oooaly +bmy +en =0 e (4)
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If the plane (3) passes through the origin, then
—ax; —by, —cz; =0 ie. ax;+by +c5 =0 vee (5)
a B b N ¢
mz-my, mx—hz  hy -mx
. Equation to the plane containing the line (1 ) and passing through the origin i1s

Solving (4) and (5),

ax+by+cz=ax, +by, +cz; Le (mz =nmw)x+{nx =Lz v+, -mx)z=0 ... (6)
[using (3)].
Similarly, equation to the plane containing the line (2) and passing through the origin is
(myzy =y ) x+(mx; —hz) y+(hy, —myx;)z2=0 e (7))
- (6) and (7) represent the required line.
Ex. 8. Find the equations of the line through the point (1,1.1) and intersecting the
lines 2x—y-z-2=0=x+y+z-1; x—-y—-z-3=0=2x+4y-z-4 S KU, AU MI8)

Sol. Given lines are 2x-y-z-2=0,x+y+z-1=0 wie (1)
X=y=z=3=0,2x+4y-z=-4=0 ees (L)

Let the equation to the plane containing (1) and passing through (1,1,1) be

(2x—-y-z-2)+A(x+yv+z-1)=0. S (2=-1-1-2)+A{(1+1+1-1)=0ie L=1.

. required plane is x—1=0.

Let the equation to the plane containing (2) and passing through (1,1,1) be
(x=y-z=-3)+u(2x+4y-z-4)=0. S (=1=-1=-3)+u(2+4-1-4)=0ie p=4
~. Required plane is 9x+15y-5z-19=0,

. Equations of the required line are

y=1_=z+l

x=1=0, x+15y=5z-19=0 je x-1=0,15(y-D=5(z-1)ie. x-1=0, : -
3

Ex. 9. Find the equations of the straight line passing through the point (1,0,-1)
and intersecting the lines 4x—-y-13=0=3y-4z-1; y-2z42=0=x-5
Sol. Equations of given lines are

4x-y=13=0,3y-4z-1=0 we (1)and y=224+2=0,x-5=0 i )
equations of planes passing through (1), (2) are
(dx—y—-13)+ A, (3y—-4z-1)=0 e (3) (¥=2242)+1,(x-5)=0 cee (4)

If the planes (3), (4) passes through (1,0,-1) substitute the points in (3), (4) we have
Ay =3, &, =1, then equations of the planes passing through (1,0.-1) and containing (1), (2)
are given by x+2y-3z-4=0and x+y-2:-3=0 s R
converting these equations into symmetric form we get
x=0_y+1_=z+2
I 1 |

(or) x=y+l=z42
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Ex. 10. Find the equations of the line with d.cs. proportional to 7.4.-1which

:-:+3-=:.J—3=:—5

-3 2 43' 2 ?
-1 y-3 z+2 x+3 _y-3_z-5_
T = e () T (2)
ApointPon(l)is Gp+l, p+3, p-2andapoint Qon (2)is (-3g-3,2g+3,4g+35)

D.rs. of PQ, are (3p+3q+4, + p-2q, p-4g-T)

Sol. Given lines are X

If PQ is the required line, then

3p+3g+4=T ie. p+g=1

i p—2g=ik Lo +F—3#=4} s p=2,g=-1 and these values satisfy p—4g=6

p—d4g-T7=-1 i.e. p—-4g=6. s P=(7,5,0) and Q=(0,L1)

x-1_y- -
Jx-y+z42=0=4x+5y-2:z-3 and is parallel to the line = =

I 2 3

Sol. Let the equations to the required line be
2x+y=1+A(x=2y+32)=0,3x=-y+z+2)+p (dx+5y=-2z-3)=0

Le (2+A)x+(1=-20) y+3z=1=0,G+4pu) x+(=1+5u) y +(1-2u)z4+2-3u=0
x=1 y=1 z-3

Since the required line is parallel to 1 5 T 8 . we have

1(2+M)+2{(1=20)+3 3 ) =0, 13+4p)+2(=1+50)+3(1=-2u)=0
ie. A==2/3, u=-1/2
. Equations of the required line are 4x+7y—-6z=3,2x-Ty+4z=-7

| EXERCISE 4 (c)

x=1_y+1_z+10 x-4 y+3 2+l
2 -3 8 1 —4 +7
their point of intersection and the plane containing the lines. (K. U, 11, M 14, N.U.06)

(/) Show that the lines intersect. Also find

x-a+d y-a z-a-d x-b+c yv-b z-b-c
= = == are

a-8 @ a+d ' P-y B Pty
coplanar and find the equation of the plne in which they lie. (5 K U.A493)

(ii) Prove that the lines

Show that the lines x=ay+b=cz +d, x = py +¢q =rz +5 are coplanar if
(r—c)(ag-bp)=(p-a)(cs—dr).

Find the equation of the plane through the line ?‘ - i - iand perpendicular to the plane

containing the lines ==X - and 22 _ 2

= (Im+mn+nl20),
m n | n | m
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4.

tn

10.

11.

12,

13.

14.

15.

16.

17.

18.

19.

Find the equations of the line intersecting the lines *=° _¥ _ 275 _ &_ y= z+3

| I 2
y=3_z-10
| 3

(0. U.07,N. U. M. 98)
x=h _y-m _z-m g ¥=h _y-m z-m
14 miy L) h m &
find the point of intersection,

and parallel to the line ': .

Prove that the lines

intersect and

Prove that the three lines through O with d.rs. 1, -1,1:2,-3,0:1,0,3 are coplanar.
Prove that the lines x+2y-5z+9=0=3x-y+2z-5;4x-5y+z+3=0=
2x+3y-z-3 are coplanar. Also find their point of intersection. (. U. 08)

Show that the distance of the point (-2, 3, —4) from the line (x+2)/3=(2y+3)/4
=(3z+4)/5 measured parallel to the plane 4x+12y-3z+1=0 is 17/2, (K.U)

Find the equations of the line through the point (2, -3, 1) parallel to the plane 2x+ y -z =

. %=2_y _ =z-2 _, " . :
so as to meet the line ——= _L3= ;- Find also the point of intersection.
. x-bh y-24d i-4.,

Show that the lines x+5y -2z =6, 6x-4y+5:=2; e — intersect nd find

the plane containing the lines.
Find the equation to the line through the origin and intersecting the lines

2x=3y+4z+1=0=3x+2y+4z-5,2x-4y+z+6=0=3x-4y+z-3. (O.U.07)
Find the equations of the line through the point (2, -1, 1)and intersecting the lines
dx+y-4=0=y+2z;x+3z-4=0=2x+5z-8. (A. U. A12)

A line with d.rs. 2,7,-5 intersects each of the lines x-5=3(7-y)=3(z+2) and
x+3 y-3 6-z
-3 2 -4
A line with d.rs. 2, 1, 2 meets each of the lines x=v+a=z;x+a=2y=2z. Find each

point of intersection.

. Find the points of intersection,

Find the equations of the line intersecting each of the lines 2x+y-1=0=x-2y+3z;

3x-y+z+2=0=4x+5y-2z-3 and is parallel to the line 6x=3y=2z-8.

: ] ; x_y_a2
Find the equations to the line parallel to 2.2

1 ? and intersecting the lines

Sx-6=4y+3=z;2x-4=3y+5==z. (S KU.A93)
If the lines x=mz+a, y=nz+b and x=mz+a, y=mz+h intersect, show that
(@ —a) (m —n) = (b —b) (my —m). (5. KU.097)

Find the equations of the line through (2, 3, 4), perpendicular to the x-axis
and intersecting the line x=y==z

Find the equations of the line through (2, 2, 2) and intersecting the lines

x-2 y+2 z-4

B 3 3 :x =2y =3z in the unsymmetrical form.
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20. Find the equations of the line intersecting the lines 2 (x+w) =2y =z+w,x-w=y=z-w
and parallel to the line 3(x—w)=6(y-w)=2(z-2w).
ANSWERS

1. (5,-7.6);1lx-6y=5z=67 3. L(m-n)x=0. 4. TR

5. [.Ir|+||lz..fﬂ| +J"H:..H'| +ﬂ1} T. (1;,%,

F e

b |

] 8. x+2y+3z=12

g 363 g=l... .
o, T ==2""-2""1(0,33) 10, x-y+z=0 1L 13x-13y+24z=0=8x-12y+3z

| -3 -1

12, x+y+z=2 x+2z= 13. (2,8,-3),(0,1,2) 14. (3a,2a,3a),(a,a,a)

4
15. dx+Ty=-6z=-3=0=2x-Ty+4z+7 16. 15x-76y+16z2-75=0,4x-21y+5z-43=0

xr=2 y+3 =z-1
17. 1 - 5 - 18. x=2,2y-2=2 19. llx-2y—-4z-10=0=x-4y+13z.
20 x+y-z=0=2x-y-z-w,

#.14. SHORTEST DISTANCE BETWEEN TWO SKEW LINES

Skew lines{ Any two non-parallel and non-intersecting lines are called Skew lines.

Skew lines are non- coplanar. (N. L. 07)

Let L. L, be two skew lines. We know that
there exists one and only one line L intersecting
Ly, L2 such that LL1L; and L1L,. LetL
intersect L, at M and L, at N so that MN is the
line segment on L and in between L;,L,. Also
MN is the shortest distance (5.D) between L, L,
and m (= L) 15 the line of 5.D. Let A, Bare any Ly N Bixs ¥s.22)

A (%q,¥1.24)

two points on L. L. Fig. 48

MN =|| AB CDS{MN.AB}|=Achns{ﬁ.H§}|£E
Theorem. The S.D. between the skew lines ;-‘1 sl =N o= h (1)
1 n ny

=% B-h 3%
and * 1 - fm;ﬁ_ . n L .(2)is h i S JE{HI] - )
i z fi .Pﬂ: 'HI

First Method.
Proof. Let L;, L, be the two given lines (1) and (2) respectively.

Apointon Ly is A(x, », ). Apointon L, is B(xy, v, 27).
Let MN be the S. D. between the lines L, and L,.
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Let (/,m,n) be the D.cs. of MN.  MN is perpendicular to both L, and L,.

=l + mm; + nn, =0 e (3) I, + mm, +nny, =0 )
_m B " B I
myny —mym by =l fmy = lym, Jz[mmz —mym )

Since MN is perpendicular to both (1) and (2) the magnitude of the 5. D. is the projection

From (3) and (4) we get

on the line of S. D. of the line joining A and B.
- MN = 8D between L, and L.
= | Projection of ABon MN | = |(x; —x )+, =y ) m+(z, -2 ) n|
_ 100 = x mymy —mymy ) + (s — 3 Mmby —mdy )+ (25 — 2 iy — bl )
JE'["H":- ~mym )’

=\ iy _n] + \Ir 2 mypy = mishy 'a

Equations to the line of SD

The SD is coplanar with L, x-% y-¥ I-3
- The equation to the plane determined by L; and MNis | |, ", m |=0
/ m n
The SD is also coplanar with L, . e T
X=Xy F=¥a Z—25
. The equation to the plane determined by L, and MN is | [, i, n o |=0
[ m n
- Equations to the line of SD between (1) and (2) are (5) and (6). wae ()

Second Method.
Proof. Let L, L, be the two given lines (1) and (2) respectively.

A pointon Ly is (x, v, 21). Let A=a=(x,», 2).

A pointon Ly is (x3, ¥3.23). Let B=b(xa, ¥7,22) -

Since d.rs. of L are /|, m,n . avectoralong L, is ¢ =(/;.m,m).
Since d.rs. of L, are Iy, my. ny, a vector along Ly is o =(l5, ma.n3).
Let MN be the S.D. between L, and L,.

L,, L, are non-coplanar = ¢, 4 are non-coplanar = ¢xd #0

= |E:-e:;?]:t[} and E:-:Euﬁ::- ﬁ:;l is a unit vector along pqN -

|ex
Now AB:E—E:{xI - X1, ¥2 - V1. 32— %) and

EKE = {m]nz = Mz 1y, H||;1 —H'zﬁ.ﬁml —a’lml]
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- MN=S5.D. between L; and L, =| Proj. of Ag along yN |
= | Proj. of (h-a)along mN |

_lb-a).@xd)| _|[(b-a)Ed]|
|exd | le=d |

_ e =3y 2 =y 22 = 21) (o . my) (. ma )] |
| (Fy, iy, my ) (13, ma, my)|
X2=X M—N -5 .
=l 4 i mo |+ mny —mym)
f} L) Ha
Equations to the line of S.D.

7 is any point in the plane determined by L, MN .

< F-a(=0).¢,¢xd are coplanar or 7—& (=0), ¢, ¢ xd are three vectors
o [F-a,8,cxd]=0
-. Equation to the plane determined by |, MN is [F-@.c,&xd]=0
=% y=n £=23
i.e. I, my n = .{3)
myny = man mls —mady fima =lamy

Similarly, equation to the plane determined by ,, MN is [F ~b.d,cxd]=0

N y=—y2 == ZI2
ie. l:l ﬂil'z Hl =) .{4}
my =yl by =maly fymy —lamy
- Equation to the line of S.D. between (1) and (2) are (3) and (4).
Note 1. S.D. between lines L;.L5 is zero<> L;.Ls are intersecting

X=X Ya=n 271
¢ Ly, Ly are coplanar < | /) my m |=0
fl L] fin

2. If r=a+ic and F=h +5d be two skew lines, then the S.D. between them is

Equation to the line of S.D. between the skew lines is

[F-a,c exd)=0, [F-b,d,exd]=0.
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4.15. EQUATIONS OF TWO SKEW LINES IN A SIMPLIFIED FORM (N.U.9T)
(Fig. 49). L,.L, are two skew lines and MN be the line of S.D. between them. Let

O be the mid point of MN. Let OC || L, and OD || L, . Inthe plane COD, let OX, OY be the

bisectors of angles between OC, OD so that OX is the bisector of {{I: ﬁ} :

.. OX LOY and XOY =COD Z
OM LL;, OC|L, = OM LOC M
and OM 1L L,,0D| L, = OM LOD.
. OM L COD = OM L XOY -
Let Ze OM. Then OM =0Z.

— e —

o OX,0Y,0Z are mutually perpendicular rays.

C
i sl 3 . L2
- We can take 00X, O0Y, 07 as rectangular coordinate axes.
Let MN=2¢. /. OM=ON=¢.
Fig. 49

. M=(0,0,c), N=(0,0,-c).
Let (OC,OD)=2w . - Dus. of OC,0D ie.Durs. of L, L, are
[ [n: ] rr] [ [n ) nJ
C0S O, C0S | —+t |, 008 — |; | cos o, cos| ——a |, cos —

2 2 2 2
ie, (cosa,-sina,0),(cosa,sina, 0)
- Equations to L;, L, are =9 _ ;.~I—u i B o P o s

coso —sin o coso sina

ie, y=-xtana,z=c; y=xtana,z=-c,

Note. Any pointon L, 18 (n, -# tan o, ¢), #n 15 any parameter. Any point on L, is
(ra, +rs tan o, —c), ry IS any parameter.

4.16. LENGTH OF THE PERPENDICULAR FROM A POINT TO ALINE. (V. [.88)

Theorem. If L is the line ETE and P=(x;, v, 7)), then length of

) m 7

the perpendicular from P to L =;IZ im(zp—)-n(y -P "
1'!3 +m® +n’

First Method.
Proof. Let M be the projection of P in L.

Let N be the point (. B, y) on L. P e y021)

P=(x, ¥, 21)s NP=JZ(x, —ax)’ .

APMN 1saright-angled triangle. i
! m n ] L =" (h,m,m)

D.cs. of NM are 'rE.fj . .’EF " e B N o f.y) Fig. 50 M
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MM = Projection of PN on the given line

_ [ (x;=a)+m(y =B)+n(z;-7)

V2 i
Lixy-a)|”

o
CEANEN o) -E (g -0) _ [Slm(z @) - n(y -B)*]"

E E (using Art 2.41)

Second Method.
Proof. (Fig. 50). Let M be the projection of P in L. Let N be the point (e, . y) on L.

Since P=(x;, ».2), NP=(x;—a, vy —P. z; —7). APMN is a right-angled triangle.

PM? = PN? -NM? = £ (x, - o)’ -[

©. = 1
Let 7 be a unit vector along NM so that n = e (f, m, n),
o o u"lf_+m +n
PM = NP .sin ZPNM =| 7 || NP |sin (NP, i) =|n x NP|

=I\.".FI +m?® +n?

|
=-,.I’.r" = 1|{m:1-':|r—ny] —p, nx, —o =1z, =y, mx; —a-Iy -f)|
T +N

1
= (mz; —y—ny, =P, nx; —a~Iz, -y, mx, —a 1y, -p)|
'q'ra"+m'+n'
1

:m [E m (z=y)-n (3 -P) }‘_"]L'j

~. Length of the perpendicular from P to L
I

=m I:E- im(z,=y) =n (v, -p) }:]“:1

(f, m, n)x(x) —a, yy =B, 21 =v)

Note. Length of the perpendicular from P to L is | i7x NP/ —._”Tr:}:’:': |
SOLVED PROBLEMS
Ex. 1. Find the 85.D. between the lines .r;3 = 'F_IE = :;3, ‘:H; = '!’:? = :;6 .

Find also the equations and the points in which the 5.D. meets the given lines.
(S. K. UMI5 AL OU, 07,01 M, A12, 5 V.U MI5, 090, A11,A. N, U. M14)

Sol. Let L, L, be the lines

¥-3 y=8 z=3 (1) - x+3=y+'?=:—ﬁ
3 ~1 1 B T

...{2) respectively.

First Method : Let ¥=3 _¥-8_2-3 _ g ¥+3 _y+7 _z-6_
3 -1+ 3 2 4
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are

are

Let CeL; and De L, so that CD = S.D. between L; and L;.

Let C=(3c+3.—c+8,c+3) and D=(-3d-3,2d -7, 4d +6).

. CD=(-3d-3c¢—6,2d +c—15,4d —c+3)

L LCD=3(-3d-3¢—6)-1(2d +c—15)+1(4d —c+3)=0 =1lc+7d=0 ..(3)
Ly LCD=-3(-3d-3c—-6)+2(2d +c-15)+4 (4d —c+3)=0 = 29d+7c =0 ...(4)

- From(3)and(4), ¢c=d =0. s C=(3,83) and D=(-3,-17,6).
Also CD=(-6,-15,3). .. S.D.=|CD|=|{-6,-15,3)|=+36+225+9 =3430.

Since CD =(-6, -15,3). d.rs. of CD are 2,5,-1.

Since L, CD are coplanar and 1,, CD are coplanar, equations to the line of S.D. (CD)

x-3 y-8 z-3 x+3 y+7 z-6
3 -1 1 |=0=|-3 2 4
2 5 -1 2 5 -1

ie, dx-5y-17z+T9=0=22x-5y+19z-83.

OR : Equation to CD is -*; o -";3 . -"I3 .

Second Method : Let A=(3,83) and Ael;. Let B=(-3,-7,6) and BelL,.
Since d.rs. of L; are 3,-1,1, a vector along L; is (3,-1,1).

Since d.rs. of L, are -3,2,4, a vector along L, is (-3,2,4).
Let CD be the S.D. between L;,L, sothat CelL; and DeL-.
CDL1L,.CDL1LLsy=avectoralong CDis (3. -1 1)x(-3,2, 4)

= CD || (~6,~-15,3)= CD|| (2,5, ~1)

. S.D. = CD =| Projection of AB along CD

—

— D . (25-D P T
| AB, e | | (=6, =15, 3) =it |- = B =330
|CD | ‘ Jd+25+1 ‘ «.I"J_l] ‘

Since Ly CD are coplanar and Ls, CD are coplanar, equations to the line of S.D. {i?[i]

x-3 y-8 =z-3 x+3 y+7 z-6

3 -1 1 |=0=| -3 2 4

2 - -1 2 3 -1
re., =Hx=3)+y=-8)+17(z-3)=0-22(x+3)+3(y+T)-19(z-6)
ie, 4x-5y-17z+79=0 (3) 22x-5y+19:-83=0 Ad)
Since CeL; CD . by solcing the equations
x+3y=-27=0,y+z-11=0 [from (2)]. (3)and (4), we get D=(-3,-7,6).
Third Method : Equation to the plane containing L, and parallel to L, is

x-3 y-8 =z-3

3 -1 1 [=0 ie, 2x+5y-z-43=0 o 3)

-2 2 4
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S.D. between L, and L, = Distance of any pointon L, from (3)

—-§-35-6-43 =3-.|'rﬁ_

Na+25+1

= Distance of (-3,-7,6) from 2x+5y-z-43=07

S.D. is a line common to the planes
(i) containing L, and perpendicular to Zx+5y-z-43=10
(i7) containing L, and perpendicular to

x+3 y+7 z-06

-3 2 4 |=0 ie, 2x+5y=-z+47=0

3 -1 I
x-3 y-8 =-3 x+3 y+7 z-6
~. Equations to the line of 5.D. are | 3 -1 ] |=0=| -3 2 4
2 5 -l - T

iLe, 4x=-5y-17z+79=0=22x-5y+19z-83 .
The points of intersection of S.D. with L. L, can be found out as in the first method.
Ex. 2. Find the distance between the straight lines

x=3 y=5§ z-T x+1 yp+1 z+]
= = : = = (5. KU 08,5 K U 0IM)

| -2 | 7 -6 1
. ' : . x=3 y=5 z=T7 x+l_ y+1 =z+1
Sol. Equations of given straight lines are == = - =2—=
| -2 | ) -6 |
=3 J=3 -7 x+1 y+l z+1
Let ]—_2—]—r‘|and T—_ﬁ—l—"i

Any pointon(1)is P(n+3,-2n+5,n+7)

Any pointon (2)is Q (Try =1, —6ry —1, 7, —1)

Dr's of PQ are (r; +3) — (7Tr, =1), (=25 +5) =(=6r, =1), (5, + ) = (ry = 1)

Le, (n=Trm+4,-2rn+6r +6,n-ry +8)

Let PQ be the shortest distance between (1), (2) then PQ is perpendicular to (1), (2)
(n=Tr+4). 14 (=2n +6r, +6) (-2)+(n -, +8).1=0

= n+dn+n-Tn-12n-rn+4-12+8=0= 6n-20rn, =0 = 3n-10r =0 ...(3)
and (n, — 7, +4)(7) +(-25 + 615, +6) (—6) + (r, — 1>, +8).1=0

= Tn+12n+n-49ry =36r, —r, +28-36+8=0 = 20n -86r, =0

= |D-“'| —43!‘2 =0 {4}
onsolving(3),(4) n=r =0
Co-ordinates of D : (3, 5, 7) and Co-ordinates of Q : (-1, -1, -1)

Shortest distnce between (1), (2) is

PQ=JH+111+{5+|}3 +(7+1)F =/16+36+64 =4/116 =229 units,

Ex. 3. Find the length and equations of the line of S.D. between the lines T‘ B % =T

and x+y+2:-3=0=2x4+3y+3z2-4. (ANUMISAUAIHLAKNUMIS S.UMMIS)
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Sol. Given linesare === (1) and x+y+2:-3=0 A2)
2x+3y+3z-4=0 .{3)
A plane through the second line and parallel to (1) is

x+y+2z=3+A(2x+3y+3z-4)=0 .(4)

e, (1+2Ax+(1+3R)y+(2+30)z-3-4A=0.

3
1(1+20)+2(1+30)+1(2+30)=0= 1lA==5 ::vi'n.z—ﬁ

. From (4), equation to the plane through the second line and parallel to (1) is
x—4y+T7z-13=0 .5) A pointon (1)is (0, 0, 0).
-13 13

Ji+16+49 | (66)

Equation to the plane through the first line and perpendicular to (5) is

- S.D. between the lines = Distance of (0, 0, 0) from (5) =

X ¥ &
1 2 1|=0 ie,3x—-y—-z=0 ...[6)
| ol 7

Let a plane through the second line be x+ y+2z-3+4, (2x+3y+3z-4)=0
e, (1420)x+(1+30)y+(2+3%)z-3-42, =0
If this plane is perpendicular to (5),
L(1+20)-4(1+30)+T 2+ ) =0 = 114 +11=0 =A=-1.
. Equation to the plane through the second line and perpendicular to (5) is
x+2y+z-1=0 _(7) ~. Equations to the line of S.D. are (6) and (7).
Ex. 4. Find the 8.D. and the equations of the line of §.D. between the lines
3x-9y+5z=0=x+y-z and 6x+8y+3z-10=0=x+2y+2-3,
(KU I2ZS5 K UMI3, KUMIS, AU MI8)

Sol. Given lines are 3x=9y+5z=0=x+y-z 1)

and 6x+8y+3z-10=0=x+2y+z-3 2)

A plane through (1) 1s 3x-9y+5z+A (x+y-2)=0

Le, (B+Ax+(-9+A)y+(5-A)=0 d3)
A plane through (2) is (6x+8y+3z-10)+p(x+2y+z-3)=0

ie, (6+p)e+@+20)y+E3+p):z=(10+3u)=0 .(4)
If (3) and (4) are parallel, then

34h=k (6+p) ie, A-6k—ku=-3 A5)
-9+A=k(8+2n) Le., A=8k=2kn=9 A6)

S=A=k(3+p) lLe., +A+3k+hkp=35 1)

From (5)and (6), -5 +4k =15 Solving, k = % A= %

From (5)and (7), 2).-3%k =2 . From (5), p= _%
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. Equations to the planes through (1) and (2) and parallel to each other from (3) and
(4) are 17x+2y-Tz=0 ..(8) 17x+2y-7z-13=0 (9 A pointon (8)is (0, 0, 0).

-, S.D. between (1) and (2) = Distance of (0. 0, 0) from (9) :‘ |
J289+4+49 | 338

If (3) is perpendicular to (8), then 17 (3+X)+2(-9+1)-T7(5-4)=0

= A=1/13. Similarly, p=-97/14.

~. Equation to the plane through (1) and perpendicular to (8) is

3r_9_}.+5:+é“+_._._:}=g ie, 10x-29y+162=0 (10)

Also equation to the plane through (2) and perpendicular to (8) is

13x+82y+552-151=0 L1

. Equations to the lines of 5.D. are (10) and (11).

. -_ o
Ex. 5. Show that the equation 1o the plane comtaining the line e Lx=0 agnd
€

x z X y 2
parallel to the line e Ly=0 js ;—'E—:‘F] =0 and if 2d is the 5.D., prove that
| | | |

an_!+h_z I._E (VUS98 S KU, O.U.2001 Oct)

Sol. Given lines are %+i—l={lx=ﬂ ol 1)

c
and f-izl,y:ﬂ )
a ¢
The line (2) can be written as =% = = y=0.
[/ C

A plane through the line (1) 1s %+5—|+:u=cr,

[
If this is parallel to (2), then

l_u+l.l]+l.c-={}::rl=—l.

¢ a
. Equation to the plane containing the line (1) and

parallel to (2) is

PoEq-lonpie E 22 ul A point on the line (2) is (a,0,0).
b ¢ d a & c

Since 24 is the S.D. between (1) and (2). therefore

2d = distance of (a,0,0) from the plane ;—3——“ =0
H-ﬂ—ﬂ+l
= 2d=|—2_b ¢ e B g Log A
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Ex. 6. a.b,c are the lengths of the edges of a

Zz
rectangular parallelopiped. Prove that the S.D. A S o
berween the diagonals and the edges not meeting £.0.0 E(a.0.c)
them are
be ca ab F (0|b,c) D (a}b.c)

‘u{ﬁ2+f1 g ',ill.:11+.‘:lE o

Sol. (Fig. 51). Let (OBGA ; CFDE) be the 7\4 e 1;;]

mctaEula_r-pa_njllelﬂpiped with edges a, b, c. /B e 5 it

Let DA, OB, OC be the axes. Y

Fig. 51
. A=(a,0,0), B=(0,5,0), C=(0,0,c)
: — _ x=0 -0 z-
Equation to GC 1s An Pb - _: W)

Let a plane through i;TE and parallel to CG be x+3z=0.

l.a+a.b+i(-c)=0->h=alc

. Equation to the plane through the edge OB and parallel to the diagonal CG is x+ £ - = 0

) ¢
Le,cx+az=0.

- 5.D. between OB and CG is the distance of a point (0, 0, ¢) from the plane ¢x + az =0

Lok O . . Similarly other distances can be found.
v Vel +a ’
Ex. 7. Find the length of the perpendicular from the point (1, 2, 3) to the line
through the point (6, 7, 7) whose drs. are 3,2,-2. (A. N. U. M 14)
for) Find the perpendicular distance of the point (1,2,3) from the line
x-6 y-7 z-1
3 - 3 (K. U. M I3)

Sol. Let L be the line through (6, 7. 7) with d.rs. 3,2, -2,
.r—ﬁ;_v—?'=:—'."

3 2 -2
LetP=(1,2,3)andN=(6,7,7). - NP =(5,5,4)

. Equation to L is (=r.say)

Let 7 be a unit vector along L.

Since d.rs. of L are 3,2, -2, we have E=[ 3 2 —2 ]

17) a7 Ja7
. Length of the perpendicular from P to L. Va7 Ja7) 07

3 4-2

v{17)

=| NPx7|=|(5.5.4) x

ol | 152 5o ¥324+484+25 :Jﬂf .

- Jun Jamn
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OR :Llet QelL and Q=Gr+6,2r+7,-2r+7)
If PQLLthen 3(3r+6-1)+2(2r+7-2)-2(-2r+7-3)=0
since PQ=(3r+6—1,2r+7-2,-2r+7-3)

~ 17r==17 ie, p=-—] S Q=359 . PQ=v4+9+36=7.
Ex. 8. Show that the shortest distance between any two opposite edges of the

2|al

tetrahedron formed by the planes y+z=0,z+x=0,x+y=0 and x+y+z=a is ———

7

and that three lines of shortest distance imtersect the point x=y=z=—-a (A. U. M 13)

Sol. Let planes representing the three faces of the tetrahedron y+z=0z+x=0,

x+y=0 intersect at the origin. If you consider the corners as A, B, C then tetrahedron
would be OABC and the equation of the face ABC is x+y+z=a.

We have A is the point of intersection of the planes z+x=0 and y+z=0x+y+z=10

- A=(a,a,—a) A (a,a,— a)

Similarly, B =(- a,a,a);C =(a,- a.a)

Equatinnsuf[ﬁme.,%={=_il s4x=0 y+z=0
E t fﬁ ﬁI—H:}’+ﬂ::—ﬂ
quations o are, — = : 0
-. Equation of the plane through OA and A
B(—a,a.a) | Cla,—a.a)
X y 2z X+ty=
parallelto BC is |l 0 -l=0=>-x-y-2z=0=x+y+2z=0

1 -1 ©

The S. D. between OA and BC is the perpendicular distance from any point BC to

the plane x+y+2z=0,

|u—u+ EH| 2| al

Since (a,- a,a) is a pointon BC,the S.D. is &

Let x+y+z=0 be the plane n=0
xX y z

Then the equation of the plane through OA and perpendicularto n is |1 1 =1{=0
1 1 2

= 3x=-3y=0=2x-y=0
Equation of the plane through BC and perpendicular to = is

& =id _'}"+-E.I' e =il
I -1 0 |=0=x+y—z+a=0
| | 2
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5 x=y=0,x+y-z+a=0 are the equations of the line of S.D. between OA and BC.

Since the point (—a,—a,—a) lies on both the planes, (-a,—a,—a) lies on this line of S. D. We

2|al

can observe by symmetry that the S. D. between other points of opposoite edges is —

6

and lines of 5. D. pass through (-a,-a,-a).

EXERCISE 4 (d)
Find the length and equations to the line of S.D. between the lines
x=2 y=-3 z-1 x-4 y-3 =z-=1
L B N L S
(S. K U. 2001 Oct. 0. U. M98, N. U. A12, S.K.V MI8)

x_y _z x=-2 y-1_z+1
0) 3=5~7ad 5—=35==

(N.U.06, 0. U. M 97, N. U. 89,91, 5. K. U. 2002 A, 5.V.U.)

(7) Find the length and equations to the line of S.D. between the lines

x=3 _y=4_z+42 x-1_y+7 _z+2
-1 2 1 3 2
(i7) Find the length and equations to the line of S.D. between the lines

x=10 ) =9 z42
=2 ===, 2(r+1)=y-12=4(=-5). Findthe points where the line of S.D.

intersects the given lines. (K. U. 2001 M)

(K.UOS,MI4.85 VUMIZVKSEUMIS)

If the position vectors of A, B, C, D are respectively —7i+27-3k,-16i +6/+4k,
i—7+3k and 47 +97+7k . find the S.D. between the lines AB and CD. (V. U.89)
=2

] r+
Find the length and equations to the line of 5.D. between the lines £= }; -
Sx-2y-3z4+6=0=x-3y+2z-3 (KU MI5, 0.U. 097, All, NUM. 98, A.U. Mi4, M18)
" . - x-2 y-3 z-4 x-1 y-1 -3
Find the S5.D. between the lines R T T 3 3 AS. K L. 01 8)

Hence show that the lines are coplanar.

Find the point on the line through the points (-6, 1, = 10), (=3, 7. =13) which is nearest to
the line. 3x+2y-15z-144=0=3x—y-3z-42

Find the length and equations to the line of 5.1. between the lines

(i) 2x=3y+4z=0=x-y+z; x+y+2z-3=0=2x+3y+3z-4

(if) Sx—-y-z=0=x-2y+z43 ; Tx-dy-2z=0=x-y+:z-3,

Find the S.D. between the Z-axis and the line

mx+bhy+cz+d =0=ax+by+erz+dsy (5. K U 98)
Show that the 5.D. between the lines x+A=2y=-12z; x=y+ 2k =6z-6k is 24 where
k>0. (. U. 008, K.U. Model Paper)

. Prove that the 5.D. between a diagonal and an edge not meeting it in a cube of side a

is a/+2 .
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11. Show that the S.D. between any two opposite edges of the tetrahedron with
faces y+z=0,z+x=0,x+y=0,x+y+z=a is 24/J6 -
x—2 y-3_ z-3
-2 3 -6
(S. K. U.M0O6)
13. Find the perpendicular distance of the point (2, 4, 1) from the line through the point

12. Find the perpendicular distance of the point (-2, 1, 5) from the line

(-3, -3, 6)whose d.rs. are 1.4,-9,
14. Find the foot of the perpendicular from the origin to the line
2x+3y+4z+5=0=x+2y+3z+4. Hence find the distance of the origin from the line.
(5. KU 2000 May, 5. KU, A93)

15. Find the perpendicular distance of the point (-1, 3, 9) from I;IE = 3'";3 - :_I:H :
(N L. 89)

ANSWERS |

1. (@) 146:2x-Ty+11z46=0=2x-10y+14:-6.

(b) %:4:+}-—5:=U=T.~:+_}-‘—E:—3I

2. (D J:E;I]‘4=~";3=‘:5‘3 (i) ME:"]—]E:-"__53::_‘;:(3.3.1}.;~:+.3.4;

4. J6/39;7x-2y-11z+20=0=13x-13y+24 5.0 6. (-7, -1,-9)

7. () %:3-7‘.1"5=ﬂ~-"+31’+:=]._,[H}Iif 1 7x+20y=192=39,8x+5y-31z+67 =0

8. |“’|ﬂ'z—ﬂ"2fl|“’1‘[1'{”|"1‘f-'zi'llzﬂblfz—bzfﬂzi 12. g- 13. 7.

14. [%_T]_Tq] % 15. Jﬂ;m{zﬁs_q?}

4.17. AREA OF A TRIANGLE |

Theorem. Are of the tringle with vertices (xy, ¥y, 21)s (X2, ¥2, 220 (X3, ¥3, 23) is
%[Eﬂh-hﬂza-n]-U';-.FIHII'HH:lm sq. units.

Proof. Let A =(x;, y. z)). B=(x3, ¥3.24), C=(x3, ¥1, 23).

- Areaof AABC=—|ABxAC|
1
=;|{-"1 =X ¥2 =¥ 22 _:I}“{IJ =X+ ¥3 = ¥ :3_:I]‘

= %[E VO -z -z1) -5 —n)z2—z1) 2 square units,
Note. If A ={I]4 ¥ :|}¢E={.1'2., Yo, :::}.E =|:.f:.|_.. ..]'r:'l":.?}‘ D={I4qll-ld1:4} are thE‘

b | —

vertices of a parallelogram ABCD, then its area= | ABx AD|

(X2 =Xy, Y2 =M. 22 =21 ) % (X4 = X1, Y4 = M. 24— 21)| $q. units.
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4.18. DIHEDRAL ANGLE
Half planes of a plane (Fig. 52)
Definition. Ler E be a plane and L be a line in it. Then L is said to divide E into
two half planes Hy,Hy (say). H,.H, are also called sides of L.

Dihedral angle (Fig. 53). Let =, n; be two planes intersecting in a line L. Let H,
be a half plane of n; and H, be a half plane of =,.

T

HE L / %
Fig. 52 P\/ H, R \

Fig. 53
Then H;«w Hy wL iscalled dihedral angle. H, wL, Hy WL are called its sides and L is
called its edge.

Let P be any point on L. Let a plane n; through P and perpendicular to L intersect m;
and n, inan <£QPR . Itis denoted by (PO, PR) or ( H;. H, ).

For all P on L, the measure of the angle is constant. This measure of the angle (pQ, PR)
15 called the measure of the dihedral angle H, v H; L.

If (H,,H,)=90", we say that H; L H,.

Further there will be four dihedral angles between =;.n;. If one is 6, others are
180° -0, 0,180" +0. But we take the angles between =, n5 as 0,180° -0. If (n;.7:)=00r
180° . we say that = || 75 .

We can observe that the angles between two intersecting planes are equal to the angles
between their normals.

4.19. ORTHOGONAL PROJECTION ON A PLANE |

Please refer to Art 1.3 - Points 37, 38.
Projection of a triangle in a plane (Fig.54)

Let ABC be a triangle not in the plane o and also none of the sides is parallel to o . For
convenience we can take A in . In o, let B be the projection of B so that AB; be the
projection of AB and C, be the projection of C so that By C; be the projection of BC.
Clearly in o, AC; isthe projection of AC. Now the triangle A| B) C, is called the projection
of the triangle ABC in .
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Z Fig. 54

Theorem. ABC is a triangle and o is a plane such that (ABC,e)=0. If A is
the area of AABC and Ay is the area of its projection in_ o, then A) = AcosB.

4.20. VOLUME OF THE TETRAHEDRON

the vertices of a tetrahedron ABCD, then its volume =%

X
X2
A3
X4

iy
2
Y3
Ya

Theorem. If A=(x;,y,.3):B=(x3,y1, 0 C=(x3,r3. 30 D=(xy, y4.74) are

|
2
23
%y

First Proof. Let V be the volume of the tetrahedron ABCD with vertices

A ={."I.'|.,_'|.'|. __|:]. B='|:.T3.,I'|-'2, :3}": =1:.'|.':.i.,l_'|-'3.:__:|.}., D ={.T;|_. ."-I- :-I}'

Let p be the perpendicular distance of D from the plane ABC.

x y

Equation to the plane ABC 15

2]
-
L
el

]
[

D

1
|

=0 ...(1)
|
1

Xy W k)

w o5 |l N &
2A, =| ¥y % l|=coeffecientofxin(l), 24 =|x, =z,
¥y z3 | ¥,
x ¥ |
2A. =|x; ¥ 1| =coeffecient of z in (1)
500l x »n o5l
. 1 Xy ¥y Iy |
we also have p=—F———— o =—
2 A2 +A24A2 | B 3 oz 1] 2A
Xs Yi %4 1

Fig. 55
Let A,.A,. A, be the orthogonal projections of A on the coordinate plans

1| =coeffecientof yin (1)

i-J
— o — —




Right Line 107
x »n 5l
1 1 (X% » 2 |
S V== Ay==—| =~ "7 °
[3 PJ I:: ] 6 X3 Vs I3 |
Xy My Iy |
Second Proof. (Fig. 55)

Volume of the tetrahedron — | [AB, AC, AD]|
&

= é |[(x2 =y, ¥2 - 115

Zp = (g =X, V3 = 23— 2y (g =X, Vg = s 5y -

Xy ¥ I |
Xy=X] V=¥ 23—
| 21X Y2—nN 223 _1|xm-n ym-n -z 0
=—|x3=X; V3=W 23— -
6|27 NTA BTA T GIn-n p-n n-n 0
=0 Va—N 33 Xs—=X Ya-W 24-3 0
X n |
1 N | Ry +R,
_1lx » » ' R;+R, taking positive value of
6lx3 »3 23 | R cubic units the determinant in each case
a+Ry
X3 vy z4 1
Note. If

[(x9 —xp. =V 23 = D (X3 =2, Y3 = Vs 23— W xg =X Vg — V). 24 — 23 )] =0,
then A, B, C, D are coplanar.
SOLVED PROBLEMS

The areas of projections of A ABCin the coordinate planes YZ, ZX, XY are

Ex. 1.
respectively Ay. Ay A- . If A is the area of A ABC, show that A% = sz + A}.E + .ﬂl:l.

Sol. Let (ABC, YOZ) =9 and L be normal to agc and d.cs. (/, m, n).

5 0=(L,0X)=>cos0=/.

. Area of projection of AABC inYZ plane =A_ =AcosB=A,

Similarly, Ay =Ap and A.=A,. ~A+ A'+ A=A P+ +n°)=A

Note. The above result may be remembered as a formula.

Ex.2. In AOAB,0=(0,0,0), A= (x1. M, 1) and B= (x3, ¥2, 22). ﬂ- ACA By is the
projection of AOAB in the XY plane, show that area of AOA B,

v x|
= positive value of | vy v2 1| square units,
0 0 1

Sol. A, is the projection of A and B, is the projection of B in the XY plane.
Ay =(x;. ¥.0) and B; =(x3,¥.0). 0A, =(x, ».0) and OB =(x2, ¥2,0) -

.. Area of anam:?ﬁ. « OB |=2l s 35 e o 7

l 1 l .
= 5 | (0,0, x)y3 = xa )| = ;J{{x.y; =X W ]2] = > { positive value of ( x; ¥ —x53) }
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I _‘fl 1'2_ ]
:E positive value of | y; ¥ |

square units.
o 0 1

Note. If AOA,B,, AOA4B; are the projections of AOAB in YZ, ZX planes respectively

then, area of
I 0o 0 1
AOA;B» =3 positive value of | v; ¥ square units
2] &2 |

x o»n |
and area of ﬁDAJBJ=% positive valueof | 0 0 1/ | square units.
- 1 3 |
X Xy I1 0 0 ]1 X x|
_'-{ﬁreaufﬁDHBf:% n oy 1 +]I oy | +& 0o 0 1
0 0 1 2y I | 2y 2 1

Note. The above result may be remembered as a formula.

Ex.3. OABC is a tetrahedron. OA=G,0B=h.0C=¢. Od=a,OB=h0C=c.

{a, ﬂTi} =q. {ﬁ~ E] =B. {E, ﬁ} =y. Show that the volume of the tetrahedron.

9

112
| COS 0 COsY

|
= — abe | cos o I cos 3 cubic units.

cosy cosfd I

First Method. Let O be the origin, and let OA =a, OB=5,0C = ¢ be the three
coterminals edges. and let the angles between them be o,y
i.e.. o=(0A,OB),p=(0B,0C)and y=(OC,0A)
Let the D.cs. of OA, OB, OC be (f,.m,m). ({;,m,,ny)and (Iy,my, ny) respectively.
Then the coordinates of A, B, C are ({a, mya, ma), (Lb, myb, n,b)and (e, myc, nyc)
0 0 0 |1
",
ha ma ma 1] lhc'!
Lo mb mb 1| 6 |2 "2 T2
] "y

he mie me

|
- Volume of the tetrahedron OABC = 3

3 112 y
] L Lhh, X | cosa cosyl|"’
(or) "u"=igaﬁc 240l Efgz 2Ll =i%a.’:{' coso I cos [}

Thh, L X5 cosa cosfp |
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Second Method.

Sol. If @, b, are three non-coplanar vectors, we know that

a.a a.b a.ct
(@, b,2) =[a.b,clla.b,cl=|b.a bBb b.F
gd ¢.b E.F
a’ abcosa accosy 1 cosa cosy
=| hacos a b beeosP| =a’h?c?|cosa 1 cosP
cacosy chcosp ¢ cosy cosfB |

l
- Volume of the tetrahedron OABC = P | [abe] |
|

] | COsC cosy |2
=—abe| cos a I cos B | cubic units.
cosy cosf 1
Ex. 4. In a tetrahedron OABC, 04 =a. g{‘=ﬁ~{ﬁ+‘3_f_:] -0 and d is the §8.D.

between ﬁ, BC . If V is the volume of the tetrahedron, show that v = é abd sin ® cubic

THITES
First Method. -
Sol. OABC is a tetra hedron. OA = a,BC = b are ‘ .
the non-intersecting edges.
Let (/.m.n)be the D.cs. of OA and let . 4
(/,,my,n; ) be the D.cs. of BC, i
=5 the coordinates of A are (/,a, m,a, na) Fig. 56
Let B=(o.p.y)= C=(a+Lb, p+mb,y+nb)
0 0 0 I
1| al am an, 1
. Volume of the tetrahedron OABC =-
6| « p Yy |
a+bly, P+bmy y+bn, |
ha ma ma L m n
=<l @ B v |=F|a B v |-Ry-R
a+bl, P+bm, a+bn, b, bm, bn,
| h moom a B v
=—<abla B v w(A). But d=SD=|} m o |+yS (mn—mym )

:j mz Hj L_. " [in
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a By
=l m  n |+sinf (- (mn, =mm ) =sin"0)
ly my
I, mn o myom
el B oy +sinh = | @ By |=-dsinb
L my, n h m m

substituting this value in (A) we get vol. of the tetrahedron = r; abdsin® cubic units.

Second Method.
Sol. Let O be the originand A=G.B=5b.C=¢.

Since OA,OB are non-coplanar, therefore @ = S.D. between QA BC

_g_|asc OAXBC =‘|E_E| ax(@-b)
| OAxBC| |OA || BC|sin @
_ g _|(@-a).(@xc-axb)| _|[cac]-[cab]-[aac] +[aab]| _ |[abe]|
ab sin B ab sin 6 ab sin B

=|[ab c]|=abdsin®. But V= él [@.5.F)|. - V= émf;d sin 0 cubic units.

Ex. 5. Planes through OX,0Y include an angle o. Show that their lines of
intersection lies on the cone =% (x? +L-,:E +22)=x? },2 tan? o . (N.L.91)

Sol. Equation of 0xare y=0,z=0. Equations of OY are x=0,z=0.

Equations of a plane through 0X is v+ k= =0 A1)

and equation of a plane through OY iS x+/z=0 ol 2)

where k,/ are any two real numbers,
D.rs. of a normal line to (1) plane =(0, 1, ).
D.rs. of a normal line to (2) plane =(1, 0,/).

Equations of line of intersection of the planes (1) and (2) are

y=—ke,x=—ke. i€, L=k =l .(3)

o = Angle between the"planes E 1) and (2) = Angle between normal lines.
(0,1, k).(1,0,0)

Cos o = 2 2y 32,2 .2

\I'||]+k2 1|[|1+!2 =(1+k")(1+[")=k"]" sec” o
= 1+k2+ =k tanl a Ly, @
Eliminating &,/ in (3) and (4) the locus of the line (3) is 1425+ = =2 —tan’ &

ie, =2 (x? +J"2 +22)= .1.'1_].-rE +tan’ o
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EXERCISE4(e)
Find the area of the triangle with vertices (1,1, -1),(2,-1,-1),(-1,2,3).
(A U. A, M 14)

Find the areas of the projections of the triangle with vertices (0, 0,0),(1, 2, 3), (2, -1, 4)
in the coordinate planes XY, YZ, ZX. Hence find the area of the triangle.

Find the volume of the tetrahedron with vertices

() (0,0,0), (-, LD, (LL=1%(L=-L1D(O.U. 07, A U.M13)

(i) (1,2,010,(3,2,5.(2,-1,0,(-,0,1) iy (0,1,2),(3,0,1),(4,3,6),(2,3,2) (A. U. 08)
Show that the points (7)(6, -4, 4), (1, 2, = 5). (-1, -2, -3) (0, 0, — 4) are coplanar.

(i) (0,4,3),(-1,-5,-3),(-2,-2,1).(1.1,=1) (A. U. 08)

A, B, C are respectively points on 0X, 0Y, 07 such that OA = a, OB = b, OC = ¢. Show

2 2

. . :
that the area of AABC is E\"{bzcz +c*a +u2b2} square units.

If P = (2. 2, 1) and if the plane through P and perpendicular to gp intersects the

. ; : . 243 :
coordinate axes in A, B, C, show that the area of AABC is —g Square units.

0.A,B are the vertices of a triangle such that O = (0,0, 0),A=(2,6,3),.B=(5,12,0).
Find the area of AOAB and hence find the length of the altitude OC of ADAB.
A=(a00),B=(050),C=(0,0¢). If PABC is a tetrahedron with constant volume

kabc
6

A variable plane forms a tetrahedron with the coordinate planes of constant volume

644> cubic units. Show that the locus of the centroid of the tetrahedron is

cubic units, show that the locus of P is a pair of planes each parallel to aApc.

xl_rl.-'z =36k°.

10. Show that the volume of the tetrahedron of which a pair of opposite edges is formed by

I.ll

. " | .
3. (i) 2/3 cubic units (i) 6 cubic units g E-.-']SE? sq. units, ry

| 2 : " "
;«."ﬁ sq. units. 2. 554. units, 5 4. units, 1 sq. unit,

i i =X _}'—_‘l-‘l __-'—_'l
lengths r.r on the lines whose equations are I

an
my ) d

X=X _¥-y2_:I-1 L 2 2 2 2 2 2 ot I
I3 s n, WHETE [j" +m" +m” =13" +my” +my” =1 is the positive value
| X=X3 NM=¥Y2 I —Z3
I3 M ny

ANSWERS |

3 11

5q. units

173
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4.21. INTERSECTION OF THREE PLANES - TRIANGULAR PRISM

Suppose we are given three distinct planes (1), (2), (3) such that no two of them are
parallel. Then by taking them in pairs we get three lines L, L5, Ly of intersection with the
following possibilities.

(/) (Fig. 57). The three lines of intersection have only one point in common i.e. the
three planes of intersection have one and only one point in common.

This case arises when the line of intersection of any two planes is perpendicular to the
third.

(ii) (Fig. 58). The three lines of intersection are coincident ie. the three planes of
intersection have a line in common.

This case arises when the line of intersection of any two planes lies in the third plane.

1
- % :
1} lI-—'II L'| {3} L1 L3
L, Lz
L 3 Ls
Fig. 57 Fig. 58 Fig. 59

(iii) (Fig. 59) The three lines of intersection are parallel i.e.,the three planes of
intersection form a triangular prism.

Three planes of intersection are said to form a triangular prism if the three lines of
intersection of the planes taken in pairs are distinct and parallel.

This case arises when the line of intersection of any two planes is parallel to the third
plane without lying in it.

We now establish the conditions for the three distinct planes (i) to have a point in
common (7i) to have a line in common and (i) to form a triangular prism.

Let the three distinct planes so that no two of them are parallel be

mx+bhy+az+d =0 (1) aax+by+erz+d; =0..(2) asx+byy+e3z+dy =0...(3)

We know that the equation to the line of intersection of (1) and (2) (Art. 4.4) is

b2 —0d | 4yd) —aid;

{]'|f!; _':"Ihl - ) -ﬂ'|til'g —ﬂ'gﬂ_ _ z=0 {4}
biez = bacy ciay —caa ayby — asby

(i) The planes (1), (2). (3) have a point in common if the line (4) intersects the plane (3).
For this to happen, the line (4) must not be parallel to the plane (3) and the condition for
which is

iy {hlL‘E - hlcl}-r h3 {fhﬂg =iy )+ ¢y I::ﬂ'|h2 - :]'2!.’3'| y=0
Le., ay(bacy—byer)+ b (are; —azea)+op (@b —azha ) 20

a b oo a b o
® & o ie, A#0 where A=|a; b ¢
a b o ay by o

ie.
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(if) The planes (1), (2), (3) have a line in common if and only if the line (4) lies in the
plane (3). For this to happen

(A) the line (4) is parallel to the plane (3) and

bydy —byd,  ard)| —ayd,y ]
‘ - O lies i | _
(B) the point [fﬂbz P W lies in the plane (3)

The condition for (A) is ay (Biey —bye)) + by (oy@y —caay) + ¢y (ahy —axly)=0ie, A=0.
and the condition for (B) is a; [M]mj [MJ+E3 (0) +dy =0
ayby —ayby by —azhy
Le, ay(bydy—byd))+ by (ayd) —aydy) +dy (ayhy —axhy ) =0
re, ay (bady=byds)+ by (aady = ayds )+ d) (asby = ayby ) =10

ie, |az by dy =0 ie, A3=0 where Ay=|a; b d;
dy lh_'q ﬂr'_'.l iy h] d3

(iif) The planes (1), (2), (3) form atriangular prism if the line (4) is parallel to the plane
(3) without lying in the plane (3). For this to happen the condition is

a3 (Bycy —bye) )+ by (cray —caa ) + ¢35 (aby —ayby ) =0

a b ¢
. bydy —bad, ard) — ayd,
ie, |ax b ¢y |=0and o [—' +hy | = +c3 (0) +dy 20
azbn —arhy ayby — axby

a3 b o

Le., ay(bady=bydr)=b (a:dy —axdy ) +dy (aaby —a3bq ) #0 Le, Ay =0,
Working Rule. Suppose the equations to three distinct planes are given .

Step 1. Check the parallelism between planes. If all the three planes are prarallel,
there is nothing to proceed further.

If any two of the three planes are parallel, then find the common lines of intersection of
these two planes with the third plane (Art. 4.4). Observe that the two lines are parallel.

Step IL. 1f no two of the three planes are parallel, then find 5. If A # 0, then the three
planes intersect in a unigque point. This point can be obtained by solving the equations as
simultaneous equations in x, y, =,

Step IIL. If A =0, then find any one of A, A5, Ay where

by ¢ d ay o d a by d
Ay=|by ¢ dy|,Ax=|ay c3 dy|,A3=|az by d
by €3 dy ay c3 dy ay by

To Remember : Coefficient matrix of the equation is

First column is deleted to form A,

i & &

1 2 ! .:.FI Second column is deleted to form A,.
@ a @ Third column is deleted to form A,.
@ by o d \

Fourth column is deleted to form A,.



114 B.Sc. Mathematics - | (A.P) (2nd Semester)

If any one of A, A5, Ay say, A; =0, then the three planes form a prism.

If A; =0, then the three planes have a line of intersection in common.

| SOLVED PROBLEMS|

Ex. 1. Examine the nature of intersection of the plans

x+2y+3z+1=0 (1) x—y-2z-2=0 ..(2) x+2y+3z+4=0 (3)
Sol. Clearly planes (1) and (3) are parallel.

D.rs. of the line of intersection of (1) and (2) are given by

/ m n . [ m n

—2+43 341 -1-2 e S T

A point on the line is obtained by putting - =0 in(1)and (2).
“ x+2y+1=0,x=y-2=0. Solving, x=1,y=-1,

. . : . . x=1 y+1 =z=0
<+ Equation to the line of intersection (1) and (2) is T a3 = A4

-0 y+2 z-0
Sill]ilﬂrl_‘y'..lhi.‘.|iIlEDfillIEr5Eﬂiﬂnﬂf{l]&l‘ld{ﬂ-}i5II =}4 =3 (5)

Clearly, lines (4) and (5) are parallel.
Ex. 2. Examine the natwre of intersection of the plaes

() 2x+3y—z-2=0 ..(1) 3x+3y+2-4=0.(2) x-y+2z-5=0 oy
(i x+y+z+6=0 .(1) x+2y+2z+6=0..2) x+3y+3z+6=0 3]
(i) x-2y+z-3=0.(1) x+y-2:-3=0..(2) x-2z-1=0 i)
Sol. (i) No two of the given planes (1), (2), (3) are parallel.
2 3 -1 -2

Coefficient matrix of the given equationsis (3 3 1 -4

2 3 -] 1 1 2 =5
~A=[3 3 1]|=2(D-3(5-1(-6)=520

1 -1 2

. The planes (1), (2). (3) intersect in a unigue point.
() -2x(3):5y-5z+8=0..(a)) —~¥Y="dhz=-7/5
(2)=3x(3):6y=5z+11=0..(5)

r=—

5

24 7
4 (?- -3, _E] is the unique point of intersection of the planes.
(i) No two of the given planes (1), (2), (3) are parallel.

11 1 6

Coefficient matrix of the given equationis |1 2 2 6
1 3 3 6
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Right Line
11 116

~A=[1 2 2|=0,A,=|2 2 6|=0,A2=0,A3=0.
1 3 3 336

- The planes intersect in a line. If /,m, n are the d.rs. of the common line, then

{ m n . e
i and a point on the common line is (- 6,0,0) .

=

. : v
-, Equation to the common is x+6 =0, —]

(iii) No two of the given planes (1), (2), (3) are parallel.

| =21 =3
Coefficient matrix of the given equationsis (| 1 -2 -3
I 0 -1 -l
1 -2 1
“A=| 1 1 =2 |=1(=D+2()+1(-1)=0 and
-2 1 -1
-2 0 -3
Ay=| 1 =2 =3 |[==2(-)-1(4)=6#0
0 -1 -1

~. The planes (1), (2). (3) form a triangular prism.
Ex. 3. Find the area and the lengths of the edges of a normal section of the prism

2x+v+z-3=0 ..(1), x—-y+2z-4=0 ..(2), x+z-2=0 ..(3)
Sol. Consider a plane section of the prism through the origin which is normal to the

three planes (1), (2), (3).
Let this plane be Ix+my+nz =0 (4)
2H4m+n=0
. [-m+2n=0 .‘.i=i=ih’,. L.
From (1), (4): il 3 -3 -3 1 =1 =1
Clearly, the proportional values of [, m, n satisty j+n=10.
..(3)

». Equation to the plane normal to (1). (2),(3)is x-y-z=0
Let A, B, C be the points of intersection of the planes (1), (2). (5): (1), (3), (5) and (2),

(3). (5) respectively.
1 4 2 2 4

s Solvi A=|l,-—,—|, B=(LO, 1), C=|—,——,——|.
Solving, [ 3 3] ( ) (3 3 SJ

Since the normal plane section of the prism is the A ABC,

I ——— —
AB=42/3,BC=46/3,CA=42/3. Alsoareaof AABC= El ABx AC |
[ R

2VY8l 81 8

e (u ! _l}.{[_l a u] - {_l A _'] .
>11%3°73 3’3 5117999 Ty 54 units.
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Note. If @, b.¢ are three nﬂn—cuplanar and non-null vectors, then the planes r.a =1,
bxC+exa+axh

[a@, 5. €]

Ex. 4. The plane i""';""--!meefs the axes ox.oyv.07 in A, B, C. Prove that
the planes through the axes and the internal bisectors of the angles A, B, C pass

r.b =1,r.¢=1 intersect in the point

through the line - = 2 = - :
u-.,f{bl +|:.*2} b\f{cz +u2} |:*1,|I|||[1:.-I +b1]
- X ¥y 2
Sol. The plane E+E+;:] sl L) <
€(0,0,c)

intersects the axes in A, B, C (Fig.59). .

. A=(a,0,0),B=(0,5,0),C=(0,0,c) k

. BC=y(6% +¢?) and AC=(a? +¢) - oL

Let CD be the internal bisector of angle C of \ A (a,0,0) o
A ABC, then BD : DC D

Fig. 60

= J{f?l +£'2] - \f’{az +£'2]

Y
: ¥ a(B? +c?) by(a® +c?)

q{[’bl +|:.~2} +1J[||{.:.r1 +|:.*1} . ‘,lr{iﬂr2 +¢1}| + J[az +-r:1] ‘

Since equations to the Z-axis are x=0, y=0,
a plane through the Z-axis is x—A y=0.
If the plane passes through the line of bisector CD,

o by(c? +a?
( ) ( )
then m+\"m JTHJ&T

ie., .'-'|.=u\|||[bj +e) /b J{cl +a%)

. Equation to the plane throuh the Z-axis and bisecting the angle C of A ABC is

_H\II[.I'J'I+|‘.'E} G il o X _ ¥
by'r{cz +-|:J'2} . o uﬂ{bz +l'.'2:| f?1|||{f_'1+ﬂl} .
Similarly, we can find the other bisecting planes and their line of intersection is
x - y = z
ayB2+c?) by +a®) cy(@® +b7)
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(i) (L-L1) (i)

EXERCISE 4 ()

Examine the nature of intersection of the set of planes
(i) 2x=y+z-4=0,5x+Ty+2z=0,3x+4y-22+3=0
(i) x+2y+3z=6=0, 3x+4y+5z=2=0, Sx+4y+32+18=0

(iii) 4x=5y=2z-2=0, 5x-4y+2z+2=0, 2x+2y+8z-1=0, (A.U. M I14)

For what values of ) dotheplanes x-y+z+1=0, dx+3y+2:-3=0, 3x+ly-z-2=0
(7) intersect at a point (if) form a triangular prism.

Prove that the planes x+ay+(b+c)z+d =0, x+by+(c+a)z+d =0,
x+cy+(a+b)z+d =0 where a=b=c intersect in a unique line.

Show that the planes 2x+3y+4z-6=0, 3x+4y+5:-2=0, x+2y+3:-2=0 form a
prism. Hence find the area of its normal section.

Show that the planes bx—av=n, cv-bz =1, az—ecx=m: abc#0 will intersect in a line

if af + bm +cn =0 and the d.rs. of the line, then, are a, b, ¢.

Prove that the planes x=c¢y+bz, v = az+cx, z = bx + ay pass through a unique line if
. . . . X ¥ Z
L = d the line of intersectionthen is ——=—F——=—r7——
b 2abe =14an > 5
a + + &+ La0c {I—I':\"} “‘—b}l {I“_{:,.-}
(#) Show that the volume of a tetrahedron bounded by the planes fx+my =0, my+nz =0,
3
nz+lx=0,Ix+my+nz=pis 2P cub. units.
Mmn

(ii) Show that the volume of a tetrahedron formed by the planes

y+z=0,z+x=0,x+y=0 and x+y+z=1is 2/3 c. units. (.U, 08)

If the three planes through P and the three given lines y=lLz=-lLz=Lx=-1;

x =1, y=-1 |l pass through one line, then show that P lieson yz+zx+xy+1=0,

x+10  y-8
1 -2

T (iii) Prism

(i) A=4,-3 (il) A=4 4. # (. units.



Change of Axes

5.1. Relative to a frame of reference we have defined the coordinates for any point in
space. By changing the frame of reference also we can determine the coordinates of a point
in space so that the coordinates of the point change with the change in the frame of reference.
This different sets of coordinates could be got in various ways. For instance, we could shift
the origin to a new position with coordinate axes similarly directed or change the directions
of axes keeping the origin in its original position or shift the origin to a new position and
change the direction of axes simultaneously.

By establishing relations between the coordinates of a point relatively to two suitable
different frames of reference, the equations to surfaces can be brought to simplified forms.

5.2. TRANSLATION OF AXES (CHANGE OF ORIGIN)

Definition. [f the origin is changed without changing the direction of axes we get
a transformation called the translation of axes.

Theorem. Let OXYZ be a frame. Let O, =(f, g. h).
- 00y =(f,g.h. Through O, take lines x'X, Y'Yy, 7’7 parallel to the axes. Let

0,XYZ be another frame of reference. A7 v
(Fig. 61). Let P be a point so that '
P=(x, v, z) wrt.OXYZ as frame of reference

and

P=(X,Y,Z)wrt.O,XYZ as frame of
reference.

5 OP =(x, y, 2), m= (X.Y.Z)

Now - OP =00, +0;P
= (x, 3, 2)=(f. g M+(X.Y, Z)

=, n2)=(X+/,Y+2.Z+h)

—sx=X+f,y=Y+5.z=Z+hor X=F-f.Y=J-F.Z=5-h

These equations are called fransformation equations with translation of axes.

5. 3. ROTATION OF AXES

Defintion. [f the direction of the axes is changed without changing the origin we
get a transformation called the rotation of axes.

118
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Theorem. Oxyz is a frame of reference. Through O, X'X, Y'Y, Z'Z are three
mutually perpendicular lines so that the d.es. of OX,0Y,0L are respectively

lyamyg,ng i by,my, om0y, my,n;. Pis a point so that P=(x, y,z) w.rt. Oxyz as the
Sframe of reference and P=(X,Y,Z)w.r.t. OXYZ as the frame of reference. Then
we have

x=hX+hLY+LZ X=lx+my+n:z

y=mX+mY+mZ | Y=bLxt+tmy+n:z

z=mX+mY+mZ Z=lLx+myy+nyz

Proof. Let i, j, k bethe unit vectors along Ox, Oy, Oz and 7, j,. k, be the unit vectors

A e .

along 00X, OY, 07 respectively.
L 1=(1,0,0), 7=(0,1,0), k=(0,01) and
iy = (hamy, m), Gy =y, my,my), ky = (13, my, n3)
L =(L0,0). (hamy, m)=li fi=h, Tk =1
Foi=0.L,0) . (hamym)=my.J. fy=my. j.ky=mj :
kdy=(0,0,1. (hymy, m)=nk . fy=m, k. ky=n;.
OP = xi + 3j +zk w.r.t.Oxyz and OP = Xi; + YJj; + Zk, w.r.t.OXYZ
. xi + ) +zk = Xiy + Y], + Zk, A1)
= T.(7+y+2k)=T.(XG+ Y, +Zk) = x=hX+LY +15Z A1)
Again from I, j.(xi+w+zk)=j.(Xiy +Yj, +Zk)) = yv=mX+mY +mZ ..(2)
Also from I, k.(xi 4+ +zk)=k .(Xi +Y), +Zk) = z=mX+mY+mZ  ..(3)
Further from (1), 4 . (Xi, +Yj; +Zk)) =i .(xi + W+ zk) = X=lx+mp+mz  ..(4)
Similarly Y =lx+my+naz A3) Z=Lx+myy+m:z .(6)
The equations (1).(2).(3): (4).(5), (6) are called transformation equations with rotation
of axes.
Note. (i) With OXYZ as frame of reference. d.cs. of
Ox, a{‘_}_: are fy, 0l my,my,myl mp,na,m

(if) The following table helps us to remember various results of the above theorem.

X ¥ z
X h i, "
Y I " s
F Iy s "y

—— = E—

(éi)) Relations between the d.cs. Iy, my, myils, ma, naily, my, ny of Ox, Oy, 0z W.rL,

Oxyz and the d.cs. /), .03 ; my, my,my; ny,na,ny of Ox. H]: 0z w.rt. OXYZ :



120 B.Sc. Mathematics - | (A.P.) (2nd Semester)

112+m]2 +J"i|2 =] f:z +m22+ ”22 =1 ;32 +J':':'32 +J"i32 =1 »

Since OX LOY,0Y LOZ, 0Z 10X, we have

Wiy +mymy +mny =0 w1} Iy +mamy +many =0 L (1])
Bl + mymy +nym =0 (11T}

Also 12 +1,2 + 12 =1, mP2 +m +m =1, m? +myt 4yt =1.

Since Ox L Oy, Oy L Oz, 0z L Ox, we have

lymy +lamy +lymy =0 (1V) myny + mans +myny =0 (V)
mly + naly + 3y =0 (V1)

Iy my "

From 1 and I11, many —myny  maly—myly  damy —lyms

_ J!I1+mlz+mz e

= = =) ey - o
\{E{mzm ~mymy)* i 90° (- (OY, 0Z) =90")

= Iy =many = myny, my = naly —n3ly, m = lhmy —1ym;

Similarly from I and 11, we can have /5, my, ny;

Il and [Il, we can have /. my, ny: IV and VI, we can have /. /5. /5
IV and V we can have my, my. m;:V and VI we can have ny, ny. ny.

h m
(iv) | my nmy|= 1y (myny—myma ) —my (lhny —lng )+ my (lamy —ymy)
i my m
b () — T N T O
=l (h) =my (=mp)+ o (m)=4"+m~ +n" =1
h I 5 I moom
Also |my my my| =L m n|=1
neoony oMy Iy my m

(v) If &y, my, mpsla, ma, masdy, my, ny are d.cs. of three mutually perpendicular lines
through a point P, then there always exist three mutually perpendicular lines through P with

d.CE. "’I'-"E'-"rﬁ:m]*”’E*mE:”I*"I*"S'
x 1’| fz f_'.]. X
®i) From (1, @GN [ y| = |my my m||Y|=P=A0

zl |m m om|| L

r h & X

where P= |y|, A=|m m m|, Q=|Y]|-

m h M Z
X o m x| =>Q=A'P

From (4),(5),(6), |Y|=|lh my nm| |y]| =20Q=A"AQ
F A 13 My M Z
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|f] H‘F] H]- Ir| lll |‘I__'.i I ﬂ D
= [ m m mp my My _10 1 0
_.|"3 my my n "y 1"y 0 0 1
(12 5m2 +m2 by +msublms + Lila 4+ i +
| iy n |i7 +msuolnt, +mns (i3 +mymy +mpng 1 0 0
g p
= | Iy +myms +nny !l‘mgl +15"  faly - mamy 4 nany _|(0 1 0
Iz +mymy +mny  lalymamy + iy .F_:_: +m32 +my” 0 0 |
7 b p g} b A
— !;]2 +my” +Jlr|2 =1, Iy +my” +n1‘1 =L&L"+m" +m° =1

lis + myms 4+ mns =0, [aly + mamy + nang =0, I50) + mymy + ngm =0

Similarly AA'=1 = 12 +5°+5% =1, m% + my? +my® =1, m* + 1> + 1% =1
fymy +lams +lmy =0, mm + mang +myny =0, mfy +m3ly +myly =0
Also | AA'|=1=|A||A'=|I| =|A[*=1=>|A|=2]

o omy o h 1 L
— lr: M M = + | or mo M My | = 4+ ]
Iy my n noomy o om
| A|==1 is due to the face that if /, m, n are d.cs. of QX then /,m, n;-I,—m,—n are
d.cs. of OX.

5. 4. CHANGE OF ORIGIN ALONG WITH THE CHANGE OF DIRECTION OF AXES
Theorem. O, =(f, g, h) Oxyz as the frame of reference. O,XYZ is another
Sframe of reference. The d.cs. of OX, 0Y, 0L are I, my,n ;1,,my,n, 1, m;,n,
w.rt. Oxyz as the frame of reference. P=(x, p,2) wrt. Oz and P=(X, Y, Z)
w.nt. O XYZ. The transformation equations are
x=f+LX+LY+LE X=0(x-f)+m(y-g)+n(z-h)
y=g+mX+mY +myZ Y = L(x— f)+my(y - g)+nmy(z—h)
i=h+tm X+ Y+ LZ=Lix-f)+m{y-g)+nz-h)
Proof. By translation of axes to Oy, P=(x-f,y-g.z2-h)
But P=(X,Y,Z)w.r.t. O\ XYZ.
X=lj{x=f)+my—-g)+mz=-h); Y =l{x-f)+m(y—gl+miz - h)
Z=ly(x=f)+m3(y-g)+ny(z-h)

Also x=f=lX+hLY+hZ, y-g=mX+mY+mZ, z-h=mX+nmY +mZ

5.5. THE DEGREE OF A POLYNOMIAL EQUATION ¢ (x,,z) =0 TO ANY SURFACE
IS INVARIANT BY ANY TRANSFORMATION.

For, p(x, yv.2) =0 (X+ [, ¥ +g. Z+h),
lx, v.2) =0 (| X+ LY +RHZ, mX+mY +mZ mX+nmY +mi)
Plx, v, 2)=9(f+[ X+ LY +LHZ, g+mX+mY +mZ h+mX+mY +ml)
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[5. 6. INVARIANTS |

Theorem. By the transformation - Rotation of axes - if a polynomial
lax? + by +cz” + 2z + 29z + 2hxy is transformed into

AX* +BY? +CZ* +2FYZ +2GZX +2HXY » then (i) a+b+e=A+B+C,

(@) ab+bc+ca-f*-g’ —h' =AB+BC+CA-F*-G*-H?

a h g A H G

h b fl=|H G F

g f ¢ G F C

Proof. Let Oxyz, OXYZ be two frames of reference by the transformation - Rotation

(iid)

of axes.
If P=(x,v,z) wrt. Oxyz frame and P=(X. Y, Z)w.r.t. OXYZ frame, then
X2yt 4zt =OP = X2 +Y 4+ 22
Thus x? 4+ 2 + 22 becomes X? +Y? +2Z* by the transformation.
Also it is given that ax® + by® + = + 2 fiz + 2gzx + 2y is transformed into
AX2 +BY? +CZ% + 2FYZ + 2GZX + 2HXY .
Thus if 3 is any real number, the polynomial

2

ax? + h}'z +es? +2fyz+2gzx + 2hxy =M (x? +¥ + %)

=(a-A) x" +(b-1) y* +(c—L) z° +2fi= + 2g=x + 2hxy (1)
becomes AX? +BY2 +CZ2 +2FYZ+2GZX +2HXY -4 (X2 +¥2 +Z%)
—(A-X2+B-Y2+(C-0Z? + FYZ+2GZX +2HXY (2)

But we know that the degree of the polynomial (1) is invariant by a transformation.
Therefore, the degree of (2) is equal to the degree of (1). Hence, for any value of },,
the polynomial becomes a product of two linear factors, then for the same value of )
the polynomial (2) must also become a product of two linear factors. Further the linear
factors of (1) become the linear factors of (2).

Now, the values of ., for which the polynomials (1) and (2) are the products of
the linear factors are respectively the roots of the cubic equations.

a-, h & A-L h g
h b= f|=0, | B B-L [ |=0
g I e-A g J C-A
=27 —(a+b+c) A +(ab+bet+ca—- P -g* - I)h+D=0 ... (3)
A —(A+B+C)A* +(AB+BC+CA-F -G*-H))A+D'=0 .... (4)
a h g A H G
where D=|h & f|,D'=|H B F
¥ F e G F C

Since (3) and (4) have the same roots, we have
lil=(a+b+c):(A+B+C)=(ab+bc+ca— f* —g* - h*)
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= a+b+e=A+B+C, gh+bc+ca-f"-g’ - =AB +BC+CA-F -G*-H?,
a h g A HG

D=p ie,|” & f|=|H B F
g f ¢ G F C

Note. a+b+c, be+aca+ab— f* —g* — k", in the above context are called invariants.

SOLVED PROBLEMS

Ex. 1. Show that the lines through a point with d.cs.
1 |

[q:iq:iq:i] [ﬁﬂ_ﬁ][d{g_jﬁu%] form a system of three mutually

perpendicular lines. Hence transform the equation x* +y" +z" +2yz+2zx+2xv =0 of
a surface w.rl. the axes through the same origin and with the above d.cs.
| I I

Sﬂ'l- LEt ;| =—.,ml - = =

|
= b=—,my=0,n, =——;
. Xl e Y - S S A

|
l|i':—I| = —— = e—_—
" el S

We observe that i2 +m’ +n’ =1, I3 +m3 +13 =1, I3 +m +n3 =1

1'”] =

-

hiy +mymy + iy =0, Ly +mymy +mny =0, bl +mymy +mn, =0

-, The lines with the given d.cs. form a system of three mutually perpendicular lines.
The transformation equations with rotation of axes through the same origin are

y= m1K+m3T+m3E=LI—iE_

Vi e

x=hX+LY+hZ=

| | |
X+ Y + £,
V32 e

] T4 & L][X
1 | | B
s=mX+mY+mZ=—X-—=Y+—=Z_ e |¥Y|T|™ M M Y
3 "E “"E "'Irg " 2z m o onm om||L
homyomy ]
Taking transpose of the matrices, [x y z]=[X Y Z]|L m m
b5 my |
We can write x* + y* +2° +2yz 4 2zx+ 2xy in the form
1 1 1] |x
[x » =] |1 1 1|]|¥»| which transforms to
1 1 1]z ) )
't 3 17 4 L 2
BB OB NER N O
X v z][— o L[|t 11 = 0 -2y
V2 V2 V3 V6 |z
O ok w |EL1 T
|56 V6 6 V3 2 V6
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— =

| | |
i 3 3
BB E|EE B
=[X Y Z]| 0 0 0 —_ 0 ===|1Y¥Y
huun_‘? TEE
(3 0 0 x"-ﬂﬁ
=X Y Z1{o 0 0 ?_[anﬂ] =[3X?]
0 0 o] [z]

. Transformed equation is 3X* =0

Ex. 2. Find the point to which the origin should be shifted, the direction of the
axes remaining the same, such that the transformed equation of the surface
3x” +5)" =227 < 12x 410y +20z-50=0 does not contain any term of the first degree.

Sol. 3x’ +5y° =227 —12x +10y+20z-50 =0

=3(x" —4x+4)+507 +2y+1)-2(z" =102 +25)-17
=3x=-2Y+5(+1¥=-2:=-5*-17.

Transferring the origin to (2.-1.5) by the translation of axes, transformation equations
are X=x-2 je, x=X+2, Y=y+l ie, y=Y-I, Z=z-5je, z=7+5,

The equation to the surface can be transformed into 3X* +5Y° -22* =17 -0 in which
first degree terms are missing.

. The origin should be shifted to (2,-1,5)

Ex. 3. The d.cs. of three mutually perpendicular rays 04, 0B.OC are respectively
homyn: bomgng: Lamgny, If OA=08B=0C =a. show that the equation to the plane
ABC is (h+hL+L)x+(m+m+m)y+(m+nm+m)z=a

Sol. Let OABC be the new frame of reference.

. Transformation equations are

X=hx+my+nmz, Y=Lxsmy+nz, L=Lx+my+nz.

Now for the plane ABC intercepts on the new axes OA, OB, OC i.e., a, a, a.

- Equation to the plane ABC w.r.t. OABC frame is X, Y.,z =] L&, X+Y+Z=0

i — . a a a
. Equation to the plane ABC w.r.t. Oxyz frame is

(hx+my+mz)+{bx+my+mz)+hx+my+mz)=a

ie. (h+h+L)x+(m+m+m)y+(m+m+mlz=a.

Ex. 4. The equation p,-lx=m.y-n, =0, r=123represent three mutually
perpendicular planes and [ ,m,.n. are dcs. of the normals fo the respective planes.
Prove that if (o.p.y) is a point which is at a distance d from each of the planes such
that la+mp+ny=>p. then

g=2 ~(hp +hpy+hips) _ P —(my py +my py +mypy) = Y—=(mp + 0 ps +ryp5)
L+ +1 Iy + iy + n o+, +
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Sol. Distance of (a,p,y) from each of the planes is given by

| p, =l .a=m B=ny|=la+mpB+ny-p, (r=12,3)
d=ha+mp+nmy-p v (1) d=hoa+mB+my-p e (2
d = o+ mB+ny - p; S E)

Lx(D+hLx(2)+5x(3): d (l+L+5) =7 +15 +15) a+(hm, +lLm, +1,m;) B
since f,my,n: b, my,my: I,my,ny are does. of three mutually perpendicular lines.

. d=— ~hp +hpy +hps) Similarly other results can be found.
h+bL+04
EXERCISE 5

Find the equation to the plane x+5y+ 6z -8 =0 when the translation of axes is made
through the point (-1,2,-2).

Find the point to which the origin should be shifted, the direction of the axes remaining
the same, such that the transformed equation of the surface

2% +3)° +4z° —4x-12y-24z+99 =0 does not contain any term of the first degree.

With reference to Oxyz frame the equation to a surface is 4x° + 237 +32% +dyz—d4zx =0.
If the lines joining the origin to the points (1,-2,2), (2,2,1), (-2,1,2) are taken as the axes,
find the transformed equation with reference to the new frame.

With reference to Oxyz frame the equation to a surface is

5x° —16)° +5z° +8yz —14zx +8xy = 0 . If the lines through the origin with d.rs. (-1,0,1),

(1,-4,1),(2,1,2) are taken as the axes, find the transformed equation w.r.t. the new frame.
i X ¥y zx y z x ¥y I : .
With reference to Oxyz frame —===—; —=-—=—; —===— gare three lines. With

_ 1 2 272 2 12 1_ -2 _
these three lines as axes find the transformed equation of

x* 7y +z° +8z+16zx -Bxy =9.

0, =(l,-2.4) w.r.t. Oxzas the frame of reference. The d.cs. 0 X, 0Y, 0,2 are
122 -14 21 2 -112

3'3'3 15°15°3° 15715 °3 w.r.t. OXYZ as the frame of reference.

It 2x-3y-2245=0 is the equation to a plane w.r.t. OXY Z frame, find the equation to
the plane wor.t. OXYZ frame.

If Oxyz, OXYZ are two frames of reference c::mn-.:ctﬁd by the equations
X Y Z X 27 X Y

J— -J_ J— J— 5" J— N J—shnwthattheaquatmnx+v+-=ﬂ

15 transformed into X = 0. Hence show that the section of the surface yz+zx+xy+1=0

by the plane x+ y+z =0is a circle of radius /2.
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If dy,my,m:ly,my,my;l3,my,my are the d.cs. of three mutually perpendicular rays
OA,OB, OC show that the ray OP with d.rs. h+15 413, my+my +m3. m + 1y +n; makes
equal angles with OA,OB,OC .

If fomy,midaamy,nas by my, myare does. (f, m, n, #0) of three mutually perpendicular

lines, prove that

() myny(mi —nd )= myny(m3 —n3 ) = Lisls. (1) X fymym (myng = myns ) = L5l
T R A P N W
h m n ly my m ly my oy
aibie=hly lyim my myim
ANSWERS
1. x+5y+62-11=0 2. (1,2,3) 3. Y4270

4. 2x2-3:2=0 5. .1'2+}r1—:1=] 6. Bx+36y-33z-15=0
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The Sphere

Definition and equation of the sphere, Equation of the sphere through four
non - coplanar points, Plane sections of sphere, Intersection of two spheres,
Equation of a circle, sphere through a given circle, Intersection of a sphere
and a line, Tangent planes, Plane of contact, Polar plane, Pole of a plane,
Conjugate points, Conjugate planes, Angle of intersection of two spheres,
Orthogonal spheres, Power of a point, Radical plane, Coaxal system of
spheres, Simplified form of the equation to a coaxal system of spheres.




The Sphere

6. 1. Definition. The set of points in space which are at a constant distance a (= 0)

from a fixed point C is called a sphere.

In other words a sphere is the locus of the points in space which are at a constant

distance a (= 0) from a fixed point C. (N U.06)

C is called the cenrre and a is called the radius of the sphere. N.U.0)
It @ = 0 the sphere is called a point sphere.

16.2. E EQUATION OF A SPHERE |

x=xFdp-yrtiz-z¥=o.

~ Theorem. .Eqnmmu to the sphere with centre (x, y, z) and radius a is

Proof. Let C = centre = x.):Z)
Let P=(x, v, 2) be any point on th sphere.

By def. CP =radius=a ... (1) = \|'||[.1.-— x P +{y=-pY +(z-2) =a

b’ 1;_".'—_1;'1}:r +H(y—W ‘,I2 +{:—:1}] =g
—» Equation to the sphere is (x - xl}l +(y-» }2 ${g= :]}2 = g% 2o (2)
having (x,.3,.z,) as centre and a as radius.

Aliter.| Let C = ¢ = (x;, ¥, 2;) be the centre of sphere T (Fig. 62).

el
X T

aistheradiusof £. Let P=F=(x,y.2)e X.
Pel.

&CP=[CPl=a ©|F-Cl=a o F-P =a° ..(1) C - P

o (F-0).(F-)=a

7
S x=x, V=M 2= X=X, V=W 2= )=a

& (-0 +(y-nVP+z-z) =a* ... (2)
. Equation to the sphere with centre (x,. .. z,) and radius a is .
(x - x,}z +{(y - _1.!,}!E +(z - :|"_II:'I = g
Note 1. The equation to the sphere with centre (0, 0, 0) and radius a is
v+ 22 =4t (A. U.A12)

2. The equation of the sphere with centre (x, v, z,) and radius 0 is (x — x;)? +

(y-n)+(z-7) =0 .

3. Let ¢(= 0) be the centre of a sphere (Fig. 63) with non-zero radius a.

129
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If A is a point on the sphere with position vector & + 1 b where is

a real number, then from (1) we seethat ¢ — 1 b . say B is also a point
on the sphere.

Further C is the mid point of AB. AB is called a diameter of the e
sphere and A, B are called the ends of the diameter AB. Since 7 b can
have infinitely many values, a sphere will have infinitely many diameters.

4. For a sphere only one centre and one radius exist.

Thus where centre and radius of a sphere are given. its
equation is unique.

5. Equation (2) to the sphere £ can be written as

0
Fig. 63
3 ¥
x° = 2xx+ :«,’1 + F}JI -2y y + yll gt 21z + 2z = a’

eyt 4t 1 2(-x)x+ 2(-)y + 2(-1)) 2 +{:l.']2 +_v]2 + z,1 -at)=0.

Le. x
ie, x* +y2 + 27 +2ux + 2w+ 2wz +d =10
where xy ==u, yy ==V, 2, =-w, d = xlz + ylz + 311 —adt =yt v+ W -a’

ie, a = +v:+w —-d ie, W +v-+w -dz20 (¢ az0)
Equation to sphere is of the form

x* + _].’2 + 2% 4 Jux + 2w+ 2wz +d =0 (3

where (—u, —v, —w) is the centre and 1.I'|u2 +v? + w? —d is the radius.

Equation (3) is taken as the general equation of a sphere. We denote :

2 22 +2ux + 2w+ 2wz +d =0

Smx” + v
S=xl+ 1y +22 +2u'x+ Wy +2w'z +d'= 0
If the sphere § =0 passes through the origin, then its equation is of the form

x* o yl + 2% + 2ux + 2vy+ 2wz =10.

6. The equation to the point sphere is of the form
2 2

x +f1.!1 +27 +2uix+ 2w+ 2wz +d =0
where d = u” +v* +w” - a=10)
7. Theequation x* + 32 + 2% + 2ux + 2w + 2wz +d = 0
ie, (x+u) + (y + Wrz+wl =t +vi+wt —d
does not represent a sphere if w v +w <d.
In fact, there is no point which satisfies the above equation.
8. We may observe the following characteristics in the equation of a sphere :
() It is a second degree equation in x, y, z.
(i) The coefficients of x*,y*,z* are equal.
(iii) The product terms xy, vz, zx are absent.
9. Concentric spheres. Spheres with the same centre are known as concentric
spheres. If S=0is a sphere, then its concentric sphere is always »* + )7 +2° + 2ux

+2vy+ 2wz + k =0 where & is an unknown constant.
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Ex. 1. Equation of the sphere of radius 3 concentric with the sphere

x1+y1+:2—2x—2_1=—2:=] 1S {;—1}2+[I1-—|}3 +|,{;-—|j|2 =33.

ie X +J--1 + 2 ~2x-2y-2z+(—6)=0 since (1, 1, 1)is the centre of the given sphere.

Ex. 2. Equation of the sphere concentric with the sphere 2 + 71-3 PR, T 2y
-2z =1 and of double its surface areais (x - 1)* + (y = 1)* + (z - 1)* = 8.

Since : Given sphere radius = r = JI+1+41+1 =2 and radius of required
sphere = R. Here 4nR® = 2x 4w’ = 2x4nx4 = R* =8.
6. 3. THEOREM. The equation ax’ + by’ + ¢z’ + 2fyz +2gzx +2hxy +2ux + 2vy +
2wz +d =0 represents a sphereifa=b=c z 0, f=g=h=0and ' + v +w' > ad.

Proof. If a=b=c=0,f=g=h=0,then the equation becomes

2
ax® + |:.|'_1.'2 +az” +2ux+ 2w+ 2wz +d =0.

. 2. .2 32 u v W d
L, X +y 4+ 42 |— |2+ | —|p+e|—|z4+—=0,
ol il ) o

2 2z 2 . 2 2
: y ] W we d ut v ewt —-ad . ik
Since u” +v2 +w? >ad, T4 4 XL - >0 i.e (radius)y > 0
a o a 4 a-

) _ ) - -V —W
The given equation represents a sphere with centre = [:??]

7 7 7
. \.'IIH“ +ve+w —ad .
and radius = if a=b=c=20,f=g=h=0and v +V* +w’ >ad .
o

e.g. The equation 2x? +2y% +2:? —3x+5y+2:+7=0 does not represents a sphere
2 p 2
; 3V (5 (2Y 9+25+4 38 5. .
since [?] +IE] +[E] =T=TH1}{?}, Cu” +v +w #ad)
|E. 4. ARBITRARY CONSTANTS OR PARAMETERS IN THE EQUATION OF A SPHERE.

F

Consider the equation x° + _pz + 2% 4+ 2ux + 2vy + 2wz +d = 0. It represents a

sphere for a set of values of w, v, w, d such that u® +v2 +w' —d = 0. Since there are four
parameters in the equation, the equation to a sphere can be uniquely determined only if four
conditions, such that each condition gives rise to one relation linear between the four
parameters, are given. fn particular, we can have a unique sphere when four non-
coplanar points on the sphere are given, On the other hand if lesser number of conditions
are given we can have infinitely many spheres satisfving the given conditions.

6. 5. Theorem. Equation to the sphere passing through four non-coplanar points
Ay Vo T) BlXy V2 2,), Cp ¥ 2. D (X, ¥, 2) b5

xJ+j2+II X y z

I
xf+_v;‘?+zf xp v oy 1
x2+yf v x3 ¥y 7y 1|=0 il (O.U. M 98)
R R T TR TR T
slvylvel xg v o241
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Proof. Let a sphere through A, B, C, D be

Y+ v 2ux + 2w+ 2wz +d =0 1)
Since (1) contains the points A (x). v, 2;), B(x3, ¥5, 25 L. C (x5, 3, 23), D (x4, vy, 24)
we have x,z + _1*.2 + zlz + 2uxy 4+ 2wy + 2wz +d =0 -A2)

Xyt 4 ¥at Hzy + 2y + 2wy +2wzy +d =0 -A3)
xX3© + V3t + 230 + 2uxy + 2vpy + 2wzy +d =0 (4)
Xl vyt vz 2wy + vy + 2wz +d =0 wiles)

H »n o |

X3 ¥y |
Further A, B, C, D are non-coplanar. = i i ] =0

Xy ¥4 oz 1

Hence equations (2), (3). (4). (5) have a unique solution. For this solution i.e., for unique
values of u, v, w, d there exists a unique sphere passing through the non-coplanar points. Its
equation is obtained by eliminating w, v, w, d from the equations (1), (2), (3}, (4), (5).

Equation to the required sphere s 1.

Note. 1. In numerical problems it is convenient to solve the equations (2), (3), (4). (5)

for w, v, w,  and substitute the values in (1) to get the equation to the required sphere.

x o »n o |l

X3 ¥» 23 |1 -0 then A, B, C, D are coplanar and no sphere through
If|x » 2z 1 A, B, C, Dis possible

Xys ¥4 24 1

SOLVED PROBLEMS
Ex. 1. Find 1, if the radius of the sphere x* + y*+ 2 + 6x-8y—t = 0 is 6.
(A U, AL

Sol. Radius = {9 + 16+ 0 +¢ = 6 (given). 254t =36=¢=1]

Ex. 2. Find the equation to the sphere through O = (0, 0, 0) and making intercepits
a, b, ¢ on the aves. (.U AI2ZS VU 08, AN U.MI5,90, 93,04,07, 5.K0U.99, K.U.0OTI)
Sol. Let the sphere through O intersect the axes at A, B, C.
A=(a0,0,B=(0,5,0),C=(00c).

Let the equation to the sphere through O, A, B, C be

Py 22 4 2ux+ 2w+ 2wz +d =0 WALy a=0

: . b :
Also a® +2ua =0 ie., u = -%, Similarly v = —E:w = —%.

Equation to the sphere passing the origin and making intercepts a, b, ¢ on the axes

2
'-.'a_f.|'2+1".|2 +a:'2

Note. 1. The above result may be taken as formula.

isx? 4y’ +z28 —ax-by-cz=0.

abc )
Its centre = 353 and radius =
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2. The above equation is the equation of the sphere passing through

(0,0,0).(a.0,0).(0,5,0) and (0,0,¢).

3. Find the euqgation of the sphere through the points (0,0,0),(1,0,0),(0,0,1).(0,1.0)
(K. U. M 13)

Sol. Put a=LAk=1c=1 in the above problem 2 +yt 4t —x-y-z=0,
Ex. 3. Find the equation of the sphere circumscribing the tetrahedron formed by

y =z z X X ¥ ¥
3 § = —=[L— —=|]__ _=ﬂ‘_
the planes ) i = = + = = + = o
Sol. Given faces of the tetrahedron are % E
c
o }, z
—+==0 s
a b ~42) a .F:r c

Let the sphere through O, A, B, C be
x* + yl +2° + 2ux + 2vw+ 2wz =0

Z

X
+=+—=1,

[

X

) S i
c a

AE{S]:.'J-.:JI—hE:]+c1+2ua+2vb—2wc:ﬂ
BE{S}::raz+b:+c1+2ua—2vb+2wc=ﬂ
Ce(5)2>a’+b +e* —2ua+2vb+2we =0

2 ,.32,.2
B i
{'ﬁ]+{?}:}4m=—2[ul+b2+£3}:}2u=_u
a
2 2 2 2 2 2
- a +b +c ac+b° +c
Similarly 2P=_T‘ . il
o

Substituting these values in (3) we get

¥ +_].'z +22 —(a® +b? +ur:z]I-£—-[::.'2 +b% + ¢ ]__-.:
o

x? +_~.-—2 +20 x ¥

.(4)
Solving (1), (2), (3): O=(0, 0, 0). Solving (1), (2).(4) : A= (a, b, —c).
Solving (1), (3), (4) : B=(a, - b, ¢). Solving (2),(3),(4) : C=(—-a, b, c).

{®+¥* + :'z}i- =

i

s, g =0 is the equation to the required sphere.

.:J'1+.|":|2+|:'1 a b

(0. 1.07)

il i)

(5)
.(6)
A7)
(8)

Ex. 4. A point is such that the sum of the squares of its distances from the six faces
of a cube is a constant k (=0). Show that the point lies on a sphere.
Sol. Let a be the edge of the cube (Fig. 64). Let Oxvz be the frame as shown. (Fig.
63). Equations to the six facesare y=0,x=a,x=0,y=a,z=0,z=a.

Let P(x,, v;,z;) be a point such that the sum
of the squares of its distance p from the faces is k.

Lt —a)t eyt + (- 450 + (2 -a) =k

|
ie., .-‘-.'l2 +.,'r-'|I + .".'l2 = —dy —d = E{k —3{3{2}
P(x;.v,.2;) lies on the sphere.

¥ +_1rZ 427 —{I{I+‘}’+:}+%[3H2 -k)=0

4 Z

/ z=a "*":
=,
a| ¥Y=0 =
x=0 ¥=a Xx=a n
s = X
a z=0 i
Fig. 64
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Ex. 5. A plane passes through a fixed point {a, b, c¢) and intersects the axes in A,

B, C. Show that the centre of the sphere OABC lies on £+E+£ =2.
x Fy
(MU O7 AU NU S KU 0O.U. Oct. 01K V.U 98, 0. U AB8, A.K.U MI8)
Sol. let the sphere through O, A, B, C be x? + y? + 2% + 2ux + 2wy + 2wz = 0 ..(1)
Since Ae x axis, from (1), x= -2u - A=(-2u,0,0).
similarly B= (0, —2v, 0)and C = (0, 0, - 2w)

tion to the plane ABC is ——+——+—— =1
Equation to the plane B T o
Since this plane passes through the point (a. b, ¢). we have
a b h a b ¢
+ . =]l —+—+—=1
-2u -2v -lw -u =V —W

a b c
The centre (—u, —v, —w) of the sphere OABC lies on —*+ ;4’; =2,
Ex. 6. A sphere of constant radius r passes through the origin () and cuts the axes

in A, B, C. Prove that the foot of the perpendicular from O to the plane ABC lies on

(2 +y? + 22+ y i) = 4 (S.V. U. 097, 5.V.MMI8)
— X !z
Sol. Let the plane ABC be —+%+==1 (1)
a b ¢

A=(a0,0),B=(0,50),C=(00c).
Equation to the sphere through O, A, B, C is

x4y 4z —ax-by—ez =0 wh2)
e e
Since radius of (2) is r, T+T +T=i‘ = a® +b% +¢? =47 o(3)

Equation to the line through O and perpendicular to the plane (1) are
x=0 y-0 z-0
e o e © %) i)

Apointon(4)is (A/a, /b, L/ c).
P(x;, ¥, 2;) is the foot of the perpendicular from O to ABC.

l-ll'r -FL ;-.. II _}-'I :I
B == A =mietdsd=t=l  from(]
— | IE]IJ"I b I il i (1)

TI I_!-l_ £ iof L
2j 1 1 1] .2 5w oz
— A [II+ I2+_2j-4r from (3), i*j] +-=]
=1

= (0 + 07 437V 7 7 ) =47
Foot of the perpendicular from O to the plane ABC lies on
(x* + yl R R y'z +27%) =4t
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Ex. 7. A sphere of constant radius k passes through the origin and intersects the
axes in A, B, C. Prove that the centroid of the A ABC lies on the sphere 9(x* + y* + )
(AN UAIRMIZ;S. KU AHILMI3; 0. U, 82; A.U.99)

= 4k

Sol. LetOA=a, OB=54,.0C =¢
— Coordinates of A, B, C are (a, 0. 0). (0. b, 0). (0. 0, ¢)
=» The equation of the sphere OABC is x? + y* + 2% —ax — by —cz = 0..(1)

2 2 i
The radius of the sphere (1) is & = \[%+%+ LT — a® +b* +c =4k’ e (2)
Let (x,)4.2,) be the centroid of the A ABC.
a+0+0 ]
= = a=3x,
0+b+0
Then 3= =b=3p,; .(3)
0+0+c¢
7| = = ¢ =3z

Substituting values of a, b, ¢ from (3) in (2) we get, 9;:_-.3 + 9}:11 + ‘5‘:,E = 4k*°.
=» The locus of (x, y;,2) is Q{xz + yl + :‘1} = 4%2..... (4)

— The centroid of the A ABC lies on the sphere (4).

EXERCISE6(a)
Find the centre and radius of the sphere

(D x*+y*+z" -6x+2y-4z+14=0

(i) 2x* +2y* +222 —2x +4y+224+1=0 (V.S.PUMIS)
i) X +)y*+2* —6x+8y-10z+1=0 (A. U. MI13)
Find the equation of the sphere through the points (non-coplanar)

(#» (0,0,0),00,1,-1),(-1,2,0),(1,2,3)

(in (4, -1,2),(0,-2,3),(1,5 -1),(2,0,1)

(i) (0,0,0) (-a, b.c).(a, —b,c)(a b, —c) (A, U. M13)

(/) Is there a sphere passing through the points

(4,0,1),(10, -4,9),(-5,6, —11),(1, 2, 3).
(i) Find the equation of the sphere of radius 3 concentric with the sphere
X4+t -2 -2y-22=1. (N, U. 5. 98)
(iif) Find the equation of the sphere concentric with the sphere x* + y* + z°

+3x-5y+7z-11=0 and also passing through the centre of the sphere
x° +]'E + 22 - 2x=-3y+5z-7=0.

(i) Find the equation of the sphere circumscribing the tetrahedron whose faces are
x=0,y=0,z=0, and i . 24 f =1, (K.U.Madel Paper, S. V. U 93)
(ii) A sphere is circumscribing the tetrahedron with vertices (-4, 2, 4), (3, —6, 6),
(1, =2, 11),(2,2, 1). Show that its equation is x* + y* + z> —x+ 2y -11z = 0.
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5. Find the equation of the sphere having its centre on the line 5y + 2z = 0 = 2x - 3y

and passing through the points (2, — 1, - 1),(0, -2, —4). (0. UMI3,AUMIS)

6. A point is such that the sum of the squares of its distances from the planes
x+p+z2=0x-2y+z=0,x-z=0 is k°, a constant. Show that the point lies
on a sphere.

7. A point is such that the ratio of its distances from two fixed points is k* . a constant.
Show that the point lies on a sphere.
8. Find the equation of the sphere through the points (1. =4, 3),(1, =5,2).(1, -3, 0)and

whose centre lies on the plane x+ y + 2 =0, (A.U.2000,0. U, 097, K.UMIS)
9. Find the equation of the sphere through the points (1, 0, 0), (0, 1, 0), (0, 0, 1) and having
the least radius. (S. K U. 098)

10. A plane passes through a fixed point (a.b,¢) and cuts the axes at A, B, C. Show that
the locus of the centre of the sphere OABC ic (a/x)+(b/ y)+(c/2)=2
(A. N. U. M 13)
11. A plane passes through a fixed point (a, b, ¢). Show that the foot of the perpendicular
to the plane from the origin lies on the sphere 2 + _1:2 + 2t —ax - by —cz=0.
(0.U.96, N. U. A 88)
12. A sphere of constant radius 2k passes through the origin and intersects the axes in A,
B, C. Prove that the locus of the centroid of the tetrahedron O ABC is the sphere
2+ 42 =2 (0. U. All)
13. Avariable sphere passes through the origin O and intersects the axes in A, B, C so that
the volume of the tetrahedron 1s 4ﬁf’3 cubic units. Show that the centre of the

sphere lieson x?y%z% = 7. ]
ANSWERS
|
1. () G120 (i) [— —l—;],]
. ?{xl+r"'3+: =15x-25y-11z=0 (i) -’-'2+.'-'E"'-'2_41_”."‘22-’4‘2530

(iif) _r1+y1+:3—{u3+b3+c-1}[£+£+i}:ﬂ
a b ¢

3. (DNo (i) ¥ +y2+22-2x-2y-22z=6 (i) x>+ +22 +3x=5y+7z+(25/2)=0

4. (i) .r2+}'2+:1—m'—h}'—c:={} (#i) IE{.TE+}'2+:3}=I'?*'-l.r+11|ﬁy+ﬂ’.":

3. .t1+_1:2+:1—15.1‘—4_1'+]l]:+|2=ﬂ 8. ;r:+_1-'1+::—4.t+'.|’;|-'—3:+|5=ﬂ

9. J[J:E+_1.'2+:E}—E[x+y+:}=|

6. 6. PLANE SECTIONS OF A SPHERE
Definition. [f £ is a sphere and = is a plane, the non-empty set of points commaon

to the sphere & and the plane n is called a plane section of the sphere. Then we say
that the plane n intersecis the sphere §.
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We. therefore, have :

P is a point on the plane section of n with £ [ /@f “}
&S Pennt ©oPexand Pek /
Theorem. A plane section of a sphere of radius 5

a (> 0) is a circle. s

Proof. (Fig 65). Let £ be a sphere with centre O,

Radius of £ is a (> 0). Fig. 65

Let = be a plane making a plane sectionon & .
Let M be the foot of the perpendicular from O to the plane n so that M and O are
different.
Case (/). LetM = P. Then OM L MP.
Since £0MP =90°, MP? = OP* - OM?*=aq - OM.
Now O and M are fixed points and hence OM is fixed.
MP is a constant forall P £ m .
The plane section is a circle with centre M and radius va* - OM?.
Case (if). Let M = P. The case is trivial and the plane section is a point circle.
If M = O, then MP = OP = g (constant)
i.e., if the plane = passes through the centre of the sphere, the plane section is a circle
with centre O and radius a.

6. 7. GREAT CIRCLE, SMALL CIRCLE

Definition. [f a plane = passes through the centre of a sphere &, then the plane
section of the sphere is called a great circle. (N.U.07)

The centre and radius of the great circle are respectively the centre and radius of the
sphere.

Definition. If a plane = does not pass through the cenmtre of a sphere £ and
intersects the sphere &, then the plane section is called a small circle.

The centre of the small circle is the foot of the perpendicular from the centre of the
sphere to the plane = and the radius of the small circle is less than the radius of the sphere £ .

Note. One and only one circle passes through three non-collinear points. The circle
through three given points lies entirely on any sphere through the same three points. Thus if
a circle lies on a sphere, then the sphere passes through any three points on the circle.
6. 8. CONDITION FOR A PLANE TO INTERSECT A SPHERE

There exist points of intersection of the sphere and a plane if and only if the distance of

the centre of the sphere from the plane is less than or equal to the radius of the sphere.
2

A . 5 i
Thus : the sphere x°+y +z° +2ux+2w+2wz+d =0 will intersect the plane

Ix + my + nz = p ifand only if

[ (=t)+m (=v)+n(-w)-

12 +m® +n

P < w.'ruz +1'E +IH:E —id

Le ifand only if (lu+ mv+nw+ p]z < +m* +n° YU’ +v° +w’ =d).



138 B.Sc. Mathematics - | (A.P.) (2nd Semester)

6. 9. INTERSECTION OF TWO SPHERES |(FIG. 66).

Let £;,&, be two spheres. If £, N &, # ¢, we say

that the spheres £, and £, intersect or cut and &;,&,

are called intersecting spheres. If £, n &, = ¢, we say

that the sphere £, and £, do not intersect or cut and

Fig. 66

£;,55> are called non-intersecting spheres.

Theorem. If itwo spheres intersect, then the locus of the set of points of
intersection is a circle.
Proof. Let S = 0, §' = 0 be two intersecting spheres where

S = x’ +}-—2 +z° +2ux + 2w+ 2wz +d =0,
S'm x? + }_1 + 2% e+ vy +2w'z+d'=0
S—-S=2(u-u")x+2(v-v)y+2(w—-w)z+(d-d") =
Clearly S — §' =0, being of first degree. is a plane. Also the Eﬂﬂl‘dll‘lﬂlﬂ& of the points
common to two spheres satisfy both § =0, §' = 0 and therefore S — §8'=0,
Thus the points common to two spheres are the same as those any one of them and this
plane and, therefore, they determine a circle.
Note 1. S =10, 8" =0 are two spheres intersecting in a circle C. Then equations to C
are S=0,8S - 8=00r §=0,85 - §'=0.
2. U=10is aplane and S = 0 is a sphere such that the plane section of the sphere is the
circle C. Then the equations § = (), U = 0 together represent the circle C.
The equations x> + y* + 2gx + 2fi + ¢ = 0,z = 0 represent a circle.
3. A, B are the centres of two intersecting spheres.
Let C be the circle (not a point circle) with centre P. Then (i) the line AB is perpendicular
to the plane of the circle C and (i) the line AB passes through the centre P i.e. A, P, B are
collinear.

SOLVED PROBLEMS |
Ex. 1. Find the radius of the circle x° + pl 2t =2x 4+ dy-6z-2=0,z=

Sol. For the sphere : centre =(1, —2, 3)and radius = .j(l +4 +9+ Ej = 4
Distance of (1, — 2, 3) from the planez =01is 3.

radius of the circle = +v16 -9 = +4/7 .

Ex. 2. Prove that the circle x* +y* +2° —4x—2y+5z+6=0,x+y+2z+2=0 is

a great circle.
Sol. Centre of the sphere (2, 1,—5/2) liesontheplane x+ y +2z+ 2 =0,
Ex. 3.  Are there points of intersection of the sphere
e +rp1 + 2% +3x+5y —224+9=0 with the plane x - y+3z+6=0 7

f:n

. - 9 25 |
Sol. For the sphere : centre :[-%,T:"~ 1] and radius = \/4+T+1 9=—
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Distance of the centre from the plane x - y +3z+ 6 =0

3 5
_ —1—[—2J+3 (1} +6

2 . 1
= = radius [:—]
\/3+:f45+' NET: N

There are no points of intersection of the sphere with the plane (i.e. the sphere is

not intersected by the plane).

Ex. 4. [If the spheres % + rr‘j‘ b2t - 2x-4y-11=0 A1)

x? + J-E + 22 +2x—y+122+5=0 ...A2) intersect in a circle, find its equation.
Sol. The plane of intersection of the spheres is —4x -3y - 12z -16 =0

ie. 4x+3y+12z+16=0 .A3)

Equation to the circle of intersection of (1) and (2)is (1), (3) or(2), (3).
6. 10. Theorem. If AB is a diameter of a sphere & with centre O, then

P(zA, #B)e & = ZAPB=%".

Proof. (Fig. 67). Let 0=(0,0,0), P= (x;, ¥, 1),
A= (x5, ¥3.27).

Pixy¥:.24)

Since O is the mid point of AB, B = (—x;,—v,.2;)

P _=[_1'|,_].-'l.3|].. A = (X3,)3,23),
Dr's of PA = (x; — x), )3 = M. 23 — 1)
Dr'sof PB = (—x; —x;,— ¥s — W.— 23 — 5;)

Also radius of the sphere | ﬁ| =|{ﬁ| ] Fig. 67
_ -:'-'IE +.]'le " E|E = xll - .FEE " :2?_
Consider (x; — x))(=x; = x)) + (2 = W) (V2 = W) +(23 — 7)) (=23 - )
= (g # oo 2 )+ (0 + P 2 ) =0: - Z APB = 90°,

Note. If PAB is the plane section of £ then the plane section is a great circle and
hence .~ APB = 90" from the properties of circles.
6.11.Theorem. Equation to the sphere having A= (x, y, z,) and B = (x, y, z,) as the
ends of the diameter is (x—x) (x —x)+({y —-yJ O -y)*+(z -z)(z-z)=0
(V. U. 89)

First Proof. Let £ be the sphere with AB as diameter.

LetP=(x,y,2)ek. Given A= (x, ¥, 2,), B={x, y,, z,)-

IfP 2 A,and P 2 B then £ APB = 9"

The Dc's of PA, PB are proportional to (x—x,y =y,z =z )and (x—-x_,y =y,.z -z,)
respectively.

PA is perpendicular to PB

= E-x)lx —-x)+y -2y —-y)tE-z)z -z)

0
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Equation to the required sphere is
=x)x -2)+ @ -p)ly-y)+E-2)z-2)=0.
Second Proof. Let £ be the sphere with AB's diameter.
letPe k. LetP=F =(x, y, 2).
GivenA=a =(x,¥,z)and B= b = (x, y,, 2,).
IfP = Aand P = B then 2 APB = 90° and hence PA.PB=0
IfFP=A,then pA =0 =PA.PB=0and IfP=B,then pB=0 = PA_.PB =0
Pelo PAPB=0=AP.BP=0=(F-a).(F-b)=0
& (=X, y—-Ys2-2).(x-%,y Y2 —-2,)=0
< F-x)x-x)+y-»)0-y)+tz-2z)(@z-z,)=0
Equation to the required sphere is
(x=x) (@ -x)+ 0 -2) 0 -y)+ (@ -2)(@-2)=0
e.g. Equation of the sphere having the segment joining (2,3, —1)and (1, -2, - 1)asa
diameteris (x-2)(x - 1)+ (y -+ 2)+z+1)(z+1)=0 (N. L. M98)
Note. Vector equation of the sphere having the points @, b as the ends of a diameter
is(F—a).(F-b)=0.
SPHERE THROUGH A GIVEN CIRCLE.

6.12. Theorem. If the plane U = 0 intersects the sphere S = 0, in a circle C,

then for all real values of )., § +h U= 0 represents the equation to a sphere passing
through the circle C.

Proof. Let S = x’ +_1.-'E 422+ 2ux+ 2wy + 2wz + d = 0 be the sphere and
U= Ix+my+nz— p=0 bethe plane.

For the sphere, centre = ( —u, —v, —w) and radius = y'r W+ v: 4wt —d
Plane U = 0 intersects the sphere S = 0

<> Distance of the centre from the plane < radius

[ (—u)+m(-v)+n(-w)-p
\"’FI +m* +n?

< (lu + mv + nw + ;:r'_lz < {.n"1 +m° + nzl{uz + v+ w - d) A1)

< '~.|'|Iu2 +viewl —d

et

S+ AU E.IE+}'2+22+EHJL'-I-21{!""211-':+|::."+:"l.{|!'.r+f.l’i[1=‘+ﬂz—ﬁ}

EI1+_].'2+__2+2 [r.'+%]x+2 [r+%]_}! +2 [H'+2—”] z+({d-ap)=0

2 2 2
Now [:H%] +[1*+%J [H‘q—%] —(d - Ap)

- E[Iz + Ju'j'2 + ”1]12 +{fu + mv +nw+ p)A +||:J,'4'2 +1r1 +H‘2 - d)z 0 _forall real values of A .
. |
Since from (1), (fu+ mv+nw+ p}"’ -4 .E{a’l m° 4+ nz} {a:z v W -d)<0

S + AU = 0 represents a sphere through the circle C, for all real values of A .
<> Plane U = 0 intersects the sphere S =0 in a circle C.
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Note 1. If S =0, 5" =0 are two distinct intersecting spheres, then 4 S+ 4 §'=0
(forreal valuesof & .2 and & +4, # 0) represents a system of spheres passing lhmugh
the circle of intersection of the spheres S=0,5'=0.

Also 5+ A (5 —8')=0, & being an arbitrary constant, represents a sphere through the
circle of intersection of the spheres S =0, §' =0,

2. [Ifthe equation x* + y* + 2gx + 2 /4 + ¢ = 0, z = 0 represents a circle then the
equation to any sphere through the circle is x* + sz 24 2ex + 2y + kz + ¢ = 0,k being
a parameter.

SOLVED PROBLEMS

y =
Ex. 1. The plane of equation - i +— =1 meets the axes in A, B, C. Find the
7 ¢

equation of the circumcircle of A ABC and hence find its centre. (N. U. 088)
Sol. Given plane s + ¥ + L 1 ..(1) meets the axes n A, B, C.
a b c

A=(a0,0),B=(0,5b0),C=(00,c)
Let x¥ + y‘? + 2% + Qux + 2vy + 2wz + d = 0 be the equation of the sphere through
0,A,B,C.
s d=0, @&+2ua=0 ie.2u= -a
Similarly 2v= -5, 2w= —c.
Equation to the sphere through O, A, B, C is

eyt —ax-by—cz=0 - (2)

Fig. 68
Since A, B, C are common points to (1) and (2) and (1) is a plane intersecting (2).
through A, B, C a circle passes and it is the circumcircle of A ABC.
Let N be the centre of the sphere and M be the centre of the circle (Fig. 67).

— e ab e 111
MN L ABC < N=|=.=.= |and d.rs. of MN are —.—.—
222 abc
) . - - x—af2 _y- b/2 z-¢2/2
Equation to MN are g m o (= 1 say).
Let :{L+E,L+E,i+£]
a 2b6b 2c¢ 2
— t 1 ot 1 1 1 =
Me ABC e o e e e = | =
= = ﬂ; 2 :‘12 2 -::2 2 - 2{a_1+h_2+r:_1]

Equations to circumeircle are (2) and (1) and the centre
-1
”{5*5-5*5 ?;J where 1= 2 5240 7)
Ex. 2. Show that the four points (-8, 5, 2), (-3, 2, 2), (-7, 6, 6), (—4. 3, 6) are
concyclic. (A.N.U.MI5,0.U.07)
Sol. LetA=(-8,5,2),B=(-5,2,2),C=(-7,6,6),D=(-4, 3,6)
Let /, m, n be d.rs. of normal to the plane ABC.

a b e i
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M=3m+0n=0 I} m n /
f+m+4n=ﬂ'} 12 12 6= 3 3
-, Equation to ABC is 2(x+8)+2(y=5)=-1{z=-2)=0
ie. 2x+2y—-z+4+8=10 WA 1)
Let the equation of the sphere £ through O, A, B, C be
xz+}'2+zl+1m+2uy+2wz:ﬂ-
. AefE=2>64+25+4-16u+10v+4w=10
—» = 16u + 10v + 4w = =93 il 2)

BeE=>25+4+4-10u+4dv+4w=
= —10u+4v + 4w = -33 o 3)
CeE=49+36+36-14u+12v+12w=10
= =14u +12v + 12w = =121 (4)
2)-(3):-6u+6v=—-60=>u-v=10 {5)

-3 x(3)+d):l6u=-22>u=-11/8

1 9]
From (5), - -v=10=v=—=_ From(3), ';‘3 Jz“ e

= -254+32w=-264 = R2w=-10=>w=-5/16
7 . 2. 3 2 22 182 5
Equation to the sphere E is x“ +)y" 4z ——x——y-=z=0

= 8(x?+)y +2)-22x-182y-52=0 .(6)
Now D = (—4. 3. 6) satisfies (1) and (6).
o —8,+6 - 6+8=0,8(16+9+36)+88 — 546 — 30=0]
o Disthe EﬂﬂL"}'EIIE with the points A, B, C and the equation to the circle is given by
(1) and (6).
Ex. 3. Find the equations of the spheres passing through the circle x* + v = 4,
z = 0 and is inversected by the plane x + 2y + 2z = 0 in a circle of radius 3.
(A U.AIL 12, KU.8 V. U.A97, 8 K. U. 001, S.K.U MI&)
Sol. Let the required sphere be £ (Fig. 69)
Let its equationbe x* + > + 22 ~4+ 3z =0

I.e. 12+J11+.?1+?.,2—I1=ﬂ

2 -
Centre of £ is (0, 0, — 4 /2) and radius of £ is 1|||:"LT+=I o 1 gEmeer

Givenplaneis x + 2y + 2z =0.
Perpendicular distance of the centre of the sphere from the plane

(0,0,-A/2)

Fig. 69

‘mu—z.:uz |A| ,11 " 22 T
| e |22l L —+s—td =
Jl+4+4 3 9 4

Equation to the required spheres are x* + y* + z° + 6z — 4 = 0.
Ex. 4.  Prove that the plane x + 2y —z = 4 intersects the sphere x* 4+ y* 4+ 2°
—x+z—2=0 in a circle of radius unity. Also find the equation of the sphere which
has this circle for one of the great circles. (S.V.U., Meerat 97, Auadh 99, 01)
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Sol. Givenplaneis x+ 2y -z =4 (1)

and given sphereis x* + y* + 27 —x+2-2=0 -A2)
Let C be the centre and a be the radius of (2)

| I | 1
C=(E‘ 0, —5) and a=\’[z+ﬂ+5+2]= (5/2)

Let M be the centre of the circle given by (1) and (2).

| I
+20+--4
cM=| 2 ~H -
(1+4+1) J6
Let r be the radius of the circle. .. CM? +r%? =4° ::-%H-1 =£:>r=
Let a sphere through the circle given by (1) and (2) be
.1:2+y1+zz—x+z—2+l{x+2_}!—z—4}=ﬂ
ie. x*+y*+z°+(A-Dx+2Ay(1-1)z-2-41=0 A3)

e 1=
Centre of (3) is | =5 =, T

If the circle is a great circle then the centre of (3) must lie on (1).

}*“1—2l+%=4=~1=—1

2
Equation to the required sphere is (from (3))
= &y swt = dnaly ¢ Ir s P .(4)

Note. Centre of the great circle = centre of (4) = (1, 1, — 1) and radius of great
circle = radius of (4) = 1~.|"{I +1+1-2) =1

Ex. 5. Show that the two circles _1:1 4= _]_.:I =+ 31 -V + 2z=0x - y+z= 2 {l}
2

x° + JJI +z°+x=-3y+2z-5=0,2x-y+4z-1=0..(2) lie on the same sphere
and find its equation.
(S KU A0 U 07, AU A NUME 04, AHILM 14 8 V. UAO2, M6, ALKN.UMIE)
Sol. A sphere throughthecircle(1)is x* + y2 + 22 -y + 2z + Mx -y +2-2)=0

ie. ¥+ +22 40—+ +(A+2z-24=0 3)
A sphere through the circle (2) is

J:E+_],=I+:E+x—3y+z—5+].1{2x—,1:+4z—1]={]

ie. Xy 422+ (@Qu+Dx-CG+py+@p+)z-5-p=0 .(4)
But circles (1) and (2) lie on the same sphere.

(3) and (4) represent the same sphere

A=2u+l ie A-2u-1=0
_ A=3p=l
= A+l=3+p ie. A-p-2=0
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A+2=4u+l
K, These two are satisfied by L =3.p=1.

(3) and (4) represent the same sphere.
Equation to the required sphereis x* + y* + 22 +3x -4y + 52 -6 =0.
Ex. 6. Find the equation of the sphere through the circle x* + y* + 2> 4 2x+ 3y +6=0

x-2y+4z-9=0 and the cenire of the sphere x* +y* +z* =2x+4y-6:+5=0

(K. U. M 13)

Sol. Given circle is 2 +_]:1+:2+21+3_}'+E-=ﬂ =x-2y+4z-9=0 .. (1)

Any sphere through this circle will be of the form S+in=10

(i) (x* +3* +27 +2x+ 3y +6) + Mx -2y +42-9) =0 e (2)
where J. is a parameter.
Given sphere is x> +y* 427 —2x+4y—62+5=0 on ()

The centre =(1,-2,3)
By data (2) passes through this point.

Substituting this pointin (2), we get (1+4+9+2-6+6)+A(1+4+12-9)=0
= 16+8h=0=A4==-2
Substituting this value in (2), we get
(P32 42 +2x+3y+6)-2(x -2y +42-9) =0

—  x2+37 422 +7y—82+24=0. This is the required sphere.
EXERCISEG(b)
Find the equation of the sphere through the circle
() x* + y* + 2% =9, 2x + 3y + 4z = 5 and the point (1, 2, 3). (5. ¥ U. 08, M 13, M15)
(i) x* +y2 +22 +2x 4+ 3y+6=0=x-2y+4z-9 and the centre of the sphere

xl+yl+zz—2x+4y—ﬁz+5=ﬂ (K. U.AIT
(i)  Find the equation of the plane which cuts the sphere x* + * + 22 = 4 ina

circle whose centre is (. [.v).

(if) Find the equation of the circle lying on the sphere x* + yr 4zt - 2x + 4y
— 6z = 3 = 0 with centre at (2, -3, 4).
Find the centre and radius of the circle
() x*+y*+22 =25 2x+3y+2z=9 (S.K.U. M18)
() x*+y* +22-2y-4z-11=0, x+2y+22z-15=0

(SKUAHOU MIS, M97,S.UMMIS, VPV MIS)
(fi) x* +3? +22 +2x-2y-42z-19=0, x+2y+2:2+7=0 (S K U)
If » be the radius of the circle x% + y% + 2% + 2ux+ 2vy + 2wz +d = 0,
Ix + my + nz = 0, prove that

{:'2 +1¢e'}|{1’2 +m? + ul} = (mw — m-]z + (nu — .h-.-;]2 + (v - mu]z-
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%

e ® e

10.

11.
13.

13.

14.

15.

16.

17.

Find the equation of the sphere through the circle
(i) _'rz + _],.5-3 = ;_‘.11 = = 0 and the Pﬂil‘i[ (X1, V1. 21) - (8 K U MIS)

[Hint. Consider the circle x* + }-1 = g%, z = 0 as the plane section of the sphere

x* + yl + 2% = a° with the plane z=0.]

(i) x* + J.:I +2% 4+ 2% + 3y +6=0, x -2y + 4z =9 and the centre of the
sphere x2 + y* + 22 —2x +4y -6z +5=0 (or) (K. U. A1, A12)
Find the equation of the sphere through the circle

4y +20 4 2x+3y46=0, x-2y+4z=9=0 and the point (1,2, 3). (MS.PUMIS)
(i) x* +y' +2'=9,2x+3y+2z =5 and the point(-1,-2,3).

Find the centre of the circle through the points (a, 0, 0), (0, a, 0), (0, 0, a).

Show that the points (5, 0, 2), (2, —6, 0), (7, — 3, 8), (4, =9, 6) are concyclic.

Find the equation of the sphere with (1, 2, 3) and (2, 3. 4) as the ends of a diameter.
Find the equation of the sphere with (2, —1, 4) and (-2, 2, —2) as the ends of a
diameter. Hence find the area of the circle of intersection of the sphere with the plane
2x+y-2z-3=0,

Show that the centres of all sections of the sphere x? + y* + z* = 4® by planes through

the points (ct, [3,v) lie on the sphere x(x —a) + y(y-PBl+z(z-v) = 0.
Show that the radius of the circle x* + }'2 +27 b x4 y+4z=-4=0,x+y+z=0182,

Three mutually perpendicular rays OP, OQ, OR whose d.cs. are [, m, ny: [5.my.n5:
Iy, my, ny intersect the sphere x* + y* + 2% = & in P, Q, R. Prove that the equation
to @ s +L+L)x+(m+m+m)y+(m+n,+m)z=a.
Hence show that the radius of the circle through P, Q, R is /2,/./3 units,
Find the equation of the sphere with centre on the plane 4x — 5y — z = 3 and passing
through the circle x* + y* +2° - 2x -3y +4z+8=0=x" +y" + 2" +4x
+3y—=6z+2.
Find whether the following circle is a great circle or a small circle.
(N x*+y’+2'—4x+6y—-82z+4=0,x+y+z=3 (5. K U. A
() 2 +y? +22 +12x =12y =162 +111=0, 2x + 2y +z =17
Find the equation of the sphere for which the circle

(KLU 04, 98;: NU 96; OU 02, SKU 02, VS.PU. MI18)
N2+ +22 +Ty—-2z+2=0, 2x + 3y + 4z = § is a great circle.
(x> +y +22 =9, x-2p+2:-5= 0 is a great circle. Also find its centre and radius.
Find the condition for the sphere x* + y* + 2% + 2u,x + 2w,y + 2w,z + d, = 0 W intersect
the sphere x* + »* + 2% + 2ux + 2voy + 2wyz + dy = 0 inagreatcircle. (V. U. 593)
Prove that the circles % & _],!1 +2% -2% + 3y+4z-5=0;5y+6z+1=0;
X +sz + 27 -3x-4y+5z-6=0, x + 2y =7z = 0 lie on the same sphere and
find its equation. Also find the value of 'a' for which x + v+ z = a sﬁ touches the
sphere. (K. U. 2008)
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18. Find the conditions that the circles

x° +y° 4+ 2% + 2ux+2vy+ 2wz +d) =0, hx+my +mz = p;;
x*+y 4zt + 2usx + 2vay + 2wz + dy =0, Lx + myy + nyz = py
should lie on the same sphere.

ANSWERS
1. (D302 +y +2)-2x-3y-4z-22=0 (i) x*+)y*+22+Ty-82+24=0
2, () a(x-a)+P(y-P)+y(z-y)=0

(i) 12+}'1+:1—Ex+4}'—ﬁ:—3=ﬂ, x—-y+z=9
SR ANT ST AT S T L R LR (i) | 533 )

5. ()37 +3p 4322 -2x-3y-4:-22=0

(i) (x* +y* +22 —a® )y +(@® —xf -y —z{)z=0 (i) x* +y* +2* +Ty-82+24=0

6. (a/3,al/3,al3) 8 x*+)y’ 427 -3x-5y-Tz420=0
3Tn 2
9. -f1+}'2+:1—,1'—2:—|4=ﬂ;? sq.units 13, x2 432 422 4 7x49y—11z-1=0
14. (i) Greatcircle (i) Smallcircle 15. (i) x> +y? +22 —2x+4y—62+10=0
. 5 =10 10} v504
(i) 9(x* +37 +22)=10x+20y-20z-31=0, [ETE]T

16. 2 (1quy +vyvy + wywy) —dy =2 (u3 +v3 +w3)—dy
17. X2+ +22-2x-2y-22-6=0,a=G3F33)/f3

2(u-uz) 2(w-vy) 2(wp—wy) 2(m —wy) 2(vy-vy) d—ds
18. l y " =0, I iy =g |=0,
h my y /3 "y -7
2y —u2) 2(wy-wy) d-d; 2(vy=v2) 2(w-wy) d,-d;
h m =P |=Ds my n -p |=0
h o -P2 ) "y -p2
6.13. NOTATION
Smx’ +_1w2 + 2% + 2ux +2vy + 2wz + d m F(x, y,2)

Simxxy+yy+zp+u(x+x))+viy+y)+wiz+z)+d

S;=xx; +yh +a tulx+x)+viy+ )+ wiz+z;)+d

S = x,z +;p|E +z1I + 2ux, + 2vyy + 2wz +d =F(x, ¥, 3)

Let S = x? +;p'2 +z° 4+ 2ux + 2vy + 2wz + d = 0 be the equation to the sphere &

withcentre C=¢ =(—wu, —v, —w)and radius = a = 'JIHE +v +w —d

Let the equation to the sphere be
o _vz + 22 + 2ux + 2w+ 2wz +d =10 (1) Let B=(a,B,y)

-a_y-p_z-¥ .

{ m "

S=x

Let the equation to the line be X
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The coordinates of a point on the line which is at a distance r from (o3, y) are
(ot + Ir, B+ mr, v+ nr). Ifthis point lies on the given sphere (1), then,
@+l +B+mr) +(y+nr) +2u(c +Ir)+ 2v(B+ mr) + 2wiy + mr)+d =0
= P22 +m? +n?)+2r [l (@ + u) + m(p+vi+n(r+w)+
(a® +p° + 1,-'2 +2ua +2vB + 2wy +d) =0  ..(3)
This quadratic equation in r gives two values of r viz. r and r, corresponding to which
we get two points common to the sphere and the line. Therefore, a line meets a sphere
always in two points. These points may be real, coincident or imaginary. These are
Pla+in, P+mn, y+un)Q(a+irn, B+mr, y+nm)
Let the points P, ) are coincident at T.
Note. BP.BQ=|S | and BT*=|S, | = BP.PQ=BT".
6. 15. Definition. Jf line L through a given point B has only one common point T with

a given sphere, then L (= BT ) is called a tangent line to the sphere from B. T is called

the point of contact of the tangent line BT with the sphere. BT is said to touch the
sphere at T and is called a tangent line to the sphere at T.

Also if C is the centre of the sphere, then CT L BT ie. line joining the point of contact
to the centre of the sphere is perpendicular to the tangent line.
6. 16. Definition. |B is a point and & is a sphere with centre C and radius a.

(i) If BC = a, we say that B is an external point to the sphere £ and the set of

paints B such that BC > a is called the exterior of the sphere &.

(ii) If BC < a, we say that B is an internal point to the sphere & and the set of
paints B such that BC < a is called the interior of the sphere .

Let B= b = (x,, v;.z,) . Let the sphere £ be S = 0.

B is an external point to the sphere £ .

~BC>a & |F-b|l>a & {E-E}E:-az

o b2-2b.7+82-a* >0 S Fb)>0 < 85§,=>0.

B is an internal point to the sphere £ <= 5§, < 0.

Except the point of contact all other points on a tangent line belong to the exterior of the
sphere.

For, the distance of every point on the tangent line from the centre is greater than or
equal to the radius.

Also a tangent line to a sphere does not pass through an interior point.

Definition. If a line through B intersects a sphere £ in two distinct points P and 0,

then PQ is called a chord of the sphere and ﬁ is called a secant line of the sphere £ .
Note. r is the radius and C is the centre of the sphere & . The distance of C from the

chord PQ is d. Then length of PQ is 2 ré -d*.



148 B.Sc. Mathematics - | (A.P.) (2nd Semester)

6. 17. LENGTH OF THE TANGENT LINE FROM A POINT

From an external point B to a sphere £, always there exists a tangent line through B to
the sphere £ .

Through B by taking different directions (d.cs.) we can draw infinitely many tangent
lines to the sphere.

Definition. If BT isa tangent line from an external point B to a sphere touches the
sphere at T, then BT is called the length of the tangent line to the sphere from B.

If B = (x,»,z), we know that BT*=|§_|.

Length of the tangent line from B(x,, y|.z)) to the sphere .'m

Note. From an internal point of a sphere, there exists no tangent line to the sphere.

Definition. Normal.

Let S be the sphere and P be a point on S. Then the line through P and perpendicular to
the tangent line to S at the point is called The normal to the sphere S at P. The point P is called
the foot of the normal at P.

6. 18. Theorem. The locus of the tangent line at a point on a sphere of non-zero
radius is a plane.

Proof. Let the equation to the sphere be

S= x4 +y: + 2% + 2ux +2vw+2wz+d =0 il 1)

Let B= (x;, v, z;) be apointon it.

Equations of any line through B are = _!I =2 = Ly oo 2)
i "

Any point on (2) at a distance r from (x|, y,.z;) 18 (x; + {r, ¥y, + mr, z; + nr)
If this point lies on (1), we get (x, + Ir)* + (3, + mr)® + (z; + nr)® + 2u(x, + Ir)
+2v(y, +mr)+2w(z, +mr)+d =0

2

= (% +m +n2}+2r[f{.t| +u)+m(yy +v)+n(z +w]

2 -
+ [f‘f|1 + _1-'.1 +2)" +2ux) +2vy + 2wz +d) =0 sl )
2

Since B(x.¥.z) e (1) we have x5+ _ulz + :lE + 2ux; + 2wy + 2wz +d =0

— one root of (3) is zero.
Now (3) = r(I* + m® +n®) + 2 (xy +w)+m(y +v)+niz; + w)]

If (2) is a tangent line to the sphere (1) then the points of intersection of (1) and (2)
should coincide with (x;, v;. ;).

— The second root of (3) should also be zero.
= l(xy+w)+m{pyy+v)+n(z; +w)=0 .(6)
—  Eliminating /, m, n from equations (2) and (6) we have

(=x)x;+w)+(=-y)n+v)+(z-z)(z+w)=0
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= XX+ W+ EZ) H X+ VY WD — X — W — WEp - {_rll + _plz + z,lj =0
= xq+w+rzp+rulx+x))+viy+y)+rwz+z))+d =0 (7))
since xlz + _1='|2 + :13 + 2wy + 2vyy + 2wz +d = 0.
Equation (7) is a plane which gives the required locus.
All the tangent lines at B pass through B and a plane having BC as its normal.

6. 19. TANGENT PLANE.
Definition. The locus of the tangent lines at a point B on a sphere £ of non-zero radius

15 a plane called the tangent plane to the sphere £ at B. B is called the point of contact of the
plane with the sphere £ .
Theorem. Equation to the tangent plane to the sphere 8 = 0 at (x, y, z,) on the
spﬁgrg is x [:xl+u} +y fpl+ v) +g;!"..‘I';l-i-l-l.I'JJ'+u,:,'],+'|.:g|.lJI +||.lg’ +d=1
Proof. We here proved in theorem vide 6.18 that the locus of the tangent lines at a point
B (x. ¥.2;) is a plane. This plane is defined as the tangent plane at B and we have proved

that the equation to this plane is
xxp+ Iz +ulx+x)+viy+y)+wz+z)+d =0
This is the required equation to the tangent plane at (x;, », z;) .
Note 1. Tangent plane at B is perpendicular to BC,

2. The line through B and perpendicular to the tangent plane at B is called the normal
line to the sphere at B. The normal line at B passes through the centre C.

3.  Perpendicular distance of any tangent line from centre C is equal to the radius a.
Perpendicular distance of any tangent line from C is equal to a.

4‘-
5. If Ix + my + nz = p is the tangent plane, then

I{(=u)+m(=v) + n(-w)-p R P -

+ W -
7 ¥
-.'rf* tmt+nt

2

. 3
Le. (lu + mv+ nw + p}z =" +m* +n)ut +v +w =d)

6. Except the point of contact all other points on the tangent plane belong to the
exterior of the sphere.

7. If B is a point in the exterior of the sphere £, then there exists a tangent plane to
£ through B.
8. £ isasphereand n is a plane,
£.m have only point in common <> 7 is a tangent plane to £.

e.g. Equation to the sphere with centre at (1, — 2, 3) and touching the plane
6x+3y+2z=4 is
6(1)=-3(-2)+2(3)-4
V36 +9+4

-1 +(r+2*+(z-3)* =

= _rz+_v2+32—2x+4f—ﬁ:+ll=ﬂ.
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6. 20. TOUCHING SPHERES

Definition. £, &' are two spheres with only one point P in common. Then %, &'
are said to touch at P §, &' are called touching spheres and P is called the point of
contact of the spheres £, &'

The tangent plane at P to £ is equal to the tangent plane at P to £'. This plane is called
the common tangent plane at Pto £, £

If A, B are the centres of £. L' respectively, then A, P, B are collinear.

Theorem. § = 0, §' = ) are the equations of two spheres touching at P. Then the
equation to the commaon tangent plane at P to the two spheres is § — 8" = (.

Proof. S =0 and 8 =0 are two spheres with one and only one common point P.

Their centres are not equal ie (—u, —v, —w) # (—-u', —v,, —w)

ie. (u—u',v —v,w—-w) = (0,0,0).

NowS -8 =2 (u-ux+2(v =v)y+2(w -wz+(d —d)=0is a plane to which
all the points common to the spheres S =0, §'=0 belong. But S =0, §'=0have only one point
P in common.

P 1s the only point common to 5§ =0, §' = 0 and which lies on the plane § - §'=1(,

S — 5'=0is the tangent plane at P to S as well as to §' = 0.

s 8 = §'=0is the common tangent plane at P to the spheres S =0, §8' =0,
6. 21. Definition. {, B are the centres and r, (= 0), r, (=0) are the radii of two
spheres £, E' touching at P.

(i) If A—P—B, the spheres are said to touch exrernally ar P.

(iify IfA—P—B or B— A —P, the spheres are said to touch internally at P.

We have AB = r, + r, = spheres &, L' touch externally at P.

Further, P is an internal point to AB and (P: A.B)=r :r,

Again we have, AB = |r - r,| = spheres &, £'to touch imternally at P.

Further, P is an internal point to AB and (P A, B)=r : -r..

SOLVED PROBLEMS
Ex. 1. Find whether the points P = (3, 1.-1). O =(2, -3, 1), R=(1.-2, 0)

belong to the exterior of & or to the interior of £ or to & where £ is the sphere

¥ +_1.J1 +2* —3x +35y+7=0.
Sol. Let the equation to the sphere £ be S=0where § = x” + v
P=(3,1,—1).Inthiscase S, =9+1+1-9+5+7=14>0
P belongs to the exterior of £ .
Q=(2, —3. 1). In this case 8, =4+9+1-06-10+7=0, MY ed
R=(l, -2,0).Inthiscase S, =1+4+0-3-10+7=-1<0.
R belongs to the interior of £ .
Ex. 2. Find the length of the tangent line from the point (3, 1, — 1) to the spheres
x* +y1 + 3 =3x+5y+7=0.
Sol. If P = (x, ¥;.z;) and 5§ = 0 is a sphere, then length of the tangent from P to the
sphere is /S, .

1+22—3:c+5.1:+?
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Length of the tangent from (3, 1. — 1) to the sphere
- S I _ _ = 414
Ry 42— 3x 45y +T7=0isVO+1+1-9+5+7 =414,

x-8 y
Ex. 3. Find the points of intersection of the line T }T__' = (z-=1) and the

sphere x* + y? + 2% —4x+6y-22+5=0. (S. V. U. A93)
Sol. Let any point on the given line be (47 +8, 1, 1-1).
If it belongs to the sphere x? + y? + 2> —4x + 6y - 22 + 5 = 0, then
Wr+8) +rP +(1=-1Y -4(4t+8)+61-2(1-1)+5=0
ie. P +3+2=0 ie t=-1,-2,
The point of intersection of the line with the spheres are (4. — 1, 2), (0, -2, 3).
Ex. 4. Show that the plane 2x — 2y + z + 12 = 0 fouches the sphere x* + y* + z*
—-2x—-4y+2z-3=0 and find the point of contact.
(SKUMIS ANLOUMI3, 10, 07, 8. V.U MIS, M06,A. UM 13, K. U M15)

Sol. Given sphere is x° +y2 + z° -2x-4y+2z-3=0 A1)
Its centre = (1,2, —1)and radius = J1 +4+1+3 =3
Givenplaneis 2x -2y +z+12=10 el 2)

O = D Tl T

Distance of (1, 2, — 1) from (2) = Ji+a+1
+ 4+

= 3 = radius.

~. The plane touches the sphere.
Let the line through the centre and perpendicular to (2) be
x-1 y-2 =z+1
2 —2 1 Cre)
A pointon thislineis (2r + 1, —2r+ 2, r-1).
If it is the point of contact of (2) with (1), then this point must lie on (2).
2(2r+D=-2(-2r+2)+(r-DN+12=0=r= -1
Point of contact = (-1, 4, —2).
Ex. 5. Find the equation of the sphere which touches the sphere +* _}11 + 27
+2x—06y+1=0 af the point (1, 2, —2) and passes through the origin.
Sol. Let S=x*+y* +z2 +2x-6y+1=0andP=(1,2, -2)
Equation to the tangent plane (S, =0)at P is
lL.x+2y+(2)z+x+1-3y-3.2+1=0ie 2x-y-2z2-4=0
Let the sphere touching the sphere S = 0 at P and passing through the origin be
x2+}r2+22+Ex—ﬁy+]+l{3r—y—2:—4}l=ﬂ 1)
0+04+0+0-0+1+A0-0-0-4)=0=>A=1/4
Equation to the required sphere is
4(x2 +y* + 2%) + 10x - 25y — 2z = 0 [from (1)]

Since (0, 0, 0) belong to the exterior of § = 0, the required sphere touches S = 0
externally at (1, 2, —2).

Note. Even if (0, 0, 0) belongs to the interior of § = 0, the same method can be
applied to find the touching sphere which touches internally.
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Ex. 6. Find the equations of the tangent line to the circle x* + _rz + 2% 4 5x
-~ Ty +2z-8=0,3x-2y+4z+3 =0 at the point (-3, 3, 4).

Sol. The tangent line to a circle is the line of intersection of the tangent plane to the
sphere at the given point and the plane of the circle.

Givensphereis x* + y* + 2> +5x - Ty +2z-8=0 (1)

and plane of the circleis 3x =2y + 4z +3 =0 el 2)
Equation to the tangent plane to (1) at (-3, 5. 4) is
,1:[—3}+_1r={5}+z{4}+%x+§[—3]—%y—%(5]+z+4—3:'[l

je. x=3y=10:z+58=10 (3)

Equations to the tangent line to the circle (- 3. 5. 4) are
3x=2y+4z+3=0=x-3y-10z+58
Note.  Equations to the tangent line can be put in the symmetrical form
x+3d y-3 z-4
32 34 -7
Ex. 7. Find the equations of the tangent planes to the sphere ¥ + _]JE +2% +2x
— 4y + 62— T =0 which intersect in the line 6x -3y -23=0=3z+2.
Sol. Letthe plane through the line 6x — 3y — 23 = 0 = 3z + 2 and touching the sphere
x° +y1 + z° +2x -4y +62z-T=0 be
6x-3y-23+A(3z+2)=0ie. 6x-3y+3Az+2L-23=0

| 6(-1)-3(2)+3A (-3)+20-23 |
J(364+9+922)
Required tangent planesare 2x — y+4z-5=0, 4x-2y-z-16 =0,

Ex. 8. (i) Find the equations of spheres touching the coordinate planes. How
many such spheres can be had ?

(1) find the equations of the spheres touching the three coordinate aves. How
many such spheres can be had ?

Sol. (i) Let a sphere touching the coordinate planes be

ED = D -B-d=0L=4, _%

J.'2+_FI+22+2ux+21{p+2wz+a’=[}{tf}m A1)
(1) touches the YZ plane i.e. x=0= -_I—“ ‘= 1r.l'|u1 +v:+w —d
— v iwt=d Wl 2)
Similarly, w? + 12 = d 3 vt =d W)
2,2, 2 3d

[2J+{3]+[4}:} N o+ +W =T

2 _d 2 d 2 d : d
i 111 E-H B :.E.u—:t\[;—m—u

From (1), equations of the spheres touching the coordinate planes are

e+ e Jed)x+ Jed) vy J2d)z+d =0 .(2)
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Since o = 0, there exist an infinite number of spheres touching the coordinate planes.
However, for given d > 0, there exist only eight spheres touching the coordinate planes.
(ii) Let a sphere touching the coordinate axes be

x4y +z2 +2ux+ 2w+ 2wz +d =0 (d>0) (1)
(1) touches the x-axis i.e. ¥y = 0, z = 0 at points whose x-coordinates are given by
¥ +2ux+d =0 ie 4u’ —4d =0 (- (1)is touching) i.e. 1° = d.
Similarly v = d, we =d. LEUESVYV=SWsS iﬂg-

From (1), equations of the sphere touching the coordinate axes are

oyt 42t izﬁxizﬂyizﬁz+d = 0. Since d = 0, there exist an
infinite number of spheres touching the coordinate axes.
However, for a given d > 0, there exists only eight spheres touching the coordinate

daxCs.
Ex. 9. A sphere is inscribed in the tetrahedron with faces x = 0, y = 0, z = 0, 2x

+ 6y + 3z = I4. Find the equation of the sphere.
Sol. The plane 2x + 6y + 3z = 14 meets the axes in (7, 0, 0). (0, 7/3, 0), (0, 0, 14/3).
Let the equation to the inscribed sphere be

J:+_}'+L—2J7J:2J7_y2‘j7+ﬂr 0. d>0
e
such that ( [smaller of 7,— _]
3 3
Its centre =[J7J7J7] andradnus-\{[— — g_d]=\][g]

J_ . 2k +6k +3k -14
Let o =% say | 14 13649)
= (1lk-14) = — 18k% — 77k + 49 = l}::-k_%%

d 7 7 T 771 7
[ k: — -::—.k:— rr i r—_
B 2] 3 g only. . Centre = [g Q’QJ and radius 5

.MSGJE=1 L&dzﬁ
2 9 81

Equation to the inscribed sphere is 2+ yz +z*

—%(x+y+z]+§=[}.
Ex. 10. Show that the centres of the spheres which touch the lines y = mx, z = ¢,

V=-mx,z = —c lie upon the surface mxy + cz (1 + mzj = 0. (5. KU,N. U 92)
Sol. Given linesare y=mx,z=¢ ..(1) y=-mx,z =-c {2}

x-0 y-10
1l m
_y=0
=

(1) can be written as z—-c=0 and

(2) can be written as —— Z-(—)=0
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(Fig. 70). Let (o, [3,v) be the centre of the sphere which touch the lines (1) and (2).
Sphere touches lines (1) and (2) < (o, B, v) is equidistance from the lines (1) and (2).

{a.ﬂ,‘rau}x[ l i [IJ

- J{I+m‘j'}~-.4"{l+ml}‘

(0B, 7 — )| e . 0
Ja+m®) J+m*)

] | (o, B,y —c)x(l,m, 0)]
\I'1+m1
| =m(y — ¢}y — c,om = B|=|(m(y + c)y + ¢,— am - P) |

mz{'rr - c}z +(y - c}z + (om + ﬂ}l = mz{'r + c*]"‘ +(y+ c) + (ctm + B}‘j'

0 00 U

dem’y +4cy +dmoP =0 (m* + Dey + maP =0

s (o, Byy) lies on the surface [mz +Dez+mxy=0.

Ex. 11. Find the locus of the middle points of the system of parallel chords of the
spheres x? +,y2 + z° + 2w +2vy + 2wz +d =0.

Sol. Let/, m, n be d.cs. of the system of parallel chords of the sphere and (x;, v, z)
be the middle point of a chord of the system.

Chord with the middle point (x;, », z,) intersects the sphere in the points

(x; +Ir,yy + mr,z; + nr).

= (x +Ir)? + (o + mr)? + (z; + nr)? + 2u(xy +Ir) + 2v(y, + mr)

+2w(zy+nr)+d =0
= .I"E{IE + i +H2}+2[E{H+I]}+m[v+_}'l]+ﬂ{w+z]}]+5” =

Sum of the two values of r is zero

U

= lu+x)+my+y)+n(w+z)=0

Locus of the middle points of the system of parallel chords of S =10 is

Iu+x)+mv+y)+n(w+2)=0, (@&B7)
Ex. 12. Show that the spheres
4?4z _2x—dy—-6:-50=0, |
4y 422 - 10x+2y+182+82=0 —>h :} (0,0,¢)
touch externally at the point [Eiﬁ] Viem?) e m®) ”
1313 13 Fig. 70

Sol. Let A, B be the centres and r . r, be the radii of the two spheres. (Fig. 71)
A=(1,2,3),B=(5 -1, -9),
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10.

n=01+4+9+50) =8,
ro=4(25+1+81-82) =5.
Now AB = /(4% +32 +12%) = 13 ~AB=r+r, AnjP n B

. The two spheres touch externally, say, at P.
& A Ey=rpr =813

_.[Ei ji __5?] Fig. T
G FT TR
EXERCISE6(c)
Find the points of intersection of the line
. x+3 y+4 =z-8
(i) =~ =75 ="_5 withthe sphere x* 4+ y* + 2% 4+ 2x — 10y = 23.
(i) 2x—1=y +3 =4 - z with the sphere x* + y* + 22 —6x+8y-4z+4=0.

Prove that the sum of the squares of the intercepts made by a sphere on any three
mutually perpendicular lines through a fixed point is constant. (V. U. A 89)

rytr 2t -2x -4y +2:

Find the equation of the tangent plane to the sphere x
—-3=0at(-1,4, -2).

Show that the plane 4x + 9y + 14z — 64 = 0 touches the sphere 3(x? + 2 + z%)
— 2x — 3y — 4z - 22 = 0. Find also the point of contact. (8. KU AILSKU MI8)
Find the values of a for which the plane x + y + z = a+/3 touches the sphere 2 + J,-l

-2x-2y-2z2-6=0. (K. U.AID

I+EE—I+3_F+EE

Find the equation of the sphere touching the sphere »? + ¥
-3 =0at(l, 1, —1)and passing through the origin.
Find the equations of the spheres which pass through the circle (5. KU. MOl
() x*+y>+22 =5 x+2y+32-3=0 andtouch the plane 4x + 3y —15 =0
(i) x*+y*+z" —6x-2:45=0, y =0 and touch the plane 3y + 4z + 5= 0.
(iif) x*+y" +2" —1=0,2x+4y+5z = 6and touch the plane - =0.

(S. KU.M13,0.U. MI14)
Find the equation of the tangent plane to the sphere 3(+% + 37 + %)= 2x -3y —4:-22 =0
at the point (1, 2, 3). Hence find the equations of the tangent line to the circle
I +307 4322 —2x -3y -4z -22=0,3x+4y+5z-26=0 at the point
(1, 2. 3) in the symmetrical form. (K.L.)

Find the equations of the tangent plunes to the sphere x? + JJE + z¢ = 9 which pass

Find the equation of thc sphere whmh has its centre at the origin and touches the line
x+#l y-2 =x+}

BT A (S K U 92)

through the line (7)
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11. Ifthe sphere x* + y* + = = p* has a tangent plane which is making intercepts a, b,
¢ on the coordinate axes, then show that @ > + b2 +¢72 =72,
12. Find the tangent planes to the sphere Xt + o 22 —4x + 2y — 6z + 5 =0 which
are parallel to 2x + 2y -z = 0. (N.U.598,8.V.U. 83,K. U. 89)
13. Find the equations to the spheres through the points (4, 1, 0), (2, -3, 4). (1,0, 0) and
touching the plane 2x + 2y —z =11. (0. U. 88)
14. (/) Find the equations of the spheres each with radius a (> 0) and which touch the
coordinate axes.
(i) Find the equation of the sphere inscribed in the tetrahedron x =0, y =0, z=0 and
x+2y+2z=1.
15. Find the equation of the sphere which touches the plane 3x + 2y —-z+2=10 at
(1, =2, 1) and passes through the origin. (NUABLKU MIS,SUMMIE)
16. Show that the spheres given below touch each other externally :
x° +,1.:E + 27 +2x-4y-6z2+10=0; x? +,1.:z 42 -6x-4y-12z2+40=0.
17. Show that the spheres x* + y* + 22 —25=0,x" + y* + z* - 24x - 40y — 182
+ 225 = 0 touch externally at the point (12/5,4,9/5). (A.UMIE 0. U. A I
18. Show that the spheres x” + y* +z° =64 =0,x" + y* +2° = 12x + 4y - 62
48 -16 24
+ 48 = 0 touch internally at the point (7 . T_T'] (4. U.AID
19. Show that the locus of the centres of spheres which pass through the fixed point
(0, 0, ¢) and touch the plane Z =10 is x?+ yl —2ecz+¢? =0,
20. Show that the locus of the centres of spheres which pass through the fixed point
(0, 0, @) and touch the line x - axis is X -2az+a =0.
[TANSWERS |
. (-1 =14 17Y(7 2 1 . S
1. (i) (1,-1,3).(5,.2,-2) {ii) [?T?J[Egi] 3. 2x=-2y+z+12=0
4. (1,2,3) £ k=313 & 2(x* +L||,-1 + _—2}-3x+}~+4_ = 0 and it touches internally.
7. ) 2+y? 422+ 2x 44y 462-11=0, 52 +y? +22)—dx—8y-122-13=0
(i) 437 422 —bx—dy-2:45=0, 4 (x> +17 +22)-24x 11y -8 +20=0
(i) x* +y* +2° -2x-4y-5z+5=0,5(x" + ) +2°)-2x—4y-5z+1=0
8. x;' - ”;2 - :';3 9. () x+2y+22=9,2x+y-2z=2,

(i) 2x+y-2z=0,x+2y+22=910. 9(x* +y* +:%)=5
12, 2x+2y-z+10=0,2x+2y-z-8=0

13.
14.

X +_],'2 422 —bx+2y—4z+5=03 16 (x° +J}-‘E +:1}—1l]2x+5ﬂy—49:+ﬂﬁ=ﬂ
(2 ? +‘].=2 +z9 22 ax£242 ﬂ'yiﬁvﬁ az+a® =0

a3 a3 ] | 1 1
(i) X +y +2 _EI_E'F_E:+5={} 15. x2+}-3+:2—l]x—2_1'+:={}
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6.22. PLANE OF CONTACT

Definition. Through an external point B planes are drawn touching a sphere. The
locus of contact of the tangent planes of the sphere is a plane, called the plane of
contact of the point B w.rt. the sphere. If B is a point on the sphere, then the tangent
plane at B to the sphere is called the plane of contact of B w.ri. the sphere.

Theorem. Eguation of the plane of contact of the point (x, y , z,) w.r.t. the sphere
8 = 0 of non-zero radius is §, = 0.

Proof. LetS =% + 37 + 2% + 2ux + 2vy + 2wz +d = 0 be the eguation to the
sphere & withcentreC=¢ =(-u, —v, —w) and radius=a(>0)= '\'{HI +vi+w =d

LetB= (x;, »,2)-

Equation to the tangent plane at T (o, . y) is

x(a+u)+y(P+rv)+z(y+wrua+vp+wy+d=0.

If this passes through the point B,

xp(o+u)+ y (B+v)+z(y+ w)+ ua + v+ wy +d =0 which is the condition
for the point (c, (3, v) to lie on the plane.

xx+uw)+y(y+v)+z(z+wl+tux+w+wz+d=0=5=0

This is the equation to the plane of contact of the point (x;, v, z,)ie. § =0
Note 1. Plane of contact is perpendicular to the line joining the given point with the

centre of the sphere.
2. The locus of points of contact is the circle in which the plane of contact cuts the

sphere.
3. The plane of contact of any point w.r.t. a sphere does not pass through the centre of

the sphere.
4. If B is an interior point to sphere S = 0, there does not exist plane of contact of B
wrt. S=0.
3. From now on we take spheres which are not point spheres unless otherwise stated.
e.g. The plane of contact of the point (3, 1, = 1) w.r.t. the sphere

2(x* +y° +2°)-6x+10y+7 =0 is
3 5 7
x.3+y. 04z I[—]]I—;{:r+3}+;[y+l‘,|+;=ﬂ ie 3x+Ty-22+3=0,

6. 23. POLAR PLANE, POLE OF THE POLAR PLANE
Definition. £ is a sphere and B is a poini. The locus of the points, so that the

plane of contact of each point w.rt. & passes through B, is a plane called the polar

plane of B wrt, 5. B is called the pole of the polar plane.
Theorem. The equation to the polar plane of the point (x,y, z,) w.rt. the
sphere § =0 is § = 0. (N. U.07)
Proof. Let S = x° + _],-! + 20+ 2ux + 2vy + 2wz +d = 0_be the equation to the

—
2 4wl —

sphere withcentre C=¢ =(—-u, —v, —w) and radius = a = \"IHE + v
Let B= (x;, W.2;)
Let P= (o, [3, v) be a point so that its plane of contact w.r.t. the sphere S = () passes
through B.
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Plane of contact of Pis at(x + ) + P(y + V) +y¥(z+ W)+ mx+vw+wz +d =0
this passes through B
= alxy+uw)+PpOy+v)+y(z+wW)+ (g +w +wz +d)=0
= Locusof Pis x(x; + )+ vy + W)+ z(g, + W+ (ux; + vy +wz; +d) =0
But by def. the locus of P is the polar plane of B.
Equation to the polar plane of B is
xxy+ytzzprulx+x)+viy+y)+wiz+z)+d=0=28, =0
Note 1. If B lies on the sphere, then the polar plane of B is tangent plane at B to the
sphere. If B is exterior to the sphere the polar plane of B w.r.t. the sphere is the plane of
contact of B w.r.t. the sphere.
2. Polar plane of B is perpendicular to CB since d.rs. of CB are
X +u, v, o+ w.
e.g. The polar plane of the point (1, 3, 4) w.r.t. the sphere
4y 422 —6x-2z+5=0is x. 1+ y.3+42.4-3(x+1)-(z+4)+5=0
je. 2x=3y+32z+2=0.
6. 24. Theorem. £ is a sphere. A lies on the polar plane of B w.r.t. £ if and only
if B lies on the polar plane A w.r.t. E.
Proof. Let S = x* + }IE +2° + 2ux + 2w+ 2wz+d =0 A1)
be the equation to the sphere. Let A(x, v;.2;) and B(x,, y5.2,).
The Polar plane of A is

xxy+y +rzp+ulx+x)+viy+ )+ wz+z))+d =0 el d)
If this passes through B(x,, v, z,) then

XXy + Vs + 52 +u(x + )+ v+ )+ wl(z +2)+d =0 (3)
Evidently this is the condition for the plane of B to pass through A.

=+ A lies on the polar plane of B.

Note. If 5 =0 isthe equationto £ and A= a@ = (x), ¥, ;). B=b = (x;,¥,,2,),then
the condition for A to lie in the polar plane of B is

(%2, ¥2:22) - (o 715 21) - (=t =, = W)+ (=1, —=v, —W).(—u, —v, -w) —a@® = 0

Le. xpp + s+ (g +x)u+ (M + y)v+ (g +53)w+

wWw vl +wr —-a® =0

IfS = 42 4 _]JE + 22 — g? = 0. then the condition for A to lie on the polar plane of B is
XjX5 + Y\ Vg + 2j23 = a’.
6.25. CONJUGATE POINTS, CONJUGATE PLANES

Definition. £ is a sphere. If A, B are two points such that the polar plane of B
w.rel. & passes through A, then A, B are called conjugate points wrt. §. (0. U. 08)

The polar planes of A and B are called conjugate planes.

e.g. The polar plane of the point P (1, — 1, 2) w.r.t. the sphere.

x? +yI +z2—9=pisx.l+p.(-1)+2.2-9=0ie x-y+2z-9=0.4(1)
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The polar plane of the point Q (35, 2, 3) w.r.t. the sphere

P4+ -9=0i8x.5+y.2+2.3-9=0ie Sx+2y+32-9=0..(2)

Clearly the polar plane of P passes through () and the polar plane of () passes through
P. Thus P, Q are conjugate points. Also the polar planes (1) and (2) are conjugate planes.

6.26. Theorem. If x* + y' + 27 — a’ = 0 is a sphere, then the pole of the plane
a’l a*m a*n
Ix+my+nz=p(p+0)is ’ ’ (5. KU .A93)
P P P
Proof. Let P(x, v, z;) be the pole of the plane Ix+my+nz—p=0 (1)
w.r.t. the sphere § = 0.
Polar plane of Pwrt. 5=01is §, =0 ie xx +yy +25 - at =0 el 2)

Since (1) and (2) represent the same polar plane x,: /=y :m=z:n= a* P

la* ma* na* a*l a*m a’n
x=—y=—=—(p=%0) = ’ s
B B T g e j (ﬁ' por

Note. If the line OP intersects the polar plane of P at Q, then OP . OQ = &,
For : Polar plane of P(x;, y;.2;) wrt. S=015 xx; + yy, + 22, - al=0
and the polar plane is perpendicular to OP.

Distance of O from the polar plane of P

-:1'1

~ op since OP = ..,'[xlz +;p|2 + _--]2 ~OP.OQ=¢a

a
JILI +0 3

=00 =

2

Observe that if P is interior (exterior) to the sphere then () is exterior (interior) to the
sphere.
6.27. Theorem. §S=x’ + y’+ 2 — a’ = 0 is a sphere. If Iix + my + mz=p,
(W..(l), Iix + myy + 022 = py (20 ...(2) are conjugate planes w.r.t. § = 0, then
Ezﬂlh #* mm, + ﬂ;ﬂz} = Mp:-

2 2 2
ﬂ’.ﬁ a-myoany

. But this point lies on (2).
A I P ] i

Proof. Pole of (1) w.rt. S=0is [

2 2 2
sa~ly, m~a™my Ha n
.12 II p I+E I

il Ty
e.g. Prove that the planes 5x - y - 62+ 25=0..(1) x -2y -324+25=0..(2)

== al{a’lfz + My + MR )= PP

and conjugate planes w.r.t. the sphere x* + y* + 2> =25 ..(3) (0. U.M97)
Sol. Let the pole of (1) be P(x, y;,z;) w.r.t. (3)

Polar plane of Pw.rt. (3) 15 xx +»y +25 -25=0 .(4)
Since (4) and (1) represent the same plane,

- T

5 1 =6 25 =Fl.a)=(-516)
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Clearly P lies on (2). Similarly the pole of (2) w.r.t. (3) can be obtained as Q (- 1. 2. 3).
Clearly Q lieson (1). ... Planes (1) and (2) are conjugate w.r.t. the sphere (3).
"6.28. Theorem. S = 0 is a sphere. ﬁlmrﬁepohrphnes of all points on the line L
(not passing through C) w.r.t. § = 0 pass through another line L', _‘
2

Proof. Let S = x* +* + 2% —=a® =0 be the given sphere.

_II _'.1_-.1| T—1T

=—=1 (say)

/ m n
s Any point Pon Lis (x +/t, yy+mt, z;+nt).

i X
Let the equation to L. be

. Equation to the polar plane of Pw.rt. S=01s
x (xp+i0)+y (O +mi)+z (z) +nt) —a* =0

ie. (qmx+py+zz- a” )+ t(lx +my +nz) =0
». The polar plane of any point on L w.r.t. § = 0 passes through the line L' of intersection
of the planes XX+ Wy+zz= :,.J'_r +my+nz = (1)

(The two planes are not parallel since L is not passing through the origin).

Note 1. The polar plane of any point P on L passes through every point of L', So the
polar plane of every point of L', passes through the point P on L. As P can be any point on L,
the polar plane of every point of L' passes through L.

2. Durs. (1) are (ny, — mzy, Iz) — nx;, mx; — ly,).

Since [ (ny; = mz;) + m(lzy = nx;) + n(mx; = ly;) = 0 the line L is perpendicular to
its polar line L".

6. 29. CONJUGATE LINES OR POLAR LINES
Definition. £ is a sphere L, L' are two lines such that the polar plane of every
point on L wrt. E passes through L', then, L, L' are called conjugate lines.

Some authors call L, L' as polar lines.

[ SOLVED PROBLEMS
Ex.1. Find the pole of the plane x + 2y + 3z = 7
wrt the sphere ¥’ + V¥ + 2 - 2x—dy—-6z + 11 = 0. (SKU 98)
Sol. Given plane isx+ 2y +3z-7=10 (1)
Let P(x,. y,. z,) be the pole of (1) w.r.t. the sphere
Xty +r-2x-4y-6z+11=0 .- (2)

Polar plane of P(x,, v, z,) w.r.t (2) is

xx, +yy tz —(x+x)-2y+y,)-3(z+z)+11=0

= x(x, - 1)+yy,-2)+2(z, - 3)-(x, + 2y, + 3z, - 11)=0 .A3)

Since (1) and (2) represent the same polar plane,

-1 »n-2 z-3_1Ix +2y +3z -11)
123 7

(% ¥y 2;) =(0+1,2¢+2,3¢+3)andx, + 2, +3z,— 11 =T

=t (say)
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={+1+44+4+H+9-11)=Tt =2T=-3=1=-3/7

. - 4 § 12
= Pole of (1) = (5,3, 2) = (+3.5.

- 3
Ex. 2. Show that the planes of contact of all points on the line §= 2 3 %= z+4 :
2 i -
wrl. the sphere x* 4+ y* + 2* = a® pass through the line “IT;H =2 3 - ='T,
J u f = z+3
Sol. GI‘-’EH'II‘IEIE%Z'}EH= :H{=rsa}=] 1)
and given sphere is x* + y* 4+ 2% = g° ol 2)
— x+3ﬂ
X+ 34 — -4 ™ -
Let ——=2"2=2 ;o 7 2 _¥-a_2 (=gy) (3)
-3 3 1 32 3

Any pointon(1)i1sP (2r, 3r + a, 4r — 3a).
- Plane of contact of P wrt. (2)is x.2r + y(3r + @) + z(4r - 3a) = a”

—-13¢-3
Anypﬂinmn{S}is.Q[ 73 y+a, .r]

Substituting Q in the L.H.S. of (4) we have Clae—da)

L2+ (30 +a) (3r+a)+1 (4r-3a)
— —13r=3ar+9r+3ar+3at+a +4r-3at=a’ = R.H.S.

Also _TH 2r+3(Gr+a)+1 (4r-3a)=-13r+9r+3a+4r-3a=0

2. (3) lies in (4) ie., the plane of contact of all points on (1) w.r.t. the sphere (2) pass
through the line (3).
y—24 z-3

Ex. 3. Find the polar line of B T 1)

w.rt. the sphere % +_1:2 +z2 =16 wl2) (AK U MI8)
Sol. Any point Pon (1) is (2r + 1,3r + 2, 4r + 3) say. Polar plane of P w.r.t. (2) is
x(2r+D+y@r+2)+z(@r+3)=16
ie. (x+2y+3z-160)+r(2x+3y+42)=0

For all values of r, the polar plane passes through the line
2x+3y+4z=0=x+ 2y + 3z — 16, which is the required polar line.
Ex. 4. Find the locus of points whose polar planes w.r.t. the sphere
_;;'2 -|._:|,.!I + ;'I = ul touch the .E'F.IE:IEJ"E* (x u_[;[jl .|--.|:_{|,:_-|?,]1 + 31 = rz.
Sol. Let P= (x,, y;.z). The polar plane of P w.r.t. x* + 3% 4+ 2% = 4° is

xXx, + v + 2z —a* =0 (1)
Centre and radius of the sphere (x — uf +(y- ﬂ]z + 22 = 42 are (a.B.0) and r.
(1) touches the sphere (x - {.5}3 +(y - [3}1 + 22 =t
< distance of (o, 3. 0) from (1)=r

3

oxy + Py + 0.2y —a”

2 2 2
'J'rl +hn t 35
The locus of Pis (ax + Py — a®)? = r2(x? + y* + 27).

2

= =F < (ax;, + By -a?) = rI{xtz + ¥ +£|I'_I
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EXERCISEG ( d)
1. (/) Find the plane of contact of the point (3, — 1, 5) w.r.t. the sphere

%" +_1.rI + 2% —2x+4y+62z-11=0.
(i) Find the plane of coontact of the point (2,-1,1) with the respect to the sphere
2x? + 12 +2)+10x+6y+ 42+ 5=0 (A. U. M 13)
2. Find the polar plane of the point (0, - 1, 1) w.r.t. the sphere
¥ +_].’I + 27 —2x+4y+6z-11=10.
3. Find the pole of the plane x — y + 5z — 3 = 0 w.rt. the sphere x* + y* + 2% = 9.
(K. U.A12,A.U.96, NU.2002, A.KN.UMIS)

4. Find the pole of the plane x — y — z + 9 = 0 w.r.t. the sphere

x? +_1-1+zz—2;r+4r1:—ﬁ:+5=[’1-

5. Prove that the points P (1, =1, 2) and Q (-2, 0, 4) are conjugate points w.r.t. the
sphere x + y? + 2% —6x+2y-3z+1=0.
6. Find the polar plane of the point P (-2, 3, 0) w.r.t. the sphere x* 4+ y? + 2% 4+ 4y

— 5z =3 = 0. Also show that the points P (-2, 3, 0) and Q (3, 4, 2) are conjugate
points w.r.t. the sphere.

7. Show that the polar plane of the origin w.r.t. the sphere x* + yz +22 + 2ux + 2vy
24yt v 22 =gt if d? = @2 + v+ wh).

8. Prove that the distances of two points from the centre of a sphere are proportional to

+ 2wz + d = 0 touches the sphere x

the distances of each from the polar plane of the other.

s
S T 1

—6y—7=0and x? + y* + 2% — 4x — 4z = () are mutually perpendicular.

9. Find the locus of points whose polar planes w.r.t. the spheres

10. (/) Show that the polar line of I;" =-"':2=;+3 with respect to the sphere
Fa B
X +y? +22 =1 isthe line 2X+3 _ 2‘;-" - il (O.U. 08, A.U MI8)
(if) Find the polar lines of 6 (x + 3) = 3(y + 1) = 2(z — 2) w.rt. the sphere ¥* + y*
+ 2% =1 in the symmetrical form. Hence show that the two lines are perpendicular.
ANSWERS
1. 2x+y+8z-1=0 2, x=y=4z+10=0 3. (3.-3,15) 4. (0.-14)

x_ Ty+3 Tz-2
6. 6y-6:-14=0 9. x?4)? 12 3x-3y-2:42=0 10.() 7= i11 TS

6. 30. ANGLES OF INTERSECTION PHE ORTHOGONAL SPHERES

Definition. P is common point to two spheres £, S, Any angle © between the

tamgent planes at P to two spheres is called an angle of intersection of the spheres %

£, at P. The other angle between the spheres is = - 8.
If 6 =nr/2 the spheres are said to intersect orthogonally at P and the spheres are called
arthogonal spheres.
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Theorem. &, E;are two intersecting spheres (not touching). r, r, are their
respective radii and d is the distance between their centres, If P is a common point
to E;,E; then an angle o of intersection of the spheres &, 5, at P is given by

nt+ r;l gl
2nr

(0. U.A10)

ﬂﬂ.!ﬂ=i[

Proof. (Fig. 72). Let A. B be the centres of the spheres £ . £ .. The tangent planes at
Pto £, £, are perpendicular to AP, BP respectively. Since the angle between the planes is
the angle between their normals, ZAPB=0 or n — 0.
AP=r,BP=r,and AB =d. .
From A APB, A
AB? = AP* + PB* -2 AB.PB cos £ APB ‘ﬂL |

. T 2 .
Le., d“=n"+r" £ 2nncos@

2 3 7
o+ —-d°

Le., cosB =% Fig. 72

Erlﬁ
Note 1. Since the value of cos 0 i1s independent of P, then angle between two spheres
£« £, can be found to be the same at any point of their intersection.

2

2. Spheres £ , £, cut orthogonally < 6 = 90" & " + :';: =d?*.

In this case the tangent plane to £ at P passes through centre of £, and the tangent
plane to 2, at P passes through the centre of £ .
6. 31. Theorem. S =x* + p*+ 7+ 2ux +2vy +2wz + d = 0, (S.K.U.2002)
S' =a + pr+ 22+ 2u'x +2v'y +2w'z + d' = 0 are two orthogonal spheres
< 2uu’+ 2w' +t2ww'=d + d'. (O.UAI2ZM 4,8 KU,N. U 088, 89,91
Proof. Let A, B be the centres and ./ be the radii of the spheres S=0, 58 =0,

Spheres § =0, 8" = 0 cut orthogonally
< AB'= rlz + rzz
&S W-uf +(V=-V +(W-wr =ut + v+ w —d+u

& =2un'=-2w=2ww'=d +d'" o 2u'+ 2w+ 2ww'=d + d'

- J -
R A T |

Theorem. If r, r, are the radii of two orthogonal spheres, then the radius of

r
the circle of their intersection is —:Lr!—l‘ (K.U. M18)

n +l"1
(SKUMISN. UAIL89,90,06,07,0. 0,08, M0I1; S. K. UM 13; K. U. M I4)
Proof. (Fig. 73) A, B are the centres of the

two orthogonal spheres. M 1s the centre and

a is the radius of the circle common to the spheres.
A, M, B are colinear and MP L AB.
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P is a common point of intersection of the spheres,
AP=r,BP=r, ZAPB=90" = AB* = n’ + r,’
= (AM + MB)y = r.z + rzz

(AM? +MB? + 2AM . MB = 1* + 1y’

Fig. 73

—1
= .=‘|I -a +!12 -3 + E-JI[J']1 —uz]{rzl ~a?) = r]l +Jf
= 4{:‘,1 - .::1}{:‘23 - a’) = 4a*

"2

——lz
B +n

= rlz rf - .:i*z{rl2 & rzl} =0=a=
Note. If S =0, §' = 0 are the equations to the orthogonal spheres with radii »,r then
2u’+ 2w’ + 2ww'=d +d' and 5° =42 v 4wl —d, it = w? v iewl o

rlz + rf =ut +v¢ +w v Wt - (2uu'+ 2vv' + 2ww')

= (u - u’]z +(v—+v' ]2 +(w-— w‘]E

- \"qu +vi +wt —d .\'ru': +viewt = g

(u - ",}2 + (v- v’}z + (w=—w }1
6. 32. POWER OF A POINT |

Definition. B is a point on a line L intersecting a sphere S with centre C and

racdius = a in P, Q. Then the power of the point B w.r.t. the sphere £ is

(i)Y BP. BQ if B is an external point to £

(i) —BFP . BQ if B is an internal point to £ (iii)  OifBis on £,

fB=5 = (X}, ¥y, 2;) and the equation to the sphere £ is S, then the power of the
point Bwrl. £ is S, . (Art. 12.14, Note).

Le., xll + yll + :lz + 2uwx) + 2vyy + 2wz +d -CB -a? =CB? —(radius of &)
If B is an external point to £ and BT isa tangent line to £ at T, then BT =§ =
Power of the point B w.rt. &

Note that : Power of the point B is independent of the d.cs./.m,n.

Ex. If the powers of a point w.rt. two given spheres are in a constant ratio, show
that the locus of the point is a sphere.
6. 33. RADICAL PLANE

Definition. The locus of points each of whose powers w.ri. fwo non-conceniric
spheres are equal is a plane called the radical plane (R.F.) of the two spheres. (N. U. 07)

£, &' are two non-concentric spheres and n is their radical plane.

P is a point on the radical plane n. < power Pwurt. £ =Powerof Pwrt £ ..

Theorem. Equation to the radical plane of spheres S =0, 5"=0is § —-§"= 0.
(5 KLU
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Proof. S=x* + y* + 22 + Zux + 2w+ 2wz +d = 0

S'=x+ v+ 2+ 2ux +t2vy +2wh + d'= 1
(=u, =v, =w) 2 (=1, =v, =W
B(x,.y.2) is a point whose powers w.r.t. the spheres are equal.
< 5, =5 & x 0t + 27 + 2uxy + 2wy + 2wz, + d
=X +W +  +tW'y+2Vy 2w+ d
= 2u-wlx +2(v=v)y +2(w-w)z + (d-d)=10
S Locusof Bis 2(w—u')x + 2(v—=v' )y + 2(w—-w)z+(d-d')=0
which is a plane.
But locus of B is the radical plane of the spheres S =0, 8= 0,
~. Radical plane of the spheres S=0, 58 =0 s
2 -u'x+2(v=vV)y+2(w=w)lz+d-d'=0 ie,S-5=0
Note. D.rs. of the line of centres of the spheres are uw — o', v—V', w—w'.
Radical plane is perpendicular to the line of centres of the spheres.
Note 1. The line of centres and it is perpendicular to the radical plane.
. Radical plane is perpendicular to the line of centres of the spherers.
2. If two spheres intersect the plane of their circle of intersection is their radical plane.
3. If two spheres touch, their radical plane is the tangent plane at the point of contact to

either of the spheres.

6. 34. RADICAL LINE

Definition. If £, &', £" are three spheres with non-collinear cenires then the three

radical planes of the spheres taken in pairs pass through a wnigue line, called the radical

line.

(N UL 07, 06)

collinear, then the three radical planes of the spheres taken in pairs pass through a
unigue line.

6. 35. Theorem. § = 0, §'= 0, 8" = ) are three spheres whose centres are non-

Proof. Let A, B, C be the centres of the spheres S=0, 8 =0, 8" = 0.

The radical plane (n)of S=0,58=0is5-5"=0 and is perpendicular to AB.
The radical plane (n') of §'=0,5"=0is §'- 58" =0 and is perpendicular to BC.
The radical plane (") of S"=0,5=0is5"-5 =0 and is perpendicular to CA.

— —

Since lines AB, BC intersect, the planes n, n' have a line, say L in common.

All the points on L. = 0 lie on the plane (S -58")+ 1 (§'-§8")=10

le. §-5"=0/e §"-8=0 i.e. L lies in the plane §"-S =0
. m.n' . " pass through the line L.

Note. L is the radical line of the spheres §=0,58"=0,58"=0

and its equation is $—-8'=0,8-8"=0ie §=5=8".

6.36. RADICAL CENTRE (N. U. 07)

Definition. The four radical lines of four spheres with non-coplanar centres,

taken three by three intersect at a unigue point, called the radical centre of the spheres.
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Theorem. § =0, §'= 0, §" = 0, §'"" = 0 are four spheres whose cenfres are
non-coplanar, then the four radical lines of four spheres taken three by three intersect
at a unigque point.

Proof. The radical plane of S=0,8'=0is8-8"=0

ie. 2 —-u)x+2(v-vI)y+2(w—-w)z+(d-d)=0 el 1)
The radical planes of S=0,8"=0is §-8"=0

ie. 2-u")x+2(v-v")y+2(w-w')z+(d-d")=0 (2)
The radical plane of S=0,8"=0isS-8"=0

ie. 2(u—-u")x+2(v-v")y+2(w-w")z+(d-d")=0 il 3]

Since the centres (—u, —v, —w), (-, =V, —=w), (-u", —=v", —w"),
(—u", —v'", —w"™) are non-coplanar.

—u - —w ] — U -V - W 1
_— s g _— ] M- v=y w=-w 0 L0
it el cw® ] 2 0= | -y v—v" w—w" 0
g™ ™ ™ ] u—=u" v=v" w=w" 0
M-u V=V wW=w

= lu-u" v=v" w-w|z20
H=u" v=v" w=w

—  Radical planes (1), (2). (3) pass through a unique point P.
P lies on the radical planes of $=0,58=0,5=0,58"=0,

— P lies on the radical line of §=0,5=0,58" =0

Similarly P lies on the radical line of S =0, 8'=0, §" =0,

P lies on the radical line of S=0,5"=0,58" =0,

P lies on the radical line of §' =0, §" =0, 8" = 0.
. The four radical lines of four spheres taken three by three intersect at the unique

point P.
Note. P is the radical centre of the spheres S=0,58'=0,8"=0,8"=10.

6. 37. Theorem. The centre of the sphere £ which intersects two spheres &, &,

orthogonally lies on the radical plane of the sphere & E;.
1T c I

Fig. 74
Proof. Let A, B be the centres and r, r, be the radii of the spheres £ . £ _ (Fig. 74).
Let C be the centre of the sphere £. Let T, T, be the respective common points to £

E.,and E , E. (Fig. 74).
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£ intersects £ | orthogonally
— CT,L AT, = AC?*-AT}?=CT;}
= AC*—(radius of € ) =CT*Ant. 6.32
— Power of the point C wrt. £ =CT* = (radius of £ ).
Similarly power of point C w.rt. £,=CT.® =(radius of £ ).
Power of the point C w.r.t. £ = Power of the point C w.rt. £ .

C lies on the radical plane of £ , £ ..
OR

Let 5'= 0, 8" = 0 be the equations of the spheres £ . £ and § = 0 be the equation of £.
Radical plane of s'=0,58"=0is 8§ - §"=0
ie. 2 —u")x+2(v'=v")y+2(W-w")z+d'-d"=0
£ intersects £ orthogonally = 2u'+ 2vw'+ 2ww'=d +d' 1)

g intersects & orthogonally = 2"+ 2w "+ 2ww" =d +d" . (2)
(MD-2): 2@ -u")x+2(vV'- V") +2(W-wW")z+d-d"=0
— (' = ") (=) + 2V = V") (=) + 2(W = W) (~w) + d'— d"= 0
- The centre ( — u, —v, —w) of § = 0 clearly lies on the radical plane of §'=0, 8" =0,

i.e. the centre of £ lies on the radical plane £ . £ .
SOLVED PROBLEMS

Ex. 1. Find the equation of the sphere through the circle x* + y
3y-4z+6=0, 3x— 4y + 52— 15 = 0 and cutting the sphere x* + y* + z* + 2x + 4y

1+:;;'2—2,1|:+

— 6z + 11 =0 orthogonally.
Sol. Let a sphere through the given circle and cutting the sphere

4y 42t 4244y —62411=0 «.(1) orthogonally be

X +y1+:=:3—21+3y—42+6+l{31—4y+5:—|5}={]
ie, x* + 1 +22 400 -Dx+ (4L + Ny +(5AL -4z +(-15L+6) =0

2(31_2}+4{—4k+3]_6{5?..—4]:”_|5;,h+ﬁ ie % m—1/8

2 2 2
Equation to the required sphere is 5 (x? + ,1-’2 +28)-13x+ 19y -25z+45=0.

Ex. 2. Find the equation of the sphere which touches the plane 3x + 2y — 2 + 2 =0wt
(1, -2, 1) and cuts orthogonally the sphere x* + y* + z* —4x+ 6y +4=0.

(A U.AI2, M14; K. U. 08, MI3; N. U.598: 5. V. U. 93, A10, . K.N.UMIS, A.UMIS8, V.S.PUMIS)

Sol. For the sphere x* + y* + 2> —dx+6y+4 =0 A1)

centre=(2, —3,0), radius =4 +9-4 =3
Since the plane 3x + 2y —z + 2 = 0 at (1, —2, 1) is the tangent plane to the required

sphere, equations to the normal at (1, —2, 1) is the tangent plane to the required sphere,
) x-1 y+2 2z-1
equations to the normal at (1. —2. 1) are 3 = 5 = I (=t say)

Centre of the required sphere can be taken as (3r + ,2r = 2, -1 + 1)
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and radius = /3t + 1-1)2 + (2 -2+ 2)% 4+ (1 +1-1)% =14 | 1]
Since the required sphere cuts orthogonally (1),
H+1-22 + (2 =-2+3 P2 +(=t+1-0)2 =14¢> + 9 ie, t= =32,

7 3
Centre of the required sphere [_E _55)
) - ' 77 2 57 (3 :
-. Equation to the required sphere is X+ +{y+5) + i e 14

ie. x*+y* +z°4+Tx+10y-52+12=0.

Ex. 3. Find the radical cenmtre of the sphere
2yt e24dy=0 A1) P+ 4224242y +2:42=0 -(2)

2+ +22 +3x-2y+82+6=0 =4 3)
¥+ +z2t—x+4y-62-2=0 ey (A U.AILO. U.AlLAL)
Sol. RP.of (I)and (2)is 2x-2y+2z+2=0ie, x—y+z+1=0 ..(5)
RP.of (1)and(3)is 3x-6y+8z+6=10 ...(6)
R.P.of (Dand (4)is x +6z+2=0 A7)
RPof 3)and(4)is dx -6y +14z+8=0 je2x-3y+7z+4=10 A 8)
~.Radical line of the spheres (1), (2),(3)is x—-y+z+1=10 (D)
3x-6y+8z+6=10 ()]
and radical line of the spheres (1).(3).(4)is x + 62+ 2 =10 .
2x-3y+T7z+4=10 ..(8)
The point of the intersection of these radical lines is the radical centre of the spheres.
3 x(3)-(8):x-4z-1=0 )
3 I I
N=-(9):10z+3=0 -— L EE—— Y=
(7)—-(9): 10z + =z 0 x : ¥ ;
Radical centre of the spheres = [— é, %, - %] .
Ex. 4. Show that all spheres through the origin and each set of points where
the planes parallel to the plane -] % +Z -0 cut the axes, form a svstem of spheres
¢

a
which are cut orthogonally by the sphere

I2+y2+zz+2ﬁ:+2g}r+2ﬁz={] A1)if af +bg+ch=0.

Sol. Let a plane parallel to 22 sZDbe £+£+£=l{l z0)
a b ¢ a b ¢
Let it meet the axes A, B, C.
A=(Aa 0,0),B=(0, b, 0),C=(0,0, Ac).
Equation to the sphere through O, A, B,Cis x'+y'+z' - dax-Aby-Adcz =0

This intersects (1) orthogonally if 2.7, [%)+Eg [_2""”'}2& [_}f]ﬂ]

ie, af +bg+ch=10 (-- A =0).
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10.

11.

12.

EXERCISE 6 (e)
Show that the spheres x2 + y? + 22 + 6y +2z+8=0, x> + y* + 22 + 6x + 8y
+ 4z + 20 = ( are orthogonal. (A UM AKUMIS, VSPUMIE)

Prove that the equation of the sphere which cuts orthogonally each of the spheres

2
I2+y1+22=ﬁl+bl+£".12 2

x +y 4zt + 2y =6, *

+_].=2+z +2ax =a’,
7 -
+_1p"+z'1+1.:-:=:=r:l 15
£ e ) ¥ g | T
a 2. 2 b e c”+a a +b 3 43 . 3
XT+ Y+ + x + V4 z+a - +b +e” =0,

] C
Prove that every sphere through the circle % y‘T‘ +22 —2ax+r2=0,2=0

intersects orthogonally every sphere through the circle x? + 22 = 2, y=0-

Prove that the sphere which cuts two spheres S'= 0 and 5" = 0 at right angles will cut
the sphere A 8"+ WS8" =0 at right angles.

Two points A and B are conjugate w.r.t. a sphere S = 0. Prove that the sphere on AB at
diameter cuts the sphere S = 0 orthogonally.

Show that the equation to the system of spheres through the points (a, 0, 0), (0, b, 0),

{ﬂ,ﬂ.c]isf+r1:3+;—1—m—f:}-—c:—},[£+£+£—l]=ﬂ.Find AL if (1)

a b ¢
intersects the sphere 2 4+ _1:1 4+ 2% =2y - 2by — 2¢z = 0 orthogonally.  (NU 94)
Show that the sphere intersecting the spheres x? + }-3 t e b x =32 = 0,
Pl N o %x-n- %y + 2 =0 orthogonally and passing through the points

(0,3,0),(=2, -1, -4)is x* + yl 2t 4 2x -2y +4z-3=0.
Find the equation to the sphere with (1, 2, =3). (5, 0, 1) as the ends of one of its

diameters. Also find as angle between it and the sphere

IE+J’I + 22 - 2x =4y =-6z+10=0.

Find the equation to the sphere through the circle given by x* + y* + 2% — 2x — 4y

2

~11=0, x* +y* + 22 + 2x — ¥+ 12z + 5 = 0 and through the point (1, =1, = 1).

Find equations to the radical line of the spheres x* + 32 + 22 + 4y =0,
x° +_]HI +2z° 4 3x=-2y+8z2+6=0, x1+y2+:2+2;r+3y+2:+2=ﬂ

Show that the locus of the points such that lengths of the tangents from each point to
2 2

the three spheres x?+)p?+22 +2x+2y+2:+2=0, x> +y? +2% +4x
T o Bl B
+4y+4z+4=0, x* +y* +z° +x+6y—4z-2=0 are equal i 5= =7
Show that the radical line for the spheres 2 + 32 + 22 —4x +3 =0, x* + % + 27
. 4.2 L
—6y+3=0,x"+y" +z" +4x+2y-4z+3=0B83 =5 =7, (A L. AI2)
ANSWERS
3 423 4
6. —% 8. J:I+}'2+zz—ﬁx—2}'+2:+2=ﬂ,C{}5'1[—§]

9 S(x2+3? +:)+14x-2p+72:441=0 10, x—y+z+1=0=3x—6y+82+6
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6. 38. COAXAL SYSTEM OF SPHERES
Definition, A system of spheres such that any two spheres of the system have the

same radical plane is called a coaxal system of spheres. (K.U.)
S =10, §' = 0 are two spheres of a coaxal system of spheres £.
— 5 —5"=0 is the radical plane of the coaxal system of spheres & .
Theorem. If § = 0 is a sphere and U = 0 is a plane, then the equation § +.U =0
(A _being real) represents a coaxal system of spheres with radical plane U = 0.
Proof. Given that S =0 is a sphere and U = 0 is a plane
Consider the equation S + A U = 0, A being real A1)
LetS+A U=0 ..{2) and S+AU=0 (3)
(&, # &) be two spheres of the system (1).
Radical plane of (2) and (3)is (A = 4 ), U=10
. U=0 (- A #1,) independent of A.
. Ewvery two spheres of the system (1) have the same radical plane U = 0.
o S+i U =0 is the equation to coaxal system of spheres with radical plane U = 0.
Note. S =0, §'= 0 are two non-concentric spheres. Then § —§'= 0 is the radical plane
of S=0,8=0.
5+ L(S —8)=0, & being real, is a coaxal of system of spheres
ie. (1+A)S+(-2A)S =0 isacoaxal system of spheres
ie. AS+HALS=0,(A, A, #(0,0)and A +A,#0 represents a coaxal system of

spheres with radical plane § - §'=0.
6. 39. Theorem. The centres of the spheres of a coaxal system of spheres
are collinear.
Proof. Let £ be a coaxal system of spheres with radical plane n.
Let £ . £, be two spheres of the system Swith centres A, B. . AB 1L x. ..(1)
Let £ be a sphere of the system £ distinct from £ , £ with centre C.
. §,. &, have the same radical plane and AC | =. (2)
- From (1)and (2), A, B, C are collinear.

. All the centres of the spheres of the system lieon AR i.e. all the centres are collinear.

AB is called the line of centres of the coaxal system £ .

Note. Radical plane of a coaxal system of spheres is perpendicular to the line of
centres of the system.
6.40. A SIMPLIFIED FORM OF THE EQUATION TO A COAXAL SYSTEM OF SPHERES.

Theorem. A coaxal system of spheres can be reduced to the form xX* + y*+ 77 +
2. x +d = 0 where d is a constant and }. is a parameter. (5.K.U.97,5.0.U.99, 98)

Proof. The line of centres of a coaxal system of spheres is perpendicular to the radical
plane of the system.

Let the point of intersection of the line of centres with the radical plane be origin O, the
line of centres be X-axis and the radical plane be YZ plane.
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With this frame of reference, let a sphere of the coaxal system be
C+yr+22+2ux+d =0 (1) (--centre lies on x - axis)

where u, d are parameters. O is a point on the radical plane of the system.

s Powerof Owrt. (1)=0+0+02u(0)+d=4d.

Since power of the point O w.r.t. any sphere of the system must be the same, d is a

constant.

) +.l-'1 +22 +20x+d =0

. Equation to the coaxal system of spheres can be taken as x
where A (= u) is a parameter and  is a constant.

Note. The equation y* + _vl + 2% + 23x + d = 0 (A isaparameter and d is a constant)
represents a coaxal system with the line of centres as X - axis and the radical plane as Y Z plane.

By giving values to A and taking f as constant, we get spheres of the coaxal system.

6. 41. Consider a coaxal system of spheres 2 + _}-1 + 22 +2x+d =0 ..{1)

where d is a constant and A is a parameter.

Radical plane of the system is YZ plane i.e. x=10 -y

= (1)and (2) intersect in points given by x =0, }:1 +z22+d=0ie *1-3 +2%* =—d.

(i) d<0.All the points of intersection lie on the circle x =0, 3? + 2? = (/-4 )* and
every sphere of the system passes through the circle.

~. The coaxal system is an intersecting type of coaxal system of spheres.

(i) d=0.:.x=0,y" +2z? =0 ie.x=0,y=0,2=0 ie (0,0,0)isa point common
to(1)and (2). ie. every pairof spheres of the system touch at (0, 0, 0) and the radical plane
of the system is the tangent plane at (0, 0, 0) to every sphere of the system.

The coaxal system is a touching type of coaxal system such that every pair touches
at (0, 0. 0).
(iii) = 0. There are no points common to (1) and (2) ie. there are no points in
common to any two spheres of the system.
- The coaxal system is a non-intersecting type of coaxal system of spheres.
6. 42. LIMITING POINTS
Definition. Point spheres of a coaxal system of spheres are called limiting poinis
of the system. (K.U., N. U. 90)

Let x> + y? + 2% + 2hx + d = 0 whered isaconstantand . is a parameter, represent

a coaxal system of spheres.

For any sphere of the system, radius = 1“!'{}3 —d) and centre=(- 3,0, 0)

For limiting points of the system, radius =0
Le -.”I|{IJ.,1 -d)=0ie A= +Jd

(i) If d = 0 then & =0 and hence the system has only one limiting point and it is, (0, 0, 0).
in this case the system is a touching type of coaxal system of spheres at (0, 0, 0).

(i) If d = 0; then A has two values + Jd and hence the system has two limiting points
only. The limiting points are ( Jd . 0,0), (= Jd, 0, 0). In this case no two spheres of the
system intersect.
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(iif) 1fd <0, the system has no limiting points. In this case the system is intersecting tvpe.
Note 1. Equation to the limiting puint{—ul'ﬁ.,l]*ﬂ]is
{I—'\Ilr[}']z +J=3 +28 =0 Pe y? +;p3 +2* —Esﬂ?x+d=l}
Equation to the limiting point ( - Jd ,0,0)is
(x+JdVP +y*+22 =0 ie. X 4y* 422 +2ddx+d=0
2. Ifthere is only one limiting point (0, 0, 0). its equation is x? + },1 +2% =0.

SOLVED PROBLEMS

Ex. 1. Find the limiting points of the coaxal system defined by spheres
x1+}'2+zz+4x-2y+lz+ﬁ={l 1)
and x* + 37 +22 +2x -4y -224+6=0..42)

(MK UM AU MMAUMIS KS.EUMIS)
Sol. The R.P. of the sphere of coaxal systemis 2x + 2y + 4z =0je, x+ y+ 22 =10

. Equation to a sphere of coaxal system is

xl+_‘p'2+zl+4x—2y+22+15+1[x+y+2:]:[I

ie. ¥+ 3 +22 +@+0D)x+(A-2)y+(2A+2)z+6=0

44+ 2-2A
t:entre=[— v 1 .—l—l]and

2 2

2 g mnld
radius = (#+2) +{" :'}

; +[:-u+|}3—ﬁ]

For limiting points of the system, radius = 0.

2 2
“*4“ + 2 '4” +(A+1)*-6=0 ie,22+20=0 ie A=0,—2
Limiting pointsare (-2, 1, = 1);: (= 1,2, 1).
Ex. 2. Find the equation of the sphere belonging to the coaxal system given by
. +_1,:2 T —2m—2ﬂ}’—2a:+4a2 +A(x+y-z)=0and x? +_]pI +z2 - dax -
day + 4a® = 0 and which cuts the sphere x* 4+ y* 4 z* — 2ax = 0 orthogonally,
Sol. R.P. of the given spheres is 2ax + 2ay - 2az =0 je., x+ y—z=10

Equation to a sphere of the coaxal system is

x2+y2+zz—Em—iﬂy—iaz+4a2+l{x+y—z}=ﬂ

If the sphere intersects x* + ;1:1 + 22 +2ax =0 orthogonally, then

A—2a A —2a —A-2a
2[ > J,a+2[ 5 ].D+E[T].ﬂ=4t-‘z ie,h=06a.

Equation to the required sphere is x* + y? + 22 — dax — day — 8az + 4a’ = 0.
Ex. 3. Prove that every sphere through the limiting points of a coaxal system
intersects every sphere of that system orthogonally,
Sol. Let a coaxal system of spheres be 2 + _],JI + 22 +x+d =0 1)
(d=0)
Limiting points of the system are ( - '\G, 0,0)( \l'r.c? L0, 0)
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Let a sphere through the limiting points be

A+ v 2+ 2w+ 2wz +c=0 .{2)

d—zlfﬁ+f:ﬂ.d+zﬁﬁ+f:ﬂ .',5ﬂ1¥'iﬂg~H=ﬂ*C=—d.
Equation to the system of spheres through the limiting points is

A+ v 2w+ 2wz —d =0 il
Since2. L. 0+2.0.v+2.0.w=d - dis true for any sphere of the system (1),

every sphere of the system intersects every sphere of the system of spheres through the

limiting points orthogonally.

I.i-

EXERCISEG ( f)
Find the limiting points of the coaxal system of spheres 2 + _],Jz +22 - 20x + 30y
- 40z + 29+ AL (2x -3y +42)=0.
(S.KUAIILO98, 08, N. U.AIILAI2, K. U. All, S.K.U M18)
Find the equation to the spheres of the coaxal system x? + Iul + 22 -5+ A(2x + y
+ 3z = 3) = 0 which touch the plane 3x + 4y = 15=0. (S K U. M 13; N. U. M 98)
(/) Find the limiting points of the coaxal svstem of spheres of which two members are
x* +}-'I + 22 +3x-3y+6=0, x? +}=l + 22 —6y—-6z+6=10
. K UMIS, KU 90O MI13;:8 VU 90,95, A12, N U, 90, 92, AKN.UMI8)
(i7) Find the limiting points of the coaxal system determined by the two spheres whose

equations are (S. K. U. M18)

_rz+y1+zz—3_1r+2}=—2:+32=ll _1'2+J=I+zz—'.-'x+: +23=0.

Find the equation of the sphere through the point (0, 1, 2) and belonging to the coaxal

systemdefinedby +? + y® + 2? +3x -3y + 22 =0, 2+ + 22+ 2x -y -z +10=0.
(5. K. U. MI§)

A and B are two fixed points. P is a point such that PA = n . PB. Show that the locus of

P is a coaxal system of spheres.

Find the equation of the radical plane of the coaxal system whose limiting points are

(-1,2,1)and (-2, 1, —1).

Show that the sphere which intersects two spheres orthogonally will intersect every

member of the coaxal system determined by them orthogonally.

If(—=2, 1, = 1)is a limiting point of a coaxal system for which x + y 4+ 2z = 0 is the
radical plane, then show that the other limiting pointis( -1, 2, 1). (K. U. Mi&)

Three spheres of radii r,m.rhave their centres A, B, C at the points
(a,0,0),(0,5,0),(0,0,c) and r,‘! + :f + .rf = a* +b* +¢* fourth sphere passes through the
origin and the points A, B, C. Show that the radical centre of the four spheres lies on
the plane ax+by+cz=0.

ANSWERS

1.(2,-3,4),(-2,3,4)

2, x? +_1|-'2 427 +4x+2y+6z=-11=0 3 5{.1:1 -|-y3 +::}-&T-4_]’-]2:-13=D

3. () (-2,1,-01),(-1,2,1) (i) (5-3,4).(3,1,-2) 4. .I'1+j’2+:1+4:-.‘—5_1-‘-!-5:—1ﬂ=|]
6. x+y+2z=0 8 (5,3,4).(3,-1,-2)
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UNIT -1V

The Cone

Definitions of a cone, vertex, guiding curve, generators. Equation of the
cone with a given vertex and guiding curve. Enveloping cone of a sphere.
Equations of cones with vertex at origin are homogenous. Condition that
the general equation of the second degree should represent a cone.
Condition that a cone may have three mutually perpendicular generators.
[ntersection of a line and a quadric cone. Tangent lines and tangent plane
at a point. Condition that a plane may touch a cone. Reciprocal cones.
Intersection of two cones with a common vertex. Right circular cone.

Equation of the right circular cone with a given vertex, axis and semi-
vertical angle.
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THE CONE

7. 1. Definition. |7he surface generated by a straight line that which passes
through a fixed point and intersecting a given curve or

touching a given surface, is called a cone. v
The fixed point is called the vertex and the given curve
the guiding curve of the cone.
An individual straight line on the surface of a cone is
called a generator.
Thus a coneis the set of lines called generators through
a given point. P
Another Definition. Ler S be a set of points in space. If
there exists a point V in § such that Pe S5 = VP S then S is
called the come and V is said to be the vertex of the cone. Fig. 1
e is called a generator of a cone.
Note 1. If'V is the vertex of the cone S and P is a point on 'S’ then yp is a generator.
2. If L is a generator of the cone S then every point of L lies on S,
e.g. (i) The equation Py* +3_1~1 -2 =0 represents a cone with vertex as origin.

(i) Intersecting pairs of planes form a cone with every point on the common line as
vertex.

(iif) A plane is a cone with every point on it as vertex.
7. 2. Theorem. If f(x,y.2) is @ homogeneous polynomial of n™ degree then the
surface § represented by f(xy.2)=0is a cone with vertex at the origin,
Proof. Since f(x,y.z) is a homogeneous polynomial of degree »n, fi :::r-a real number . .
FOx, Ay, k) =A" f(x,1,2) .

Let P (x,y,z) be a point on the surface S. PeS= f(x,v,2)=0
= A" f(x,y,2)=0 = f(Ax, Ay, Az) =0
— every point on OP lies on the surface S. - PeS=0PcS-

Hence the homogeneous equation f(x,y,z)=0, represents a cone with vertex
at the origin.

o B 3 N :
Corollary.| The line o= E S (A, hm, hn) where }, is a real number.
x y =z

7= ;—r is a generator of the cone < f(/, m, n) =0

< Any point on the generator & cone < (M, hm, An) e cone
& (M Amin)=0 = A"f(l,mn=0< fl,mn)=0

177
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NOTE. If f(x,y z)isahomogeneous polynomial of degree » then the cone f(x, y,z)=0
1s called a cone of nth degree.

e.g. () 22 —y? +3x%2 4227 =0is a cone of third degree.

(i) x* +y* -2 =0is a cone of 2nd degree.

Cones of second degree are also called Quadric cones. [n this chapter we deal with
quadric cones only.

It will be seen that the degree of equation of a cone whose generators intersect a given
conic or touch a given sphere is of the second degree.

7.3. QUADRIC CONES WITH VERTEX AT THE ORIGIN
Theorem. The equation of a cone with vertex at the origin, is a homogeneous
equation.

Proof. Let the general equation of second degree

ax® +by® +cz? +2 foz+ 2gze + 2y + 2ux + 2wy + 2wz +d =0 represent cone S with
vertex at (0, 0, 0).

Let P(x;..2) be a point on the cone

. The equation of generator qp is X _Z=n
X N =

Any point (Ax;, Ay, A=) on OP lies on the cone S.
— }.Iia_t|1 + h_}-‘]z + .I:':I2 +2 vz + 28120 + 2hx )+ 200 + vy +wz )+ d =0
This is true for all real values of .
— E.Ll'll Ja-..’:n:-q2 +-|:':|I +2 gz + 2% + 2hx =0 -..{{)
wxy + vy +wz =0 ) d=0 ..[i0)

The relation (/if) is obvious as the origin lies on the cone.
If w, v, w, are not all zero, the equation (if)

= (Ax;, Ay, Azp) lies on the plane e +vy+wz =
Which is a contradiction. Thus we have u=v=w=0,d=0
Hence the equation to the cone S with vertex at the origin is given by the homogeneous

equation ax” + by® + =7 +2 fim + 2gzx + 2y =0 vaul )
Conversely. Every homogeneous equation of the second degree represents a cone
with its vertex at the origin.

Let the homogeneous equation of second degree be

S=ax’ +by” +ez” +2fiz+2gzx+ 2y =0
Let P(x,,».5) be a point on the cone.
Then ax? + byl +czi + 2z +2g5,% + 2y, =0 wias (1)
Multiplying by a real number A° we have

air, :r,z + ﬁ:’;.:jf - ur;.'n'l.,:r:|3 + Elfl:_ﬁ 5+ Egi'-.::l.vq + Ehljrlyl =0
= (Ax,. My, A=) lies on the surface.

Thus P lies on the surface = Every point on OP lies on it.
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~. The surface is generated by lines through O and hence, by definition is a cone with
its vertex at O,

a h g
Note. 1. Let A=abe+2fgh-af* -bg* -ch” =|h b f
g [/

() If A =0, the equation | represents a pair of planes and S is called a degenerate cone.
(i) If A =0, then the surface S is called a Quadric cone or a non-degenerate cone.

[

2. The equation ax® + by” + = + 2 fiz + 2g=x + 2hey =0 always represents a cone of

second degree with its vertex at the origin.
3. As the above equation of the cone contains five arbitrary constants, we need five
conditions to determine the cone.

4. The general equation of the cone with vertex at (. p. v) is
a(x-0)? +b(y=B)* +c(z=1)* +2/(y BNz ~1)+22(= = 1)(x - ) + 2h(x )y ~B) = 0

This is a homogeneous equation in (x—a), (v—F) and (z-7y).
SOLVED PROBLEMS |

Ex. 1. Find the equation of the cone whose generators pass through the point

(o, B.y) and have their direction cosines satisfyving the relation al* +bm* +en’ =0,
Sol. Equation to the generator passing through (a,p.v)

and having direction cosines (I, m.n) is I;u - J; P

z—Y
=i’ 'ﬂ
., (say)

X—o V— &=
- m== |3s_u'uj n= !

k k k
| 3
But I,m,n satisfy al’ +bm’ +en’ =0 ﬁz[{r—uf +(y=P)P +(z-y) ] =0

— 4

Hence the required to the cone is (x—a)’ +(y-p) +(z-7)" =0

Ex. 2. Show that x=-y=-z is a generator of the cone 5yz+8zx-3xy=0.
. B (SKU.MI8)
Sol. ?: J.”_I B i]h is a generator of the cone 5yz+8zx-3xy =0 o
=S (=D(=D+8 (= (D=3 (-1)=0=5-8+3=0
Hence the give line is a generator of the cone (1)

EXERCISE 7 (a)

1. Find the equation of the cone whose vertex is at the origin and the direction cosines of
whose generators satisfy the relation 3/° —4m” + 510" =0.

2.  Show that the lines drawn through the point (o.p.y) whose direction cosines satisfy
al® +bm® +cn* =0 generate the cone g (x-a)’ +b(y-P)* +c(z-7) =0.

ANSWERS

1. 35 -4y +52° =
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7. 4. Theorem. Show that the general equation of the cone of the second degree
which pass through the co-ordinate axes is fiz+gzx+hxy =0 (N.U.A.2006)

Proof. The equation of the cone of the second degree X
' Iz
s ax’ +|'?r1:l + s’ +2fz42gzx+ 2y =0 ...(1)

X - axis is a generator of the cone.

— the direction cocines (1, 0, ()

of the X - axis satisfies (1)

=ag={.

Similarly, ¥ - axis is a generator = p=0.

Similarly, Z - axis is a generator = ¢=10.

Hence the general equation of the cone containing the ¥ i

three axes is fiz+ gzx+hxy =0 o

SOLVED PROBLEMS

Ex. 1. Show that a cone can be found so as to contain any two given sets of three
mutually perpendicular concurrent lines as generators.

Sol. Let one set of three mutually perpendicular concurrent lines be taken as co-ordinate
axes.
~. The general equation of the cone through the coordinate axes is

fz+gx+hey=0 el 1)
Let the other set of perpendicular lines be OA, OB, OC given by the equations
Let the other set of lines be OA, OB, OC given by the equations

X y z X y z X Yy =z
hom m b omy omhomyom

Then  mym + many +myny =0 W) mly el 4l =0 (i)

hmy +lmy +my =0 . FiF)

OA, OB, OC are the generators of cone

= fimm + gmyly + hlymy =0 A 2) fmang + gials + hiamy =0 o 3)

Adding (2) and (3) we get  f(myn +man )+ g(mly + nals )+ h(lymy +lmy ) =0

Le.  fl—mym)+ g(-mby)+ M=lmy) =0 . by (iii)

Le.  fmyng + gmly + hiymy =0

=+ the line OC with direction ratio (/5. my, ny) lies on the cone fiz + gzx + ey = 0.
Hence the cone (1) contains two sets of mutually perpendicular generators.

Ex. 2. Find the equation to the cone which passes through the three coordinate

axes as well as the three lines Lx=y= —2, X = L1 y= Lrand le=-lyls
2 3 5 8 11" 5
Sol. The equation to the cone passing through the three coordinate axes
can be taken in the form fiz + g=x+ hoy =0 e (1)
The line % :%:il lieson (1)

—

< fMED+g=-D(2+h(2(D=0= f+2g-2h=0 e (2)
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Theline £ =2 - Z lieson (1)
1 3 §
< f(3)(S)+g (5)(D)+h(1)(3)=0=15f+5g+3h=0 wa 13)

Solving(2)and (3) : S o & " :;i:i:i
6+10 -30-3 5-30 16 -33 =25

Hence the equation of the cone (1) is 16)z - 33zx-25xy =10
Clearly the line with d.r's (8,—11,5) lies on it.

Ex. 3. Find the equation of the cone which contains the three coordinate axes

and the two lines through the origin with direction cosines (.my,m) and (I, m;,n,)

Sol. The equation to the cone containing the coordinate axes can be taken as

fz+ gzx+ by =0 e (1)
The two lines with d.c.'s (/;,m,,n) and (/;.m,.n,) lie on cone (1)
= foyn + gy + hlimy =0 e (B
and f[_m!ﬂll+£ﬂ2;3 +-Hjm1 =0 {3‘}
Solving(2)and (3) : f = £ = .
hiymymy =hilmny gy (g ) = mymymydy  ayndyimy = mnylym,
| = 8 3 h

Wy (mymy —mymy) — mymy (mly = mby) oy (lymy =y )
Substituting in (1) the required equation of the cone is
Ly (myny —myn, vz + mym, (nydy —mds )zx + mony (Lmy —Limy )y =0
= Z L (myny —=man )yz =0
EXERCISE7 (b)
Find the equation to the cone which passes through the three coordinte axes and the

lines % . }—2 - ; and % ={ =% (A U.A"08, 8 V. U.A'06,A11, A.K.U M8, S5.U.M MI§)

Find the equation of the quadric cone through the coordinate axes and the three lines

Y_ Y _I X _ ¥V _ ZodX Y

¥

] 2 3111 § & 1
Find the equation of the quadric cone which passes through the coordinate axes and the

(. U.Al2)

o0 | ta

1. 3z +16zx+15xy=0 2. 5z+8x-3xy=0

3. 33z +25zx-16xy=0
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7.5. CONE AND A PLANE THROUGH ITS VERTEX. |

Find the angle between the lines of intersection of the plane px+gy+r=0and the
cone F(x,y,z)=ax® +by” +ez° +2 fiz + 2gzx + 2y = 0

. ) : . x y =z
Sol. Let a line of intersection of the plane with the cone be —=—=—,

m n
.. The line lies in the given plane as well as on the cone < pl+gm+rn=10

and al” +bm” +en” +2 fimn+ 2gnl + 2him =0 ... (2)

ol + g

Now substituting »n = - in (2) we have

2
al® + bi* + .:[M] +(2 fin+ lgf][ﬂ] + 2him =0
' r

= Il{c‘pl + arl =2grp)+ 2im (cpg + .F|La'1 - gpr — frp) +m1{br1 +4:'.;;.-1 -2fgr)=0
2
= Lz{cpz +ar’ - 2grp)+ E{cpq + hr? - gpr - frp)+(br* +cq” =2 fgr)=0 . (3)
i m

This is a quadratic equation in 11 and shows that the plane cuts the cone in two times. If
m

(fy.mp.m)and (5, m;,n) are the d.¢'s of the two lines then 'r—'fi are the roots of (3)
bbbt -2y e T
my l'.'FI'E +ar’ —2grp
hiz _ L _ mny
by symmetry

br? 4 u:"r,'r2 -2 fgr ) r.;;::2 +ar® - 2grp ) aql -lu!:-;::-1 - 2hpyg

hls + mymy + mny

each = - - =
(b+c)p” +(c+a)g” +(a+b)r* =2 fgr-2grp-2hpg

. 2 _ o
Also sum of the the roots of (3) is .f_|+ l :_2'[‘*-”‘-'1"""!"' gpr — frp)

o m E.'pl +ar’ —2grp
- hymy +lymy ____ mm _ hiz _ mhy
=2 [n'p'q+h.|"1 - gpr - frp) f.]ﬂ'z +ar’ —2grp br? +r;a:‘a'l -2 fgr m,rl +|!.'rp'2 - 2hpg
2 1/2
ol & [(hymy + Ly )* — Ay mymy ]

(4 {c‘pq—g_ﬂr—ﬁ'p+hrz }—d{f:rz +r.'q:,r2 —Zﬁ;r}{c'pz +ar? —Egr'.e'}}]”z

a h g p
— h b
'FI ﬂ;lz :‘2 I‘Hl whE]‘E DI | .-'r o
+ 2D g f e r
p g r 0

" 2
By symmetry 2 —m _ mimy —mym _ by —mahy _ \E(mm ~mym)
ot +2pD +2¢D tEDJpl+qz+r1
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\.'r Y (myy — mym )

Let @ be the angle between the lines then tan® =
hiy +mmy +mn;

DY(p? +4° +17)
{a+b+c) {pz +a:‘a'E 42 )-F(p.q.r)
Cor. Condition of Perpendicularity.
If the lines of intersection of the plane px +gy+rz =0 and the cone

= tanB =

ax® +by? +cz® + 2 fiz + 2gzx + 2y = 0 is a right angle then = 90° = tan 0 = tan 90° = =

= (a+b+e)(p? +q* +r1)=F (p.q.r)=0 which is the required condition.

SOLVED PROBLEMS
Ex. 1. Find the equation of the lines of intersection of the plane 2x+y—z=0 and

the come 4x* —y* +322 =0 (A.N.U.MIS,S. K. U. AL S.UMMI8)
o ! z
Sol. Let a line intersection of the plane with cone be 3 i = s (1)
The line (1) lies on the plane and the cone = 2/ +m-n=10 s 02)
and 472 ;2 +302 =0 e L) Lon=d+m

Substituting the value of nin (3): 4P —m? +3(U+mP =0=82 +6lm+m* =0

=(A+m)(H+m)=0 =22U+m=0 .(dand $/+m=0 ..... (5)
(i) when 2/ 4+ m =0, we have from (2) : n=0

I m n
e
1 -2 0
(i) Solving 2/ +m-n=0 ....(2) and #+m+0.n=0 s L)
/ m n I m n
= = — e — i —
0+1 —4-0 2-4 1 4 =2
Hence the two lines are I R (T -

2 0 1 -4 -2
Ex. 2. Find the equations of the lines of intersecton of the plane 3x+4y+:z=0

and the cone 15x° ~32y" - 7% =0.

Sol. Let a line of intersection be

e

¥
m

= |

The line belongs to 3x+4y+z=0 = 3/ +4m+n=0 ziikl]
= n==(3+4m)

Also the line lies on the given cone 15x* - 32]12 ~7:% =0

& 150° -32m* -7 =0 e (2)
Substituting the value of nin (2) : 1517 =32m® =7 (31 +4m)* =0

=2 _Tim+6m® =0= (1 +2m) (24 +3m) =0
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=!+2m=0 we(3) and 2/43m=0 ... (4)
() Solving 3t +4m+n=0 ....(1)and [+2m+0.n=0 s (3)
{ m " ) ] "
| . :::.—=_=_
0-2 1-0 6-4 -2 | =2
(ii) Againsolving 3/ +4m+n=0 ...(1)and 2/+3m+0.n=0 . (4)
/ m n / m n
- ] :}—z_:_
0-3 2-0 9-8 -3 2 1
. The two lines of intersection are = =2 - = and L =2_-2
-2 1 =2 -3 2 |

Ex. 3. Find the angle between the lines of intersection of the plane x-3y+z=10
and the cone x* -5y* +:*=0. (K. U. MI5,A. U.AI2, N. U. A0, 5. V. U, A’ 06)

Sol. Given cone x* -5y* +z* =0 . and the plane x-3y+z=

Let ==L - = be one of the common lines of the cone and the plane.
m "
2 2.,.2 [+n
S =5mt e+ =0 ~Al)and [-3m+n=0 = - =m el 2)

2
Substituting (2) in (1) ;1_5[“’T”] P =0
= 22 _Sin+2nt =0= Q2 -n)(/-2n)=0
= H—n=0 «(3) and [-2a=0 (4)
Now solving (2)and (3) ie. [-3m+n=0
2+0.m-n=0

/ m H I m n
== = —

3-0 2+1 046 1 1 2
Again solving (2)and (4) ie. [-3m+n=0.1+0.m=-2n=0

we have

I m n ! m n
—

Wellve 50 192 043 2 1 1
Hence the direction ratios of the two lines of intersection are (1, 1, 2)and (2, 1, 1).

. The equations of the lies of intersection are % = % = é and % = % =

. " W(2)+1{D)+ (1)
If @ is the angle between the lines, then cosf = — —
c . N +1+4) .y (d+1+1)

1
3
6

:‘:rEI=l;l:|5_|E
6

Ex. 4. Show that the equation of the gquadric cone which contains the three
coordinate axes and the lines in which the plane x-5y-3z=0 cuts the cone
Tx? +5;p2 —3z2 =0 is +10zx+18xy =0,

Sol. Let the plane x-5y-3z=0 cut the cone 7x2 +5y% —32% =
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long the line > ==
ngthe line 7 ===
Aong e e o o

= I-5m-3n=0 ..(1)and 7% +5m* -3 =0 ... (2)
Eliminating / from (1)and (2) : 7(5m+3n)* +5m" =3~ =0

— 6m” + Tmn+2n° =0=02m+n)(3m+2n)=0

=2m+n=10 e (3) and 3m+2n=0 e ()
() Solving | —sm-3n=0 ...(1) and /.0+2m+n=10 e (3)
[ m " { m n
- — ] e
-5+6 0-1 2-0 | -1 2
(if) Solving /-5m-3n=0 ....(1) and /.0+3m+2n=20 .. (4)
f m n {f m n
. | —_F— = —=
-10+9 0-2 3-0 -1 -2 3
~ The two lines of intersection are %=j—’l=§ and %=§=i3
Let the cone containing the coordinate axes be fiz+ gzx+ ey =0 ... (3)
The two above lines are the generators of (5)
= f(2=D+g QI M+h()(-)=0 =2/ -2g+h=0 e (6)
and f(2)(=-3)+e(=3)(D+h(IN2)=0=6f+3g-2h=0 e (1)

, N N Y g )
S:::-Iw.rn'tg{l:%]am:l{'a'},4_:i T =10 18

Hence the required cone is yz+10zx+18xy =0
Ex. 5. Prove that the angle between the lines of intersection of the plane x+y+z=10

with the cone ayz+bzx+oy=0 is n/3 if Lolol oo, @KU MIS,SMMIS,AUMIS)

a b ¢
Sol. Let a line of intersection be :}= === v (1)
i n
(1) lies on the given plane and cone
e l+m+n=0 e (2 and amn+bnl +clm=0 e (3)

Eliminating » from (2) and (3)

—am ([ +m)=bl (I +m)+cim=0=bI° +(a+b-c)im+am® =0
2
:;,,I;.[L] +{u+b—c‘}L+a=ﬂ
m m

R | L1
This 1s a quadratic in — . Let the roots be 1 2
m my

h b _a_ b _mm _mn by symmetry
m m, b a b ¢

hiy +mym, + nyn, _

each =

a+b+c
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F\Eﬂ_in I_|+ f: =E-'—b—ﬂ==.l"|m1 '|'-|r1ﬂ'f'| =m|m}_.
ny  ny b c—b-a b

=

=k (say)

Now (I,m, - -,m|} = (f;m, +a'-.m|]| — &1\l mym,
=k*(c-b-a)’ -4 (ak) (bk) = k*[(c—b-a)’ —dab)
=k (a" +b° +¢* = 2ab-2be -2ca)

JEUmy —bm ) 3k (a? +5? +¢ - 2bc —2ca-2ab)

Now tan@ =
hiy +mymy +mn, k(a+b+c)
o —2be—2
If =2 tan?Z=(f5) _3(a’ +b" +¢* —2bc-2ac-2ab)
3 3 (a+b+c)

= (a+b+c) = a® +b% +¢* =2bc-2ca-2ab

= dbc+ca+ab)=0= l+l+l=||f.'r
o iy
Ex. 6. Prove that if the angle between the lines of intersection of the plane

x+y+z=0 and the cone az+bzx+cxy=0 is L then gibre=0.
9

X Z
Sol. Let a line of intersection be -‘,-=:£-=; 1)
(1) lies on the cone and the plane = f+m+n=0 .42)
amn+ bnl +clm =0 {3}

Substituting 5 = —f —m in(3)
—am{l+m)=bl {({ +my+clm=0 = —glm _amE —.F;,‘I ~hm+clm=0
I

2
/ /
— bi® +{a+b-¢) Imt + am® =10 :"b[;] +(a+b-c)—+a=0

/
This is a quadratic in - Let the roots be —L-, 1.5

my " my
"_ f‘_l ‘r_l =E:} ﬁ:%
my )\ my | b a b
By symmetry : GG _mwm nR_ e (say)
d b ¢

the angle between the lines with & ¢s (£}, my, m)and (5, m1, n;)is g

S hlh+mmy+mm =0 =jka+kb+kc=0 =a+b+c=0.
EXERCISE7 (c)

Find the equations of the lines of intersection of the plane and the cone given below
(@) x+3y-2z=0, x*+9y° -4z =0 () x+Ty=5z=0, 3yz+14zx-30xy =0

Find the lines of intersection and angle between them.

(@) 3x+y+52=0, 6)yz-2zx+35xy=0 (b) x+y+z=0,6xy+3yz-2zx=0 (K. U. MI5)
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(€) 10x+Ty- :=U,Eﬂx1+7}r2—]ﬂﬂzz=l{]{d} _r+_u+:=l],_t1—_1.-':+r_-.-'—3:2='D
(e) 4x—-y-5z=0,8yz+3x-5xy=0

Show that the condition that the plane wx+ vy +wz =0 may cut the cone
ax’ +by” + =2 =0 in perpendicular generators is (b+c)u” +(c+a) v +(a+b)w> =0.

Prove that the plane ax + by +cz = 0 cuts the cone yz + zx + xy = 0 in perpendicular lines

il l et
a b ¢

Prove that the plane fx+ my+ nz =0 cuts the cone

(b—c)x” +(c—a)y” +(a—b)z* +2 fiz + 2gzx + 2hxy = 0 in perpendicular lines if

(b= +(c—a)m® +(a—byn~ +2 fimn +2gnl +2him =0 .

Find the angle between the lines of intersection of the plane x+ y+z =10 and the cone

L ... S|
b-c c—a a-b

Lold) —mdems T (4'5']——'

I
=
=
bed |
Lad
ul—-
1_...1||;
Lad | =
1]
— "=
b |

2.(a) Cos”'(1/6) (B) =iz (€) Cos'6/21) () n/6 (€) n/2 6. =/3

7.6. CONE WITH A BASE CURVE

and C' be a curve not containing V.

vertex at V. C is called the base curve or guiding

curve. VP is called a generator of the cone.

Definition. Lei S be the set of lies concurrent ai V

If PeC=VPcS§ then § is called the cone with /

bertex at (o, B, y)€ XY plane and the guiding curve
f(%»)=0,z=0is

z-v* f[u 'rx—: ﬁ—r}' ﬁ]

7. 7. Theorem. The equation of a cone with

Fig. 3

=7

Proof. Let the equation to a line through (c, 3, y) with direction ratios (/, m, n) be

x-o_y-f_z-v
/ m "

(=r) wees (1)

A point on the line is (/r + o, mr+ 3, ar +7v) .

Let the equation to the curve be f(x, v)=ax” + 2hey +* +2ex+2fr+c=0, z=0
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The line passes through the conic.
< The point P (Ir + o, mr + P, nr +7) lies on the f(x,»)=0 and on the plane - =0.

.--='[’.'r:::r.|-1.r+'rf::=r=—1

H
Hence the point P :[u ~%.ﬂ-%‘ﬂ] which will lie on the given conic,
< a [u —J’—fa] +1h[n—ﬁ][ﬂ—ﬂ]+h([ﬁ —ﬂ]_ + Zg(a—F—T]+ E_r'[ﬁ—ﬂ]ﬂ- =0
" M n H f 1

. (3)
This is the condition for the line to intersect the conic.
Now eliminating [,m, n between (1) and (3)

u[a—x_u.'f]q +1h[u—1_ﬂ.'r][|3—'r_ﬂ.f]
=Y z=9 =Y

+ b[ﬂ—ﬂ.? ] +23[{1—E.?]+ If[ﬂ-—ﬂ.}']-l- c=0
z=7 £—Y =4

= a (oz—x7) +2h (az-xy) Bz —p)+b Bz —p)’
+2g (az—) (z-1)+2f Bz - ) (z-P) +c(z-7)" =0

}'_ﬂ:r] =0 which is the required equation of the conic.

:—Tf-f'[u -——y,p-
z-v z—Y

Note. The guiding curve of the cone may be f(y.z2)=0,x=0or f(z,x)=0,y=0

| SOLVED PROBLEMS I

Ex. 1. Find the equation of the cone whase vertex is the origin and whose base

curve is x* +y* +2° +2ux+d =0

pr+gy+rz=k .(C) (A. U.AIT

Sol. Let P(x;. . z;) be a point on the cone.

. The equation to OP is LFEg 2028 (=r). A pointon OP is (A Aays Azy)
N N

OP intersects the base curve C = (Ax, by, Az eC

o Aot ad g )+ 200 xy +d =0 and A(px +qy +rz)=k.

Eliminating 3 from the above two relations.

We have 2 [_'-:|1 + yiz +z|1]+2uk x(pxy + g +rz))+d(px) + gy +|":|'jIE =0

Hence the equation to the locus of pis the curve

K (x? +y1 +22)+ 2uk x(px+qy+ r:‘_i+a’{px+qy+r:}2 =0

Alternative method :

1)

A2)

Sol. The given curve is x? + y? 42 4 2ux+d =0

px+qy+rz=k
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The required equation is the homogenous equation of second degree satisfied by the
points common to the two equations.

+qy+rs
sopx+qrrrz=k. Jmk&=| el 3)

Now homogeneuising the equation of (1) by (3) we have the homogeneous equation
2

242+ 4 2u [w] d[%] -0

Thus the equation to the homogeneous cone is

k(7 + }'2 +:2]+Er.rh' (px+qv+rz)+d {;11‘+Eﬂ.«’+r:]2 =0

Ex. 2. Find the equation of the cone whose vertex is (1, 1, 0) and whose

guiding curve is y=0, x> +2z2 =4 (4. U. A12)
Sol. Let the equation to the generator through the vertex (1, 1, 0) be
x=1 y-1 LAPE
P —H( r) (1)

A point on the generator is (Ir +1, mr +1, nr)
If this point lies on the curve y=0, ¥* +:2 =4, then mr+1=0, (Ir+1)> +(wr)’ =4

. |
ie, re——, (r+D2 +n*rt=4
m

2 .
Eliminating » [['EJ +%:4 = (m-1)* +n* =4m* dlel)

Eliminating /, m, n from (2) by using (1)

{-.J—I_’J+||:_r—I}J"+.--2 =4 =—1}1:}x1—3 2 ezt 2wy +8y-4=0
. ¥ » AR
which is the equation to the required cone.

Ex. 3. Find the equation of the cone with vertex (5,4,3) and 3x° +2y° =6,y +z=0

as base . (S.K.U. MI8)
. -5 y-4 z-3
Sol. Let the equation to the generator be d ;o }m = =k - (1)
Any pointon (1) is (k + 5, mk + 4, nk +3)
This point lies on the base < 3 (fk +5)" +2 (mk +4)° =6 .- (2)
and mk+4+nk+3=0=2k(m+n)==7 . (3)

F 4 4
Substituting (3) in (2) 3[5_ n J +z[4_ Tom ] w»

m+n m+n
=3 (5Sm+5n=T1)" +2 (4m+4n-Tm) =6 (m+n)’
=3[5(y-4)+5(z-3)-T(x-5) +2[4(z-3)-3(y-9) =6 (y-4+z-3)
=3 (-Tx+5y+5z) +2(=3y+42) =6 (y+z-3f
= 147x" +87y% +101z* —=210xy +90yz - 210xy - 294 = 0
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Ex. 4. Obtain the locus of the lines which pass through a point (o.p.y) and through

¥ .

the points of the conic z—;+;—; =1 z=0

Sol. Let the equation line through (B, 7) be I;ﬂ Y o I =k e (1)

i 1

Any point on the line is (o + k. B+ mk, v + nk)

3 2
The point lies on the conic z_3+J_2 =1 5=l

3 :
ﬁ:?[ﬂ+§H +{|3+!:fﬂ'} =1 and 'F+Hﬁ=ﬂ=:-k="-%
P 2

Substituting the value of & we have

2 2 il W
%(n—ﬁ] +L}[ 'ﬂ] 1oty G
a " b* " a-n b n”
Eliminating /,m,n using(1)
|

l
m[ﬂ (z-7)-y (x-a)}’ +W[H{I—T}—T (y-P =1

- 2 Y
O (- e ) R o ) O

z-y)
a’ b

Ex. 5. Find the equation of the cone whose vertex is (1,2,3)and base y* =4ax, z =
(A.NU AI12,5. K. U Al KU MI8)
1_y-2_z-13

Sol. Let a line through (1,2,3) be "f' el e (1)

Any point on the line is (1+/k, 2+ mk, 3+ nk)
It lies on the given conic < (2+mk)* =da(1+Mk) and 3+ nk=0=k =-3/n

2
Eliminating & we have [2—3—"”-] =4da [I—EJ = (2n-3m)* =da(n-3n
L )

Using (1) we get [2(z-3)-3(y-2)F =4a[z-3-3(x=-1)](z-3)
= (2z-3y) =da(y-3x)(z-3)

Ex. 6. The section of a cone whose vertex is P and guiding curve the ellipse

b
2 2
= T3

|‘-:

=1, z=0 by the plane - =0 is a rectangular hyperbola. Show that the locus of

5
L=

pis X Y +2 &)
ﬂl bz
Sol. Let the point P =(x;,),.2;)

Equation to a line through P be I_II' =2"h 274
m n
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Any point on the line is (x; + [k, 3, + mk, z; + nk)
This lies on the conic

o & +{k}1 L +mk)

=l +nk=0=k=-
a b n
Eliminating & we have
2 2 2 2
1 2 1 mz, } (nx, _lej (ry) —mz, ) 2
e —_— — —— =] = + -

=:~alz[x|{:—:|]—:.{x—x1]]: +hL:,[J’1[:—-’L}“=|{J’—}’| 1§ =(z-1z,)*

) 3
(=)’ | (v - y)’
3

a° b

=(z—gz ]E

(2 -yz)
a b
This will be a rectangular hyperbola = co. eft. of y* + coeftof z* =0

Now this meets x =0 in a curve

={z—:.}1,.r=ﬂ

2

z (= 9 I
:’_E:_+[—‘-.+}—1;— ]::}_ Hence the locus of P is ':—.,+'P 22 =
b b a b*

Ex. 7. A cone has as base the circle x* +y" +2ax+2hy =0,z = 0and passes through

the fixed paint (0,0,c). If the section of the cone by ZX plane is a rectangular hyperbola,
Prove that the vertex lies on a fixed circle.

Sol. Let P(x,),z) be the vertex of the cone and base curve
X +y +2ax+2by=0,z=0

. =R =N I—§
The line through P, / - - wine (1)

meets the plane = =0 at the point given by
X-X _Y-N_z-3 [ Iz, mz, ]

- = at
I} m n

This point lies on the circle < [;I _"i] +[.-'-'| _ﬁ]+ EH[-"] —Ll]+2b(_r, _ﬁ]: 0
n

Eliminatig (/,m.n) using (1)

2 2
[.r,-'i_'f',:,] +[_p1-{_'f'.:|] *3“[1’1'T_f'--"i]"zb[_l’.-{_{l-31]25'
-1 -z S z-

= (qz-x5) +(z-)5) +2a(xz-x2) (z-2)+2b(yz-y25)(z-2) =0 -y
This cone passes through (0,0,¢)

= {xlr_-j‘j' +(n L']:'I +2a(xc)(c—5)+2b (ne)(e—-z)=0
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= (x} + i) e +(2ax, +2by, ) (e —5,) =0 o 0D
Again the section of the cone (1) by the plane y=0is

(x,z-x5) +(12) +2a(xz2-x5)) (z-z,) + 2byz(z-2)=0 )
(3) represents a rectangular hyperbola
& co.eft. of =° + coeftof y* =0 =57 + y7 + 2ax, +2by, +2° =0 s ()
Locus of P is given by (2) and (4) as (x* + y*)c+(2ax+2bv) (c—2) =0 W
and x* +3" +27 +2ax+ 2y =0 wous (B)
Multiplying (6) by ¢ and subtracting from (5), we get

ez’ +2azx+2byz = 0= 2ax + 2by+cz =0 sk T}
Hence x* + 3" + 2% +2ax+2by =0 and 2ax+2ky+ez =0 together represent a circle

EXERCISE 7 (d)

Find the equation to the cone with vertex at the origin and whose base curve is
(@ z=2x"+y" =4 (B P+ +7+x-2y+3z=4,+y +22 +2x-3y+4z=5

(c) x° +_],JJ 22 —2x41=0,z=3 (d) ax’ +.’:l_jr1 +e2t =1, Ix+my+nz=p
Show that the equation of the cone whose vertex is the origin and whose base is the
circle through three points (a,0,0),(0,5,0).(0,0,¢) is Xa (b’ +¢’ )= =0.

Show that the equation of the cone with vertex at the origin and base curve

Z =k~f{.‘{'h'."_i=ﬂ 15 _,fl[¥1ﬁj=ﬂ'.

Find the equation of the cone with vertex at

(@) (-1,1,2) guiding curve 3x* —* =1,z=0 (b) (1,1,1) guiding curve x* +* =4,z=2
(KS.PU.MIE)

(c) (1,2,3)guiding curve x* + y* +z* =4, x+ y+z=1 (K. U.A"08,0. U, A'08)

(d) (1,1,1) guiding curve x* +y* +2% =L, x+y+z=1

Find the equation of the cone whose vertex is (o,pB,y) and base g +by" =1,z =0.
(N.ULAIT)
The vertex of the cone is (a,b,c) and the yz-plane cuts it in the curve F(y,z)=0,x=0,

show that xz plane cuts it in the curve y=0,F - rm“, ﬂ;_ z‘-} =0
ANSWERS |
1 (a) ¥ +;pE =z (h) X +_].:J +::'+{x—}!_1:—3:}| {x—y+:}—4{x—y+:}z ={
(€) 9x* +9y* —8z" —6zx=0 (d) T(ap® -1*)x* -2ZImxy =0

4. (a) 12%° —4}'3 +2? +dyz+12zx+d4z =4 =0
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(B) x* +y" =2z" +2yz+2zx—dx—dy+4 =0
(€) 5x* +3y* +28 - 2xp-6yz—4zx +6x+8y+10z-26=0
(d) _-,,;:'+_1,~1+:j—2{er+_r:+:1'}+1{.r+_1|'+:}=3

5. a(az-w) +b(Pz-p) =(z-7)
7. 8. ENVELOPING CONE
Definition. Ler § be a surface and P be a point not on the surface. The set of

tangent lines to the surjace § and passing through P form a cone with vertex at F.
This is called the enveloping cone or the tangent cone of the given surface.

7. 9. Theorem. The enveloping cone of the sphere x? + y° + 77 =a’ with
vertex af (x;,y,3)is (oo +yyp+ 2 —a’y =+ 7+ -y o + 42 -dd).

Proof. Let S =x* +y* +2% —a* =0 (0. U. Al2, MI5)
P {xln_]-’h.?]]ES:ﬂ
>xt+p’+zi-a’ =0 |F (X1, ¥1:24) Q(x,y.z)

Let Q (x,y, z)be a point on the
enveloping cone C.

- PO is a tangent line to the sphere S = 0.
Let RePQ and (R: P, Q)= i:1
R :|: Ax+x; Av+y Az+z ]

A+l A+l T A+ Fig. 4
RES};[-'I-I 5 Ay + W ’ Az+z =
- (5] o) ) =
= (Ax+x) +(hy+n) +(hz+5) =P (A +1)
— }-.2{_1'2+_1.'1+:1—a1}+21{11'l+}_1'| + 2 —az}+{.t|1+}'|1+:ll—a1}=ﬂ

= A’S+2A8, +5;; =0
If pQ is a tangent line to the sphere then the two roots of te equation (1) are equal
= 48)% =455, =0=>5,* =8§,,
Hence the equation to the enveloping cone C is §;* =SS,
Le., (xx +yn+2z ~a?) = I[Jr2 - _1.-1 + 22 —a?) {rlz + _|.-|1 - :I2 —al}l

7.10. RIGHT CIRCULAR CONE

Definition. A right circular cone is a surface generator by a line which passes

through afixed point, and makes a constant angle with a fixed line through the fived
point.

Let S be a set of concurrent lines, concurrent at V. If there exists a line L. passing

through V such that for a line M, MeS = (L.M)=0 the S is called a right circular cone
with vertex at V.
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The line L is called the axis and @ the semi-vertical angle of the cone.

Note. The section of a right circular cone by any plane perpendicular to the axis is a
circle.

7. 11. Theorem. The equation of a right circular cone with vertex at (a,p,7),
semi- vertical angle 8 and axis having direction ratios (lm,n)is

x—a)+m(y—B)+nz—7)F =2 +m* +n®) [(x—a)® +(y —B)* +(z—7)*|cos’0
(0. U. Al

V (w By)

Proof. Let V be the vertex and VL be the axis of the cone.
V = (a.p,v) and the direction ratios of the axis VL are (/,m.n) .

Let P (x, y,z) be a point on the cone,
D.r's of V.P are (x-a, y-p,z-7)

Semi vertical angle § = (VL, VP)

-----

Hx—a)+miy—-B)+nlz-v)
JIx-a + (=P + =1LV (2 +m® +1)

Hence the equation of the rigt circular cone is

cosh =

[(x-a)* +(y =By +(z=y)"10* +m" +n”)cos” O
=[x —a)+m(y-B)+n(z-y)]
Corollary 1] If the vertex be the origin then the equation of the cone becomes
(lx +.*ifi'_'r'+1rr:}2 g HE +m? +n2] {Iz +_r1 + :E}cusz (¥
]m The equation of the right circular cone with vertex at (0, 0, 0) and

whose axis is the z - axis and semi - vertical angle « is x? + % = 22 tan’ «

Proof. Since d.r's of the z-axis are (0, 0, 1)

{=0, m=0, n=1

Fig. 5

e ]
e

-. The equation to the right circular cone is (¥ + 3* + 2% )cos® @ = =°

= {xl +_1.~E }= :3{53::2 a-1)= [.rl +‘1.=E B :E{tﬂmj )
SOLVED PROBLEMS
Ex.1. Find the enveloping cone of the sphere x* 4 3-3 422 4 2x—2y=2, with its
vertex at (I, I, 1). (4. N. U. MI5)

Sol. Given vertex =(1,1, 1).

Equation to the given sphereis S=x? + y? + 22 +2x—2y-2=0
Now 8§ =x1+yl+zl+(x+1)=(y+1)-2=0 =2x+z-2

S =1+1+1+2-2-2=1

~. The equation to the enveloping cone is Slz SS

Rx+z-2P =2 +y* +22 +2x-2y-2) (1) = 35" —y? +4zx—10x +2y -4z 46 =0
Ex. 2. Find the equation to the right circular cone whose vertex is P(2, -3, J),
axis PQ which makes equal angles with the axis and which passes through A (1, -2, 3).
(5 K.D. MI5,S.K.UMIS)



The Cone 195

Sol. The axis of the cone makes equal angles 8 with the coordinate axes

- d.r's of the axis are (cos#, cosf, cosB) = d.r's of the axis are (1, 1, 1)

Let a be the semi-vertical angle of the cone with vertex P (2, -3, 5)

. The equation to the cone is

[(x=2)% +(y+3P +(z=510+1+Dcos> a =[1. (x=2)+1.(y+3)+1 (z = )

The point A (1. -2, 3) lies on the cone

& [(1-2)° +(=2+3)° +(3-5"]3cos” a =[(1-2) +(-2+3)+(3-5)) < W

. The equation to the required cone is .

[(x=2)* +(y+3)* +(z-5)"] “§=[{I—1}+U‘+3}+{:—5}]2

Simplifying the equation x? + 37 + 22 +6 (32 + zx + ) —16x—36y -4z 28 =0

Ex. 3. Find the equation of the right circular cone with vertex at (2,1,-3)and
whase axis is parallel to OY and whose semi vertical angle is 45°.

Sol. Axis is parallel to OY = d.c.s of axis are (0.1,0)

Given semi vertical angle o = 45°, vertex =(2,1,-3).

. Equation to the cone is  [(x-2)" +(y—1)" +(z+3)°](0+1+0)cos” 45

=[0.(x=2)+1.(y-1)+0.(z+ 3]

::-%[{x—zr’- +(r=1+=+3P == = (x-2 ~(y=1PF +(z+3)° =0

= x* -y +22 —Ax+2y+6:+12=0
Ex. 4. Find the equation of the right circular cone whose veritex is the origin,
axis as the line x=1t,y=2,z=3% and whose semivertical angle is 60°.
(A NU. A12,5.K.UMI18)
Sol. Vertex (o, p.y)=(0,0.0)
X ¥ i
17 2°3°°
— D. r's of the axis (/,m, n)=(1.2,3)
Semi vertical angle = 60°

. Equation to the required cone is [(x—0)* +(y—0)° +(z-0)*][1° +2° + 3" Jcos” 60°

Equation to the axis

=[1.(x-0)+2.(y-0)+3.(z-0F

=:%(;nr2 +;.J3 +:1}=[,1'+2_}'+3:}2

= T(x* +)" +2°)=2(x" +4)y" +9z° +4xy+12)z +6zx)
= 53" — 3" —112% =24z — 12z —8xy =0
Ex. 5. Show that the plane :=0 cuis the enveloping cone of the sphere

x* + 3" +2° =11 which has its vertex ar (2,4,1) in a rectangular hyperbola.
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Sol. Let S=x*+y" +25 -11=0

Given point P=(2,4,1) = (x,3.5)

S=x+yy -l =x2)+yd)+z(1)-11=2x+4y+2-11

S =x +3 +z —11=2 +(4)* +(1)* -11=10

. Equation to the enveloping cone is 8S,, =§;
= (x* + 3"+ =1 (10)=2x+dy+z-11)°

where the plane - =0 cuts the cone, then the equation to the conic is
10(x* +3° =11) = 2x+4y-11)* = 6x° 63" —16xy + 88y + 44x 331

In this equation coeft. of x* + co.eft. of y* =6-6=0

= The conic is a rectangular hyperbola

. . . ) X ! -4
Ex. 6. Find the equation of the cone generated by rotating the line 7 =i S
about the line X=X -2 as axis.
a b c

Sol. Given lines pass through the origin = vertex is the origin.
D.r's of axis are (a,b.c)

Semi vertical angle = angle between the generator and the axis
al +bm +cn

Nat +b8 + NP +m* +0° = (1)

. Equation to the cone is [(x-0)" +(y=0) +(z=0)"](a" +#" +c*).cos’ 0

=[a(x=0)+b(y=0)+c (z=0)]

Using (1) we have = (x* + y* + 2% ) (al +bm +cn) = (" +m” + 1" ) (ax + by +¢cz)°

Ex. 7. If « is the semi vertical angle of a right circular cone which passes
through the lines OY, OZ and x=y=z. Show that cosa =(9-43)"".

Sol. Let (/.m.n) be d.r's of the axis of the cone

D.r's of OY are (0.1.0). D. r.'s of OZ are (0,0.1)
o is the angle between the axis and OY

= co50 =

0./41.m+0.n m
= COS0 = = e (1)

w.n'l]+l+|.’.]w'f! meAn u'.f: rm A

Also ¢ is the angle between the axis and OZ

0./+0.m+1.n n
=SS E——— o (2)

-..n'l]~|rl]+lw.n'.l’j me+n u'.f: +mt

From(l)and (2) m=n

Similarly angle between the axis and TT - -‘T =Zis

1
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i Li+l.m+1.n B [+m+n
Ji+1+1 |'|F+m3+n:’ '|3{F+m3+nj] wes (3}

f+m+n

Equating (1)and (3) m= NG

=:'-f+m{1—q"§}+n:l] :ﬁ-f+m“-£]+m:ﬂ. E.r.m:“)
) m n
j—m{\l@_‘—g}:}ﬂ—T—T

.. From (1) cmu:é_;ﬂg_,*_ﬁ}-l:z

JG3-2)% +1+1 Jo-afs

Ex. 8. Lines are drawn through the origin with direction ratios (1,2,2),(2,3.6) and
(3,4,12). Find the direction ratios of the axis of the right circular cone and hence
show that its semi vertical angle is Cos '(1/+/3). Also find the equation of the cone.

Sol. Let (/,m.n) be the direction ratios of the axis of the right circular cone

Let o be the semi vertical angle of the cone

- Each given line is at o with the axis

1.I+2.m+2.n

(i) cosa = - gpe— wee (1)
VI+d+4F +m” +n

2143 . m+6.n

N +‘El+3!'jl'-.l'¢‘:r +Jl1'12 +ﬂ1

3./44. m+12.n

1"'3+|'5+]44‘4|r|’2 +m +nt

[+2m+2n _ 2] +3m+6n

(if) cosa =

v (2)

(iii) cosa =

- (3)

From (i) and (if) : =[+5m-4n=0 .

From (i) and (iii) : %[I +2m+2n) = %{3.’+4m +12m) =2 +Tm=5n=0 oo 1

—

{ __m__ n :}£=£=n {
-25+28 -B8+5 7-10 3 -3 -3 1

Solvingland 11 :

m _n
-1

1 | I
. Direction cosines of the axis are [‘.ﬁ'_ -J'f:_"_ \ﬁ]
. The semi vertical angle is given by

1[|]+2(-|}+2{—|] 1 =1 1
Fﬂ.m 0501 = = =0 =05 —
; {:I]ES vi+4+4 'b.lll].+|+| 1'3 [\II;]

Equation the cone is -:uw.:L: 1{x-0)-1{y-0)-1(z-0)

V3 -..'I-i-]-l-l~.,||:4:3+y3+:3

3 3 3 3
=x-y-zy =x+y +zr"=>rE-x-xy=0
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Ex. 9. Find the equation of the cone formed by rotating the line 2x+3y=6,z=
about the Y - axis.
Sol. The direction cosines of the axis are (0,1,0)
Given equation to the generatoris 2x+3y=6,2=10
2x==3(y=2)z=0
x y-2

—

T s wis [1)

Also Y - axis meets the line 2x+3y=6,z=0 at (0,2,0)

= vertex of the plane =(0,2,0)

- Semi vertical angle = Ange between the line (1) and Y - axis.
0.3+1(=2)+0.0 _ -2

cosa = =
JO+1+0+/9+44+0 13

+. Equation to the right circular cone with vertex (0,2.0) and axis d.r.'s (0,1.0) is
[0(x=0)+1(¥=2)+0.zF (0+1+0)cos” = (0. x+1(y=2)+0.z)

i ‘1‘ F .l b .
[x+(y-2)+z] E={:-'—2]|' = 4x° - y-2)" +4z° =0

EXERCISE 7 (e)

1. Find the enveloping cone with vertex at the origin and generators touching the sphere

¥’ +j’2 +2%-2x+4z-1=0.
2.  Find the enveloping cone of the sphere x* + y? 4+ =% 4+ 25— 4y = 0 with its vertex at (1,1,1).
3. Find the equation of the right circular cone whose vertex is P(2-3, 5), axis PQ which

makes equal angles with the axes and semi-vertical angle 30° . (S.K.U.ALD
4. Find the right circular cone which passes through the point (1, 1, 2) and has vertex at

the origin and the axis 2= 2 =, (KU A12)
2 4 3

5.  Find the equation to the right circular cone whose vertex is the origin, the axis is along

X - axis and semi vertical angle is « .

6. Find the equation to the right circular cone whose vertex is (3,2,1), axis line

I;3 = -P;E = z;i and semi vertical angle 30°.

7. Find the equation to the right circular cone which passes through (1,1.1), whose vertex

is (1,0,1) and axis of the cone makes equal angles with coordinate axes.

8. Find the equation to the right circular cone whose vertex is (1.-2.-1), axis the line

x=1_ y+2 z+]

and semi vertical angle 60° . (N.U, AHLAUMIE)

3 4
9. Find the equation to the right circular cone generated by the lines drawn from the origin

to cut the circle through the three points (1.2,2). (2.1,-2) and (2,-2.1).
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ANSWERS
1. 4x® +3)7 -5z —6)z—8x+162-4=0 2. 3x* +2yz—4ay—6x+6y-2:+1=0
3, 502 +p? +22) =By + vz + zx) —dx + 86y — 582+ 278 =0

4. 4x* +40y° 41927 = T2)z +36zx-48xy=0 5. '+ =x"tan’ &

T Xy+y@+zxX=x-2y-z+1=0

8. 7x° —T_yz -25:° +48xy+B0yz —60zx + 22x +4y+17z+T78=0

9, 8x' -4y’ 422 +50p+ )2 +5zx =0
7.12. NOTATION

Let S represent the second degree general equation in x, .z . The following notation

15 used in this chapter.
Le. SEurE+h_1:2+:':2+2_,If1J:+Eg:x+2h1}'+2nx+21j'+2w:+d
E=E[I.Jn:]=m1+byl+:':2+Eﬁ':+2,g:x+2hx}'
U=ax+hy+gz+u;, V=hx+by+ z4+v, W=gx+ fy+cz+w, D=wx+vw+wz+d
and U, = ax + hyy + gz) +u
Vi=hyy +by+ 5y +v: Wi=gq+fiy+eg+wi Dy =wqg+wy+ws+d
Then S, = axx; + byyy + ez + vz + 3 2)+ g(=x) + 2)x)
+h(xy +xpy)+u(x+x))+v(y+n)+wlz+z)+d
= (axy + vy + g5 +udx +(hoy + by + 5 +v)y
+(gx + e +wiz+uxy +vy +wn +d = Upe+Viy+ Wiz + Dy

Sy =Upxyg + Vi + Wi + Dy

7.13.Theorem. If (x;,y;.2;)is the vertex of the cone S = 0 then
UI -?! -ﬁ -DI =),
Proof. Let the equation to the cone be

S = ax’ +!:I_1.-'2 +ez? +2 i+ 2gzx+ 2hxy + 2ux + 2w+ 2wz + d =0

Given vertex of the cone, P = (x, y.2)

Shifting the origin to the point P the new equation of the cone referred to vertex P as the
new origin is a(x + x G +b(y + P +elz+ :l}1 +2f(y+ ) (z+27)

+2g(x+ Nz +2))+2Mx+ ) (v + 1)+ 2u(x + x;)
+2v(y+y)+2w(z+ 2 )+ d =0
= ar’ +f:|_v2 +ez? +2 fyz + 2gzx + 2hey + 2x(ax + hyy + gz) +u)
+2 y(foxy + by + fz +v)+ 2z(gxy + iy + o +w) +m‘;2
+h}-|1 + r::|2 +2 iz + 2gzx) + 2hepey + 2ioe + 2wy + 2w +d =0 .

= E(x,y.2)+2U|x+ 2V ¥y +2W|z +§;; =0
This must be homogeneous equation
= U;=0,V;=0, W;=0and S;;=0.
But S;j =Ujx+ Vo + Wiz +D; =0 = D=0 = U=V,=W,=D,=0



200 B.Sc. Mathematics - | (A.P.) (2nd Semester)

Corollary 1.|If the equation S = 0 represents a cone then the condition is

a h g u
h b '
I ¥l s
g f ¢ w
u v w d
Proof. Eliminating x,. 3.z in the equations

Uy=aq+hy+gn+u=0; Vishg+by+f51+v=0. Wy=gq+ ) +teq+w=0

Dy =uxy +vy +w+d=0

We get a h g u
h b
g f ¢ w
u v w d

This is the required condition that the equation S = o represents a cone.
Corollary 2.| The vertex (x;.y,z)) satisfies the equations
Usax+v+bz+u=0 A1) VeEhesby+ f+v=0  .(2)
W=gr+ fr+cc+w=10 w3) D=sw+w+wz+d=0 ..(4)

Thus the vertex is obtained by solcing any three of the above four equations
Note. Consider the homogeneous polynomial

Sx,p20)= ax? + b;rz +ezt 4 2 fyz + 2gzx + 2hxy + 2uxt + 2vvf + 2wzl +di?

Now fE=2{m+hy+g:+u.-}
X
e =2(lx+by+ fz+vt): %=2{gx+_ﬂ=+m+u‘f}: §=2{wz+ v+ Wz +dt)

E.-' ! -

Now equating E "“"SL "’5‘ 35 each to zero and putting =1, we gel
o oy & o

U=V=W=D=L0.

SOLVED PROBLEMS

Ex. 1. If ax® + b__i,'z +ozt 4+ 2ux + 2wy +2ws+d =0 represenis a cone prove that

2 2 2
i V W

a b ¢
Sol. Let (x,»,z) be the vertex of the given cone,
The given equation represents a cone if

Uy=0 = aq+u=0 :}:c.:_—“; Vi=0 = by+v=0 :}yl:;_v
]

wlzﬂ =4 ;_'_Tl+'|.-|.'={} = :|=_—1I.ll End D]=D —" I'I'.FI.'|+1-‘_'|-'|+'H-’3|+I-I;=U
C

Substituting in Dy =0 the values of x + 3 + 2, we get

= - —Ad 2 2 pr
H[—H]+1'[F}J+H-‘[—HJ+{J’:|] == L-pv_-q-“_:d

v c a b ¢
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Ex.2. Find the vertex of the cone 7x* +2y® +22% —10zx +10xy + 26x -2y +2:-17=0.

Sol. Consider the homogeneous equation (0. U.AI2, N.U.A.2006, 5. V. U. M15)
S(x, v, 2 0) = Tx® + 297 + 227 < 10zx + 10xy + 2621 — 290 + 224 174 =0

i)
! :Ezld.v—ll].-nﬂ}wzﬁr =14x+10y-10z + 26 (. r=1)

D _dy+10x-2 10x +4y-2

v :

s . as

=4z-10x+2f - _10x+42+2: E=2ﬁx—2_}'+2:—34.‘ =26x-2y+2z-34

Coordinates of vertex satisfy the equations

14x+10y=10z+26=0 il 1) 10x+4y-2=0 il )
~10x+4z4+2=0 (3) 266 -2y+2z-34=0 LA4)
Solving(1),(2)and (3) weget x=1, y=-2, =z=1

Substituting (1,-2,2)in(4) 26 +4+4-34=0

Hence the vertex of the cone is (1, =2, 2)

Ex. 3. Show that the equation 2y* —8yz —d4zx—8xy+6x—4y—2:+5=0 represenis a

17135
cone whose verfex is [_E‘EE] (Similiar (K. U. A 12){S. V.M M18)

Sol. Making the given equation homogeneous, we get
S (x.).2.0) =2y -Byz—dzx —8xy + 6o —4yr = 2z1 + 51 =0

I?S=—4:—H_v+ﬁ:‘; {E—E=4}J—E:—Ex—4r
oy Ly
E=—E}'—4x—1f; Ezﬁ_r—4_1=—2:+lﬂ.r
ot o
Equating ¢ =1 coordinates of the vertex satisfy the equations
4y+2z-3=0 — 2x—y+2z+1=0 weis LE)
2x+4y+1=0 e (3) 3x-2y-z+5=0 e (4)
Solving (1), (2) and (3) we get x=—— y=2,z=>
i} 3 i}
o 7 1} 5
Substituting in (4) : 3[_EJ_EEEJ_E+5=Dj_21_4_5+m=ﬂ
ool verm ot onss 513
ence the vertex of the cone 1s ﬁk.]l‘fl-
7. 14, Theorem. The cone E(x,y,z)=0 will have three mutually perpendicular
generators < a+b+ec=0 (A.U. M18)

Proof. Given the equation of the cone

E(x,y,z)= ax” +.f=_1.-3 +ezt +2hz+2gzx+2hey =0
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Let i: £=£
P q r .
E(p.q.r)=0= upj +.|":I.:,|II +or” +2 fgr+2grp+2hpg =0 .A2)
The equation to the plane | ,to (1) and passing through the vertex is
px+gy+rz=0

...( 1) be a generator of the cone,

(3)

Let this plane intersect the cone along two real generators and (/. m. n) be the d.c's of
one of the generators.

. al® +bm® +en® +2 fimn+2gnl +2him=0 ..(4)  pl+gm+m=0 .{3)

Eliminating » between (4) and (5). we get

P(ar® +cp* —2grp)+ Um(cpg + hr* — ggr — fip) +m” (br* +cq” =2 fgr)=0

Py / 2
= F{w‘ +p '—Igi"p]+2;{ﬂpq +hr® —ggr—fip) 4 (br? +eqg” -2fqr)=0  ...(6)

If (. m.m) and (f;, m;, n;) are the direction cosines of the two generators of

; ; Lo
intersection then ——. -2 are the roots of (6).

my., m
hy br? +8q® -2 fyr g hiy = ek
mymy  qr” 4 r::ﬂ2 - 2grp br? -r-..r:q'2 -2 fgr ar’ +4::,¢:a2 —2grp
N e —3
= a +e‘;p3-— 2hpa = % by symmetry. S iy +myms +mn,

=kla(g® +rP)+b(r? + p*y+c(p® +q°) -2 fqr-2grp - 2hpq]

=k(a+b+ec)(p® +q° +r*) -y
The two generators of itersection of the plane (3) with the cone are at right angles.
< Ly +mmy +mn, =0

= a+b+c=0 [~ (p,gq.r)=(0,0,0)]
Since plane (3) is perpendicular to generator (1), the two generators of intersection of
the plane (3) with the cone are perpendicular to generator (1).

~. These three generators are mutually perpendicular

«» Two generators of intersection are perpendicular < a+b+c=0.

Note. 1. Above condition is satisfied whatever is the direction of the generator. From

this we get if three mutually perpendicular lines are generators to the cone, then g + b +¢ =10

Note. 2. Let F(x, y,2)= ax?® + ﬁ_yz bzt 2 fyz + 2gzx +2hxy + 2hx+ vy + 2wz +d =0 be a cone.
Shifting the origin to the vertex the transformed equation is

E{x.y, z)= ax” +.fJf.=2 +es? +2 fyz 4+ 2gzx+ 2hey =0.
the cone F (x, y, z) =0, has three mutually perpendicular generators

<» E(x, y, z) =0 has three mutually perpendicular generators < a+b+c=10

ISOLVED PROBLEMS

Ex. 1. Show that the two lines of intersection of the plane ax+by+cz =0 with the

1 1 1
cone yz+zx+xy=0 will be perpendicular if :+3 +==0, (N. UL ALD

[
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Sol. Given cone is yz+zx+xy=0.

In this equation Coeff. of x* + coeff. of ? + coeff. of -2 =10
. The cone contains sets of three mutually perpendicular generators.
The plane ax + by + cz = 0 cuts the cone in perpendicular generators if its normal line

through the vertex (0, 0, 0).

fe, Z=2=% is a generator of the cone.
a b ¢
= be+ca+rab=0 = i l+l={}|
b ¢

Ex. 2. If the line II%

generators of the cone 1lyz+6zx—14xy =0, find the equations of the other two.
(5. K. U. ALl

- T | =

=z represents one of the three mutually perpendicular

Sol. The given cone is 1 1)z +6zx=14xy=0
The plane through the vertex of the cone and perpendicular to the generator.

1 2
(1) are the lines of intersection of 11yz +6zx—14xy=0 and x+2y+z=0.

Let [, m, n be the direction ratios of one of the common lines.

Then 11mn+6nl —14im =0 w{2) and I+2m+n=0 = p=-[-2m
Substituting in (2) Vm (=7 -2m)+6/(-1-2m)—14lm =0

— 612 +3TIm+22m* =0 = (2/+11m) (3 +2m) =0

x y =
_:L_T (1) 15 x+2y+z=0 the other two generators perpendicular to

= 2H+1lm=0 or I+2m=0

(i) Solving /+2m+n=0 2+11m+0.n=0

W ) m_n
oSBT 2 7

(i) Solving 1 +2m+n=0
/ m o on

H+2m+0.n=0 _—2—3—_—4

3 -]._I- -

». The other two perpendicular generators are % = ?=% and E 3

s

4

Ex. 3. Show that if a rvight circular cone has sets of three mutually perpendicular

generators, its semivertical angle must be tan " ‘E : (A. NU. AI2, AKN.UMIS)
Sol. Let the origin be the vertex, [/, m, n be direction cosines of the axis of the cone

and « be its semivertical angle
Then the equation to cone is (fx +my +nz)> = (1> +m
-+ the cone contains three mutually perpendicular generators, then
ie., coeffof x* +coeff of 2+ coeffof -2 = 0.
coeff of x2 =2 —{13 +me +n1] cos” o
coeff of }-3 =m* (1% +m* +n*)cos*

.
i +.ﬂ"}|l[.l:2 +__1'1 +:2)c052ﬂ
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coeff of 22 = 42 —{!2 +m? +n1]mslr_‘:

Adding, we have by (1) (12 +m® +n?) =32 +m* +n*)cos a =0

2 2
a=3

‘a=3=> T.ﬂTIIEI:=2 = tanu=f"£=:r u=tan"d5

=1=-3 cos“a=0 = sec

= |+ tan

Ex. 4. Show that cone whose vertex is the origin and which passes through the
curve of intersection of the swrface 2x° -y’ +2z° = 3d° any plane at a distance d, from
the origin has three mutually perpendicular generators,

Sol. Equation to any plane at a distance o from the origin is le+my+nz=d ... (1)

where [,m.n are the actual d.c's of normal to the plane .

Homogenising the equation of the sphere with that of the plane, we have

Ix + my + nz ]E
d

Now co.eft. of ¥*+ co. eft. of y* + co.eft. of =°

2x* -y +22° =3d3[

=(2-3)-1-3m* +(2-31") =3-3(P +m* +n")=3-3(1)=0

Hence plane (1) cuts the cone in three mutually perpendicular generators.

Ex. 5. If the plane 2x— y+cz =0 cuts the cone yz +zx+xy =0 in perpendicular lines
find c.

Sol. Given cone yz+zx+xy=0 avuw (1)

contains sets of three mutually perpendicular generators.

2x—y+ecz = 0cuts (1) in perpendicular lines = the normal of the plane lies on it.
= (2.-1,¢) must satisfy the cone equation = (-1} (0)+c (D +(2) (- =0=¢c=2

Ex. 6. Find the locus of the point from which three mutually perpendicular lines
can be drawn to intersect the cemtral conic ax® +by" =1,z=0,
Sol. Let the point P be (x,.5)

Any line through P is x';'r' P st W AR e (1)

m n

Any point on the line is (x, + Ik, v, + mk,z, + nk)
the point lies on the base curve o’ +hy* =1,z=0
< a(x +1k) +b(y +mk)* =Lz +nk=0

2 2

T Iz Y Z 1
Eliminating &, we have u[,n—?'J +b[;=]—n;'] =]

=> a (nx; — Iz, '_l2 +b (v —mz;) = n

using (1), to the cone is afx(z—z)—z(x-x 1]j +b[wiz-z)-z(y-» ]]? =(z-z)
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This contains three mutually perpendicular generators

) 2
e co.eft. of x*+ co. eft. of y* + coeft. of =" =

= azl +bzl +axt +hyl —-1=0. . Locus of Pis a(x* +2°)+b (" +2%) =1
EXERCISE 7 ( f)
Find the vertices of the following cones :
(@ 2x?+2y? 4722 —10yz-102x + 2x + 2 + 262 =17 =0 (AU. M18)
() ax®-y? +2:7 + 20y -3z 4+ 12x =11y +6:44=0 (K. U. M18)
(€) x*-2y*+3z% —4xy+5yz —6zx +8x—19y-22-20=0 (0. U. Al1,S. K. D, M15)
If %= §=§ represents one of the three mutually perpendicular generators of the cone

5yz—8zx—3xy =0, find the other two.

Bt o ®
1 1 2

3yz—2zx - 2xy = 0, find the other two.

Show that three mutually perpendicular tangent lines can be drawn to sphere

is one of the three mutually perpendicular generators of the cone

¥ + 9% +2% =? from any point on the sphere 2(x? + y* +z%) =32
[Hint. The enveloping cone will have three mutually perpendicular generators. |
Prove that the plane x+my+nz =0, cuts the cone

(b-e)x? +(c—a)y® +(a-b)z? + 2 fiz + 2gzx + 2hxy = 0 in perpendicular lines if

(b=eM? +(c—a)ym® +(a—bn® + 2 fmn+ 2gml + 2him =0

Show that the locus of a point from which three mutually perpendicular tangent lines
can be drawn to the cone ax? + by” +¢z* =1 is

a{b+c) X2 +h{c‘+a]yz +cla+h) Z=ag+btc.
Show that the locus of the point from which three mutually perpendicular lines be

drawn to meet the curve x + y? =1,z =0 is x* +y* +2:% =1.
Show that the equation to the cone whose vertex is at the origin and which passes

through the curve of intersection of the sphere x* +y* +:* =34°, and any plane at a
distance 'a’ from the origin has mutually perpendicular generators.

SWERS

L. (a)(2,2,1) (b) (-1,-2,-3) (¢) (1,-2,3)

'l‘ :

F X X
=—; _":'I:‘:—: .—=—=—.'.——
1 ' 3 2 4 13

y
I

T &,
-4 -2

7.15. INTERSECTION OF A LINE WITH A CONE

Let the equation to the cone S be
S{x, ) 2) = ax’ +!J}'E +ez? +2hz+2gzx+ 2hxy + 2ux + 2wy + 2wz +d =0

n_y-n_=
m

Let the equation to a line be I_! ;:' (=r)
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Let P be a point on this line

S P=(r+xy, mr+y,nr+z) S PeSeSr+x,mr+y,mwr+)=0

= al(lr+ Jrl}l2 +b (mr+ ¥ ¥ +¢ (nr + z ) + 2 f(mr+w) (ar+ )+ 2g(nr+2)) (Ir + xp)
+2h(Ir+x)) (mr+ )+ 2u (Ir + x) )+ 2v (mr + 3 )+ 2w(nr + 5)) 4+ d =0,

= r(al +bm® +on® + 2 fimn+ 2gnl + 2him) + 2r[l (ax; + by, + gz, +u)
+m (fey + by + 5 +v)+n(ge + ) +e5p +w)]+8(x. ». 51) =0.

& P2E(L m, )+ 21U, + mV, + nW,]+S;; =0

(i) This will be a quadratic eqn. in r < E{/,m, n) =0

The equation will have two real and dictinctive roots.

& (U +mVy +nW)? —E(l,m,n)S); >0

Then there will be two real points of the line common with the cone. The line segment
joining the two point is called the chord of the cone.

(i) If E(/, m, n)# 0and (/U + mV; + nW))— E(/, m, n) $;; < 0 then there are no common
points.

(#if) If E(l,m, ny=0and (JU, +mV, + nW, ;12 =E(l, m, n) S, then the two roots of the
equation are real and equal. Hence the line meets the curve in two coincident points. Then
the line is called the tangent line at that common point.

The set of all the tangent lines to the cone at the common point is called the tangent
plane of the cone at that point.

(iv) If E(l, m, n)=1U; + mV, + nW,; = §;; =0, then the line becomes a generator of the
cone.

7.16. TANGENT PLANE |

Definition. Let S=0, be the cone and L be a tangent line to the cone at P on il.
The locus of the line L is called the tangent plane o the cone at P

7. 17. Theorem. E P(x;, ¥7, 21) 8 a point on the cone S = 0, then the equation of
the tangent plane to the cone at P is S, =0.
Proof. Given equation to the cone S=8(x, y, z) =0

Let the equation to the line passing through P(x, v, z;) be

-5 _yY-m_-3 .
/ m n =) b
P(xi, }.51)€S=0=5;; =0

The point (Ir + x;, mr + ¥, nr + z;) of the line (1) lieson S=0

o S{ir+xy,mr+yp,nr+z1)=10

& 2B, m, m)° + 27Uy + mVy +nW, 1+ S <0

The line is a tangent line to the cone

& (U +mVy +nW) —E(l.m, n).8); =0 < U +mV) +nW, =0 (2)
Eliminating /, m, nin (1) and (2), the locus of tangent line is

(x—x))Up +{y—»)WV+(z—7 )W, =0



The Cone 207
ie. U]..I' L i "u"|1‘|-‘+ W1: = U|.I| o "l'r|l_!.'| o+ W'|:|
Le. 5| =S|| e 51 =0 [ S“ =ﬂ]
- The equation to the tangent plane at P (x|, yj, zj)tothecone S=01s §, =0.

Corollary. | If the equation of the cone
E(x,y.z)= .::r:-:1 + !751'1 + 4:':2 +2 ez +2gzx+2Mxy =10
then the equation to the tangent plane at (x,. y. z;)on the cone is Ujx+ Vyy+ Wz =0

e, x(axy+hyy +g2)+ ylhey + by + £+ 2lge + oy +e]=0
rLe. awy+byy+ezn+ flnz+yz))+glox+zx )+ hlxy+x)=0
Note 1. The tangent plane at a point P to the cone 1s also the tangent plane at every

point on the generator.

2. The tangent plane at a point P to the cone contains the generator through P.

3. The equation to the normal line to the tangent plane at P (x, . 5) is

X—x _y-m_z-3

U Vi Wi
7. 18. Theorem. The necessary and sufficient condition for the plane
n=Ilx+my+nz=0 fo be a tangent plane to the cone

E(x,0,2) = ax® +by? +czt + 2 fiz+2gzc+ 2y =0 is P=

- T ]

2 3 3 -

- F R
-

(i) Necessary Condition

Let P(x, 3, z;) be the point of contact of the given tangent plane = with the cone
Elx,y.z)= ax® + !:[1:1 +ez? +2 iz +2gzx+2hxy =0

~. The equation to the tangent plane is Ujpx+Vy+ Wz =0

= (axy + Foy + g2 Jx+ (ho + By + S5 )y + (83 + iy +eqy)z =0

Comparing with the given tangent plane =

ie. Ix+my+nz= we have ﬂ=ﬂ=ﬂ (=-k.,where k20)
m n
_mtimtren _Mmibn+f _gathte
'} m "

= avq+hy+gn+lk=0. hey+byy+gz+mk=0; gvy+ f+ezy+nk=0

Also Iy +my +nz =0. (- Penm)
The non-zero solution (x,, ¥, z;, k) satisfy the equations
ax+hy+gz+lt=0; hx+by+ fe+mt=0 A1)
gx+ fy+ez+nf =0 x+my+nz=0.

h

e
—

Hence p = =0 = p = A2 + Bm® + Cr® + 2Fmn+2Gnl + 2HIm =0

n

-~ " F &
qd =~ =
™,



208 B.Sc. Mathematics - | (A.P.) (2nd Semester)

where A, B, C, F, G H are the cofactors of a, b, ¢, f, g, h in the determinant.

a h g

A=\h b f

g I ¢

(if) Sufficiency of the condition. Given p =0, to prove the plane xis a tangent plane
to the cone E(x,y,z)=0.

Proof. If p=0, there exists a non-zero solution (x;, ¥. 5. k) to L
If k=0, then U; =0, V; =0, W, =0 = (x, ). ;) is the vertex of the cone.
This contradicts the fact that (x, v, z)=(0,0,0). Hence k=0.

Corresponding to the non-zero solution (xy, . z;, k) of the equations I, we have
Up=—k, Vy=—km, Wy =-kn ..(1) and I +my +nz =0 (2)

(2) =Pen

and E(x;, .5 =Uxy + Voy + Wiz = =kl + myy + nzy )= 0.

- (x1.%.2) is a point on the cone.

< Plxp, .20 15 a common point of the plane = and the cone.
- Equation to the tangent plae at P to the cone 1s Ujx+Vy+ Wz =
since [:m:n=U:V|: W, lx+my+nz =0is the tangent plane P(x;, ),z ) to the cone.
7.19. RECIPROCAL CONE
Theorem. The locus of the lines perpendicular to the tangent planes of the
cone E(x,y,z)=ax® +by® +cz® +2 fiz+ 2gzx + 2hxy = 0 and passing through its vertex
is the cone.

I T
o e =

b
b
f
y

- T =T =

Proof. Let === -= be a line perpendicular to a tangent plane of the cone and
n

passing through the vertex (0, 0, 0).
The cone is E(x,y,2)= ax’ +f;|‘1.-'2 ezt + 2z +2gzx+ 2y =0 (1)
Iy + my + nz = 015 the tangent plane to (1).
& Al* + Bm?® +Cn® + 2Fmn +2Gnl + 2Him = 0
where A, B, C. F, G H are the cofactors of a, b, ¢, f, g. h in the determinant.
h g
¥

o

a
A=\ h
g

- =
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Hence the locus of the normal line is Ax? + By? + Cz2 + 2Fyz + 2Gzx + 2Hxy = 0

a b g «x
h .

1 I ¥|_
ie g f ¢ =z
x y z 0

This equation represents a cone called the reciprocal cone of (1).

Corollary. | The reciprocal cone of

Ax® +By? +Cz? + 2Fyz + 2Gzx + 2Hxy = 0 ...{2) is the cone E(x,y,z)=0
Proof. By the above theorem the reciprocal cone of (2) is

A'x? + BYy? +C2% + 2F'yz +2G'zx + 2Hy = 0 -A3)
where A', B, C', F', G', H' are the cofactors of A, B, C, F, G H in determinent
A HG
A=|H B F .. A'=BC-F?
G F C

=(ca—- g2 ) (ab- k")~ (gh-af)’ = alabc+2 fgh—af? —bg” - ch®)

=a A, where A=abec+2fgh—af® —be? —ch?

Similarly B'=bA, C'=cA, F'=fA G'=gA, H'=hA

Then the equation (3) reduces to g +1':_1.,-1 e fiz+2gzx+2hey =0
ie. E(x,y.2)=0

Thus cones (1) and (2) are Reciprocal cones to each other.

Note 1. A cone and its reciprocal cone will have the same vertex.
2. Corresponding to each tangent plane of a cone there exists a generator of the

reciprocal cone which is perpendicular to the tangent plane and vice versa.
3. Acone E (x, v, z) = 0 has three mutually | , tangent planes
«» the reciprocal cone of E (x, y, z) =0 has three mutually | » generators
e (be-f)-(ca-g)-(ab-h)=0 & be+ca+ab=fl+g? + K
SOLVED PROBLEMS

Ex. 1. The semi-vertical angle of a right circular cone having three mutually

perpendicular (i) generators is tan™' 2 (A. U. AIT)

(ii) tangent planes is tan™' é : (N. U. A88, 5. K. D. M I5)
2 F .

Sol. Let the equations to the right circular cone be +? + 2 == @an’ o
(i) If the cone contains three mutually perpendicular generatorsthena + b+ c =10
(i) The given cone contains three mutually perpendicular tangent planes

«» its reciprocal cone contains three mutually | » generators

~. Equations to the reciprocal cone of (1) is —tan® a x® —tan® & y* +1.22 =0 ...(2)

Eqn. (2) will have three mutually perpendicular generators if

i X
—tan’ o —tan’ o +1=0 = @ =tan 'E_
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Ex. 2. Show that the general equation to a cone which touches the three coordinate
planes is Jax +Jf? +ez =0.

Sol. The general equation of the cone containing the three coordinate axes is

avz+bzx+ exy =0 A1)

The reciprocal cone of (1) wil have the coordinate planes.

~. The equation to the reciprocal cone of (1) is

Ax? + E'-;uz +{Tw* o 2Fyz + 2Gzx + 2Hxy = 0 where A =—a*s B=-F; C=-¢*

F=bc; G=ca; H=ab

. The equation to the required cone is —a”x

= (ax+by-cz)’ =dabxy = ax+by—cz =ilm

= ax+byF Em =0T =% [U'Et.ﬁ;}l =rf

= Jartby=tJz = Jort bytJz =0

Ex. 3. Show that the reciprocal cone of ax® + by +cz* =0is the cone
2 . 2

=

- I~ 2
?+ J-b +T =0, (AU MIZN U ANAUAILSKU Al KUAIT

‘ —E:I;.-E —et? + 2becyz + 2cazx + 2abxy =0

Sol. Given cone is ax* +.f:[‘|:z +ezt =0
-, The equation to the reciprocal cone 1s

Ax? +]':]|_1-'2 + Cr* +2Fyz + 2Gzx + 2Hxy = 0 where A =pc,B=ca, C=ab
Fardl = Rl 2 2 2
. The equation to the reciprocal cone is bex® +cay” +abz” =0 = Bl )

a ¢
Ex. 4. Find the equations of the tangent planes to the cone 9x* —4y” +162° =0,

which contains the line X -2 - =
32 12 27
Sol. The given line % =2 = ; is the line of intersection of the planes
T2x-32y=0 and 27y-T72z=0
ie. 9x=d4y=0 and 3y-8z=0 A1)
. The plane passing through line (1) is 9x—4y+A(3y-82)=0
Le. 9x+v(3A-4)-8iz=10 il 2)
; . . X__y _ z
- The equation to the normal line of (2) is i Tk b (3)
MNow plane (2) 1s a tangent plane to the cone Oy’ -4,}-I +162% =0 A4)
«» The normal line (3) is a generator of the reciprocal cone of the cone (4)
2 2 2
. The equation of the reciprocal cone of (4) is %—’PT+;—G =0 . {3)

Since (3) is a generator of (3)
9 (3n-4) i (-82)°
9 4 6

0 ie. 70 24240420=0 =% =-2 or %
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Hence the equations of tangent planes from (2) are
Ox-10y+16z=0and 63x-58y+80z=0

Ex. 5. Prove that the equation \[fc +.[qv +Jhz =0 represents a cone that touches
the coordinate planes and find its reciprocal cone. (S. KU, A12, 8. K. D. M15)

Sol. The given equation is \[fx + /gy =3Iz

= f+gytdfoy=h

= (f+gy-h) =4dfpy

= fix + g’y + 1P = 2ghyz -2hfx -2 gy =0 ... (1)

This being a homogeneous equation of second degree. represents a quadric cone

The coordinate plane x =0 meets (1) in g*y* +h*z" = 2ghyz =0= (gv-hz)" =0

= which being a perfect square — x =0 touches it similarly we can show that
y=0,z=0also touch(1).

Again from the cone (1) : 'a'= f2,'b' =g 'e'=l, f'=—gh'g'=—hf ' W' =—fe

;o A=be—f° =g’ —(—gh)* =0

Similarly B =0,C =0,F = gh—af = (-hf) (- &)~ 1" (~gh) =2 gh

Similarly G = 2g”hf . H = 2 fg

. Reciprocal cone is Ax® +By” +Cz” + 2Fyz + 2Gzx + 2Hxy =0

=2 ghyz + 2  hfex + 20 fy =0 = fiz+ gzx+hy =0

Ex. 6. Find the condition that one plane wx+vw+wz=0 may touch the cone

ax® +by* +cz* = (A.K.N.U. M18)
i : . X ¥y 32
Sol. Equation to the normal to the given plane is i _.— - . (1)
F ] ¥
, . . , , X .
Equation to the reciprocal cone of ax® + by +¢=° =0 is :+}T+? =0 s ()

Now the plane touches the cone (2)

& the normal of the plane lies on cone (2)

- 2
I ¥

= . + Y + 2 =0 which is the required condition.
c
Ex. 7. Find the equation of the cone which touches the three coordinate planes
and the planes x+2y+3z=0,2x+3y+4z=

Sol. The equation to the cone touching the three axes can be taken as
Ji £ gy vz =0
Its reciprocal cone is fiz + gzx + hxy =0 e (2)
The planes x+2y+3z=0and 2x+3y+4z=
touch the cone (1) < their normals lies on (2)
= D.r.s of the normal (1.2.3)and (2.3.4) satisfy (2)
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(D) FG)+2g@)M+h(1)(2)=0 =6/ +3g+2h=0 oo ()

(i) D+ (2+h(D(B)=0=6/+4g+3h=0 e (4)

~ " g h
Solving (3)and (4) : = =
&%) ) 9-8 12-18 24-18
Hence (1) becomes /x +,/~6y ++/6z =0

EXERCISE7(g)

Prove that the perpendiculars drawn from the origin to the tangent planes to the cone
3x% +4y® + 527 4 2yz +4zx + 6xpy = 0 lie on the cone

19x° +11y% 432 +6yz - 10zx - 26xy = 0.

Find the equation of the quadric cone which touches the three coordinate plaes and the

planes x+ y+z=0 and 2x-3y+:z=0.
Prove that the perpendiculars drawn from the origin to tangent planes to the
2x% +3y% 4422 +2yz +4zx+ 62y =0 lie on the cone

l1x® +4y* =322 +8yz —62x—20xy =0 .

Find the condition that the plane Ix + my + nz = 0 may touch the cone 2x* — 3y* + z* = g and
find the equation of the reciprocal cone.

Find the equation of the cone which touches the three coordinate plaes and the three
mutually perpendicular planes x—y+z=0, 2x+3y+z=0, dx—-y-5z=0,

Find the plane which touches the cone x* +2)° =3z° +2)z=35zx+3xy=0 along the
generator whose direction ratios are (1,1.1). (A.KNU. MI8)
ANSWERS

2. 64x” +9y7 +25:7 —30yz +80zr + 48xy = 0
4. 32 _2m? +6n* =0> 33’-’2—2.1*'1""'531:"]
5. ﬁdxl +‘Ei|;1.-1 +2ﬁ:1 +30yz +80zx - 48Bxy =0
6. x:+3ﬁ_1'1+3ﬁ:1+72_1':—|22.I'+|11'_].'=ﬂ

7.20. INTERSECTION OF TWO CONES WITH A COMMON VERTEX

In general two cones with a common vertex intersect along four comman generators.

Let S=0 and 8" =0 be two cones with origin as the comman vertex, then S+ 48 =0

represents the general equation of a cone whose vertex is at the origin and which passes
through the four comman generators of the two cones.

Cor. Let & be so chosen that §' + A8 =0 becomes the product of two linear factors

the two linear factors equated to zero represent the equations to a pair of planes through the
common generators.

In that case the values of j are the roots of the j - cubic equation
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a+ha' h+AW g+ig'

h+dl' b+b) f+4"|=0

g+dg' f+M" c+dd
The three values of . give the three pairs of planes through the four comman generators.
SOLVED PROBLEMS

Ex. 1. Find the equation of the cone which passes through the common generators

of the cones 2x* —4y* =z =0 and 10xy-2yz+52¢ =0 may the line with direction ratios
(L2,3).
Sol. Let the required cone be 2x* —4y —z% + L (10xy - 2)z +52x) =0 s kL)
This is a quadric cone with vertex at the origin.

The line with d.r's (1,2,3) lieon (1)

S 201 -4 -GP +A 10N @) -2@)()+53)(1))=0=-23+23=0= 4 =1
. Required cone is 2x* -4)® - 2% +10xy -2z +5zx =0
Ex. 2. Find the condition that the lines of the section of the plane Ix+my+nz =0

and the cones ax* +by” +¢z° =0 and fiz+ gex+ oy =0 should be concident.
Sol. Any cone through the intersection of the two given cones is
.,r;.-_:1+a"1_';='2 +c:1+}.,{j:+g:r+!m.*}=ﬂ wes (1)
Given that the plane [x + my +nz =0 cuts (1) in coincident lines
= for some value of A (1) must represent a pair of planes.
Let fx+my+mz=0 ... (2) be the other plane.
Then ax® +by* +cz® + A (fiz + gzx + hxy) = (e + my+ nz) (x + my vy +m,2)
= =a,mm =bnmy=c =h=all, m=bim, m;y=c/n

. . i
Again A = mn, +nu'|1rr=ﬂ+!£=M

H m R

2 2 2 2

Similarly g = an” +cl” and Ah= il
nl fm

em’ +bn’  an’ +cl>  am® +bl° _—r . i
= = = which is the required condition,
fmin enl hlm
EXERCISE7( h)

1. Show that the equation of the cone through the intersection of the cones
¥ =2y" +32° —4yz +5zx—6xy =0 and 2x* —3y* +4z° —5yz +6zx - 10xy = 0 and the line
withd.r's (1LL1)is y* —227 +3yz—dzx +2xy=0.

2. Show that the plane 3x+2y-4z=0 passes through a pair of common geerators

27x” +20y” 3227 =0and 2yz+zx—4xy =0, Show that the plane through other two
generators is 9x+10y+8z =0,



UNIT -V

The Cylinder

Definition of a cylinder. Equation to the cylinder whose generators
intersect a given conic and are parallel to a given line. Enveloping cylinder
of a sphere. The right circular cylinder. Equation of the right circular
cylinder with a given axis and radius.

The Central Conicoid

The general equation of the second degree and the various surfaces
represented by it; Shapes of some surfaces. Nature of Ellipsoid. Nature
of Hyperboloid of one sheet.




THE CYLINDER

8.1. Definition. |1.|:*f P be a point and L be a line through P, with direction ratios
I, m,on If §is asurface such that pe S = Lc 8§ then § is called a cylinder.

The line L is called a generator of the cylinder.

Note. Every generator of the cylinder has direction ratios [, m, n.

8.2. ELLIPTIC CYLINDER |

The surface represented by the equation

7 b g
-r-.. 1--- i 4 & &
- vl | is called the Elliptic Cylinder. Q

The section of this cylinder with the plane z =& is an ellipse.

Every such ellipse has the centre on the z-axis. © - X

Hence z - axis is called the axis of the cylinder. -

If @ =5 then the cylinder is a surface of revolution. P

The section with the plane = =k is a circle. L5

Hence the surface is called the right circular cylinder. Fig. 6
8.3 HYPERBOLIC CYLINDER

The surface represented by the equation l_j _Y__jiscalled the hyperbolic cylinder

at b

3

with Z-axis as the axis.
The section common to the plane =z = & with the cylinder
is a hyperbola.
8.4 PARABOLIC CYLINDER
The surface represented by the equation

y® =2a’x iscalled the parabolic cylinder.

The section of the plane = =
with the cylinder is a parabola.
Similarly, x? =26y, x* =2¢%z ete,
are all parabolic cylinders.
8. 5 CYLINDER WITH BASE GUIDING CURVE

Definition. Let P be a point and L be a line through P with direction ratios I, m,
n. C be a curve in the plane not parallel to L. If § is a surface such that peC=Lc S,
then § is the cyvlinder with C as the base guiding curve.

L is called the generator of the cvlinder.

217
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Another Definition. A cvlinder is a surface generated by a straight line which is
always parallel to a fixed line with the condition that it may intersect a given curve or
touch a given surface.

The given curve is called the guiding curve.
8.6. Theorem. The equation of the cylinder whose generators are parallel to the

IM%“%’& and the base curve f(x,y)="0,z="0is f[x-%.y—?]ﬂl{ﬂﬂ.dﬂ}

Proof. All generators are parallel to -2 _ =
[ m n
Let P(x;,y.z) be a point on the cylinder.
». The equation to a line L through P with direction

X=X _Y=N_z=3

ratios (I, m, n) is (=r)

/ m n
Any point on this line is (fr + x;,mr + v, nr + ;)

This point lies on the curve f(x,v)=0.z=0

-2
R Fig. 8

< fxy+lr.yy+mr)=0, zy+nr=0=r=

Iz mz
= f[.n ‘?I._ﬁ -T]]:D

L Mz
Hence the locus of P is the cylinder whose equation is / [4‘ S Lo —] =0

n H
8.7. EQUATION OF A CYLINDER

Find the equation of the cylinder whose generators intersect the conic

ax® + 2y +by? +2gx+2 fy+¢ =0,z =0 and are parallel to the line ==X =2 . (0.U. M I5)
oy +by” +2gx+2 1 ]

Let P(c.p.y) be a point on the cylinder. Equation to the generator through P is

-0 _y-p z2-v i

! m n
Any point on the line is (o + k. + mk.y + nk)
This point P lies on the conic

ﬁ-a(u+fk}: +2h {ﬁl‘.+ﬂ.’}{ﬂ+mﬂ']+fﬂfﬂ+mk]2 +2g(a+Ik)+2F (B+mk)+c=0

¥

N

and y+nk=0=k=-

Eliminating & from (1)

a{u—ﬂi]_ +2h(u—ﬂ][ﬁ—ﬂ]+h[ﬁ—ﬂ]- +Ig[a—r—?J+2_J"[ﬂ—ﬂ-]+r=ﬂ
M n " " n "
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Hence the locus of the point P is

a(,r—EJ_ +2h[.r-f—:J[}'-EJ+b[}'-EJ_ +2g[x-£}+ Ef[_v-E]H::D
n n n n n H

— a (e —Iz)° +2h (mx = Iz)(ny - m:]+.‘;{ny—m:}3 +2gn(nx=Iz)+2 /n {ny—m:}+m:' =0

Cor. L. If generator is paralled to Z- axis substituting / =0,m=0,n=1 in the above
equation, we get

ax” +21Fu:]!+h_1*: +2ax+2 fy+c=0,0r fx,y)=0

This equation in three dimension represents a cylinder, whose axis is parallel to Z-axis.
Where as in two dimension it represents a conic or a pair of straight lines under certain condition.

Similarly if the axis be parallel to Y- axis then the equation will be of the type f (x,z) =0
and f(y,z)=0 ifthe axis be parallel to X-axis.

Cor. 11. Equation of the cylinder which intersects the curve fix,y.z)=0,¢(x,y,z)=0
and whose generators are parallel to Z - axis is obtained by eliminating Z between the two
given equations.

In case the axis be parallel to Y - axis then eliminate y and if it be parallel to X - axis

then eliminate .

SOLVED PROBLEMS
X

Ex. 1. Find the equation of the cvlinder whose generarors are parallel 1o il JE =

el || b

and which passes through the curve x* +y? =16,2=0
(O.UMISS. VU MIS5, AHLA N U MI5,S.UMMIS A UMIS)
Sol. Given the d.rs of the generators as (1.2,3)

Let P (x),y.z;) be a point on the cylinder .

I—Il =_]-'—_}-'! =:—.’."|_ {
I 2 3

Any pointon the line is (r+x, 2r + 3, 3r +24).

. Equation to the generator be =r)

This point lies on the curve x? + y? =16,z =0

-

2 2
z z 2z
- [-‘L’|+r]2+[}-l+2r}3=|ﬁ,‘3r+;]=ﬂ=. r:—% ':“[II—?I] +[-]'II_T|] =I‘E|'

-, The locus of P is the cylinder 9x? +93% +5:% —6zx—12y=-144 =0.

Ex. 2. Find the equation of the quadric cylinder whose generators are parallel
to z- axis and guiding curve ax® +by” +cz” =L, Ix+my+nz=p

Sol. The equation of the required cylinder is obtained by eliminating = between the
equations ax’ +by” +¢z” =1 and k+my+nz = p

_p=lkx-my

= Substituting z =

in the other equation



220 B.Sc. Mathematics - | (A.P.) (2nd Semester)

p—b:—my]z 1
o b

ax’ +by” + c[

— an’x* +bn’y* +¢ (p-Ix=my)* = n° which is the required cone.

Ex. 3. Find the equation of the cylinder, whose generators have direction cosines
I, m,n and which passes through x* +2* =a® in ZOX - plane. (y=0) (0. U. M15)

Sol. Let P(x, ),z )be a point on the generator

- E 1on h nerator | =
- Equation to the generator is — e ,

=k

Any point on this is (x, +/k, y; +mk, z; + nk)

The point lieson x* +z* =a*,y =0

<= (x +H{}3+{:| +Jl1u|:‘J-j =aj,__-.-| +mk=0=k= .
5 3 i
L] L " Jl‘ & ] § '|
Eliminating &, [-1'1 -ﬂ] +[:, -ﬁ] = g°
m i

. Locus of P is the cylinder (mx-iy)’ +(mz-ny)’ =a'm’

Ex. 4. Find the equation of the cylinder whose generators are parallel to the line
v 3

= % X
v = mx, z = nx and which intersect the curve —+ y_1 =1z=0.
o

2 (D)

Sol. Given lineis ~=2-=
1 m n

Let P(x,.y.z)be a point on the generator

: . X= =¥ I-2
. Equation to the generator is I:I - LIPS

Any point on the generator is (x, + k. 3, + mk, z, + nk)
This meets the curve p°x* +a’y* =a’b*,2=0

ﬁh:’{xl +,:;}1 v ( +nra.i|r}2 :azhz_:1 +nk =10

Eliminating k, b° [x] —:—|J+ a’ [}'] i J = a’ b’
7] L]

. Locus of P is the cylinder #*(nx—z)* +a’(ny-mz)* = a’b*n*

EXERCISEB(a)

1. Find the equation of the cylinder whose generators are parallel to the line f — _?L i :; and

whose base curve is x° +2y* =1,z =
(.U AIOAIZN U AIO, S.KUMIS, KUMIS, A.UMIS, V.S.EUMIS)
2. Find the equation of the cylinder whose generators have the direction ratios (1,-2,3)

and whose guiding curve is x* +2)° =1,z =
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3. Find the equation of the cylinder whose generators intersect the curve ax’ + by’ =2z,

Ix+my+nz = pand are parallel to Z- axis. (O.U. MI5)

4. The cylinder has the guiding curve x* + y* =z, x + y+ z = 1 and its generators are parallel

to Z - axis. Find its equation. (AU ALT)
ANSWERS

1. 3x* +6y° +327 +8yz—2zx +6x - 24y —182+24=0
2. 3t 460" 4327 = 2zx+8yz=-3=0 3. n(ax’+b)+2Ux+2my-2p=0
4, P+ +x+y-1=0

8. 8. THE RIGHT CIRCULAR CYLINDER

Definition. Let (I, m, n) be the direction numbers of the normal to the plane =
containing a circile C. Let L be a normal line to the plane = and passing through a
point F.

If' S is the surface such that peC = Lc 8§ then § called the right circular cylinder.
The normal through the centre of the circle is called the axis of the cvlinder and the
radius of the circle is called the radius of the cviinder.

Another Definition. A right circular cvlinder is a surface generated by a line
which intersects a fived circle and is perpendicular to its plane.

The fixed circle is called the guiding circle. The normal to the plane of this circle
through its centre is called the axis of the cvlinder.

Every plane perpendicular to its axis intersects the cylinder along a circle. All
thse circles have the same radius which is also called the radius of the cyvlinder.

8. 9. Theorem. The equation fo the right circular cylinder with radius r and

RPN OE ol I ! A Lt TS
[} m n

[(x-a) + (v =Y +z-7° =21 +m? s0) =1 (x-a)+m(y - +nz-P

Proof. Let P(x.y;.z;) be a point on the cylinder. A (o.p.y) is the given point on the
[

i "
axis whose d.c¢'s are " N I
J{€1+m‘+ﬂ ) -;Jlll[lrz +m1+111] ‘Irl[.l" +m +n)
P
o = -!'i ----- = J‘:.. — ] —
A B .
Fig. 9

If B is the projection of P on the axis, then AB = Proj. of AP on the axis
_ [{xy—a)+m(y —P)y+niz;-v)

AP? = AB? + PR? = AP2-PB?=AB?
{4’2 +m°

+n2}
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2
= (x5 —-a) +( - + (5 -7 - = I(x) —a)+ miy, ;ﬂ}+f*i£| ~7)
\."IF‘T‘ rm +n

~. The locus of P is the right circular cylinder given by the equation

[(x=a) + (=P +(z=12 =r21 (P +m? +n7) =[l (x—c)+m (y=B)+n (z =)
Corollary. | If Z axis is the axis of the cylinder, then the equation to the axis is
x=0 y=0 z=0

] 0 I
- The equation to the right circular cyvlinder with z axis as its axis and radius r is
4 +:I —rz}{l}= :1 —— | Jr2 +_1-IE =r'1
SOLVED PROBLEMS

Ex. 1. Find the equation to the right circular cvlinder whose guiding circle is
w2 ay? 42220 v paz =3 (SN U.MIS,AN.U.MI5,06,A11,A.U M8, K.UMI8, S.UMMI8)

Sol. Given sphere is x? +y> +z% =9

-, Centre = (0,0,0). radius = 3. Given plane is x-y+z=3 e (1)

~. The equation to the normal of the plane through O % = _L] ==

Let P(x;,y.z)be a point on the cylinder. A is the projection B on axis. (N.U.A2006)

[xz +y

OA =1 r distance of O from plane (| =3

=3
) =|——
S+ 1+1)
AB? = (radius of the circle)® = OB* —~0A* =3° -3=6
~. Equation of the right circular cylinder is

[(x=00 +(y=0 +(z=0)2 =6] [1+1+1] =[1{x=0)=1(y=0)+1(z=0))

2425y -6)l=[x-y+zP =2+ 42t e -x-9=0

— k! i,':-:2 + ¥
Ex. 2. Find the equation of a right circular cvlinder of radius 2 whose axis passes

through the point (1,2,3) and has direction ratios (2,-3,6). (K. U.AILS. V. U.Al2)

| o x=1_y=2 z-3
Sol. Equation of the axis will be ——= 3 6

radius of the cylinder r =2
Equation to the required cylinder is

[(x=1) +(¥=2)* +(z=3)* =2’ ][(2)* + (-3 +(6/' ] =[2(x -1} =3 (y-2) +6 (z-3)]’
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=% +)* +2° - 2x -4y -6z +10) (49) = (2x -3y + 62 — 14)*
— 45x% +40y° +1327 +36)z — 24z + 1 2xy —42x - 280y - 1262+ 294 =0

x=4 y-1

Ex. 3. Find the equation of the right circular cvlinder whose axis is 5 7 %

and which passes through (0,0,3).

Sol. Let » be the radius of the cylinder.
. Equation to the cylinder is

[(x=2)° +(v=10 +2* =F1[(2 +(1)* +3*1=[2 (x=2)+1 (y = 1)+ 3z} sk L)
This eylinder passes through (0,0,3)
S[A+1+9-rF (1) = (—4-149Y = r* =00/7

90

—?}{I4}={2x+}'+3:—5jz

-. Required cylinder is from (1) : [{I—If +(y=1" +2

=14 (x* +y7 +27 —4x-2y)-180 = (2x+ y+3z-5)°

= 10x? +13)" + 527 —dxy -6z —122x - 36x - 18y +30z-135=0

Ex. 4. Find the equation of the right circular cylinder whose axis is x-2=z,y=0
and passes through the point (3.0.0).

X—a
|

= =

.--It|

Sol. Equation to the axis is Let » be the radius of the cylinder.

Equation to the eylinder is [(x-2)* +y* +2° =P J(1+0+ D =[(x=2) + 0.y + 1.z

This passes through (3,0,0) < (1-r")(2) =1 = r? :%

¥ ¥ I
. Required cylinder is [(I -2) +y* +2* -E] 2)=(x-2+z)

=’ +2)° +27 -2z —4x+42+3=0

| EXERCISE 8 (b)

1. Find the equation to the right circular cylinder whos axis is T?_I = % = # and of
radius 2. (A.N.U. MI5, 0. UAI2, S.V.U. MI8)
2. Find the equation to the right circular cylinder whose axis x =2y =~z and having the

radius 4.
3. Find the equation to the right cicular cylinder whose guiding curve is the circle through
the points (1.0.0).(0.1,0)and (0,0.1).
4. Find the equation of the right circular cylinder of radius 2 whose axis is the line
x-1 y-2 -3
§F 1 a3
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5. Find the equation of the right circular cylinder of radius 5 and whose axis is the line

6. Find the right circular cylinder whose arc section is the circle x* + y* + 2% =x= y-z =0,
x+y+z=1.

7. Find the equation to the right circular cylinder of radius 3 and having for its axis the line
x-1 y-3 z-35

sk

2 2 —1

ANSWERS
1. 1027 +5y" +1327 - 120y —6)z —dzx—Bx + 30y - 7424+ 59 =0

2. 5x° +8y" +5z" +4)yz +8xx—dxy—144=0

e

3 eyt et—yr-m-xy-1=0
4. 55 +8y7 +527 —dxy-4yz -Bzx + 2x - 16y - 14z -10=0
5. 45x" +40y° +132° = 12xy - 36z - 24zx - 1225 =0

4

6. L+ 4 = -
s X+ Y+ - yE-—-xy=

7. 522 +5y" 4822 + )z +4ax -8By —6x—42y-96z+225=0

8.10. ENVELOPING CYLINDER

Definition. The ser of parallel tangent lines with direction ratios (I, m, n) to a
surface form a cvlinder called the enveloping cvlinder in the direction of {f, m, n).

8.11. Theorem. The equation to the enveloping cylinder of the surface
x? +y? +27 =a’, in the direction of (I, m, n) is

fc+my+n)’ =% +m? +n )x? +y? + 27 -a?)
Proof. Let P(x;, v, z;)be a point on the tangent line of the given surface
». The equation to the line through P with d.r's (/, m, n) be

X=X _¥yY-» _zI-
) m n

L(=r) (D)

The point (Ir + xy,mr + yy,ar + z; ) of the line lies on the surface

.t1+3-'1+::-a2:{1 ----- (2)
2 2 2 2

o (r+x )" +(mr+y) +{nr+z1)" —a” =0

= PEHE +m? +n1}+2r (lx) + my) + 2y }!+{.1r]2 +;.']1 +:1::'I —.::.r!}=ﬂ

The line (1) is a tangent line to (2)

e (v + my +r::|]3 — (1% +m? +:.'r3;ll.f,1r|2 +,;-|2 +:;_5 —a*)=0

- The locus of P is the enveloping cylinder

2 . 21

(ke+my+nz)’ =(F +m” +n?) (x* +y? +2% —a
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SOLVED PROBLEMS
Ex. 1. Find the equation of the enveloping cvlinder of the sphere
;rl + ."’1 + _.-l —2.‘:‘-1-4)-'—] =0, Jil'h"l"fﬂg its generaiors FHF'HH-I‘.:'J fo the line x=y=z,

(N.U. A.06, AI2, A. U. AI2, A.UMIS8, S.V.U M8, K.U M13)

Sol. Given sphere is x? + y? + 22 —2x+4y-1=0. Given line is %= % =;; )

Let P(x;,),2;)be a point on the tangent line of the sphere.

~. The equation to a line through P and parallel to line (1)

=X _¥Y-nh_=-3,._ -
I I 1 (=r) uns I 2)

Any pointon (2)is (r +x,.r + v, r +2;)

This lies on the sphere < (r+x)° +(r+ 1 )* +(r+2)" =2 (r+x)+4(r+y)-1=0
&3 42r( + 2 + ) +af + 3+ 2 20 +4p -1=0

The line (2)isatangentline = 4 (x, + yy + 5+ 12 =4 (D (xf + 38 + 21 2%, +4y, - 1) =0

». The locus of P is the enveloping cylinder

P +}~3 422 —xy-yr—zx-dx+5y-z-2=0

Ex. 2. Find the equation of a right circular cylinder which envelopes a sphere

with centre (a,b,c) and radius r and has the generators having d.r's (I,m,n).
Sol. Equation to the axis of the cylinder passes through (a.b,¢) .

x-a y=-b z-c¢

Hence equation to the axis is
{ m "

Equation to the required cylinder is

[(x—aY +(y-b) +(z—c) =1 (P +m* + 1) =[l (x—a)+m (y—-B) +n (z—¢)]

]

EXERCISEB(c)
1. Find the equation of the enveloping cylinder of the sphere x” + " + =7 =25, whose
generators are parallel to il - % - é \ (K. U.AIILS.K.UMIZ)

2. Find the enveloping cylinder of the sphere x* +y" +z7 +2x—4y—1=0 having its
generators parallel to x=y =1z,

3. Find the equation of the enveloping cylinder of the conicoid ax* + by* +¢z* =1, whose
generators are parallel to x=y =z, (AU MIE)

ANSWERS
L. 13x° +10y* +527 —4xy—62x—12)z-350=0

2. xz+f+:3—_1-‘:—:.‘-.:—.131+4x—5_1-'+:—2={} . & Z{h+c‘].r1—ZEah.ly—{u+h+c‘}:[l



THE CENTRAL CONICOID

9.1. Definition. |Ler S = o’ + h_rl +ez? +2fiz+2gzx+2hxy + 2ux + vy + 2wz + d =0
define a locus in space. [If the same locus cannot be defined by a first degree equation,
then the surface § is called a comicoid or a quadric.

In the previous chapters. we have seen that a line and a quadric have two points in
common. The name conicoid is due to the fact that every plane section of a quadric is a
conic.

The above general equation can, by proper transformation of coordinate axes, be
reduced to any one of the following forms.

2 3 3
I [y —5+gt+5v] Ellipsoid
a b ¢
2 2 22
(i) =+ h—l - =1 Hyperboloid of one sheet
a ¢
3 B 2
(i) —= —'h—z o] Hyperboloid of two sheets
o [
_l_:-.' 1‘2
n{H —=+ f:_z =2z Elliptic paraboloid
o
_]_.E 1_1
(i —=- .h_z =2z Hyperbolic paraboloid
i
9.2 THE ELLIPSOID (AU AL

The surface S defined by the equation

3 a3 ¥

—+ ']—T +—=1 is called an ellipsoid.

a &

(M) (x,»,2)eS=>(-x,-y,-2)eS

- The origin is the mid point of all chords joining
two such points. Such chords are called diameters
and the origin is called the centre of the conicoid.

(i) (x,yv,2)eS=(x,y,—2)es

Fig. 11

~. The surface is symmetrical about XY plane.
Similarly, it is also symmetrical bout YZ plane and ZX plane. These coordinate plaes are
called the principal planes and their common lines of intersection which are the coordinate
axes are called principal axes of the conicoid.
226
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The Central Conicoid
(iii) A(a,0,0), A'(-a,0,0) are the common points of the conicoid with the X-axis.
Similarly B(0, b, 0), B'(0,=b, 0)and C(0,0,c), C'(0, 0, —c)are the common points with Y

and 7 axes.

The length AA', BB, CC' are called the principal diameters of the ellipsoid.
(iv) The plane section common to the XY plane and the ellipsoid is given by the equations

.
z =0, x—2+"—=l_
a- b
This equation represents an ellipsoid in XY plane. Similarly, the sections of YZ and ZX
planes with the ellipsoid, are ellipses.
(v) Th tion of the surface i 'TI+"'JI+:2 | i '1’I+:2 I 8
L L LHATIOm O e surtace 18 —mrest—=1Jlpg —Sr—m/=]l——
<q HI hl fl ”l c r,']'l
2 2 " R
2.4% e 'r—z::}l ie. I-I—E{!} S5 <0
i a h c

when x<-a and x>a is x
. The surface does not exist when x <-a and x> g. Similarly the surface does not
exist when y<-b, y>band z<-c,z2>c,
~. The surface is bounded by the rectangular parallelopiped formed by the planes

x=ta,y=tband z=z=e¢.
. The ellipsoid is a bounded surface.

9.3. THE HYPERBOLOID OF ONE SHEET
2 2 2
— =1 is called a hyperboloid of

The surface S defined by the equation ?+ -

i.
(i) The origin bisects all chords of the conicoid passing through it and therefore is the

one sheer.
centre of the conicoid.
(ii) The surface is symmetrical about three coordinate /_/__

planes. So they form the principal planes and the axes

form the principal axes of the hyperboloid.
Z axis has no common point with the surface.

(#if) The section of the plane - = ;¢ with the conicoid
.ﬁ.‘l

- B

X ¥
—t—=l—. 5=
I ll ﬂ-

is the ellipse whose equations are — 3
il o
For all real values of § this will be an ellipse and for

k = 0. it is called the principal ellipse.
(iv) The plane x =k has the heperboloid as the

common section with the conicoid given by

Y. =
Y o1-% x=k
al

b ¢
Similar is the case with the plane y =i .
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Note. (i) The surface is not a bounded set.

‘.2 2 2 2 2 2

o . : ' , -X Vv 3
(i7) The equation ?—"’T— ==l jg. —+—-
]

:T =1 represents the hyperboloid

4
of one sheet.
9. 4. THE HYPERBOLOID OF TWO SHEETS
2 @2 .3
The surface defined by the equation I—I - ‘;—3 = L—z =1 is called the hyperboloid of two
o [&
sheets. Y

F i Fig. 13

(i) The chords of the coincoid through the origin are bisected at the origin. Therefore,
origin is called the centre.

(i7) The surface is symmetrical about the coordinate planes. Therefore, the coordinate
planes are the principal planes and the coordinate axes are the principal planes.

(#ii) Only X-axis has common points (a, 0, 0) and (-a, 0, 0) with the hyperboloid; Y and
Z axes do not have points in common with the hyperboloid.

(iv) The plane sections of the hyperboloid with XY and ZX planes are hyperbolas
while the plane section with the Y Z plane 1s a null set.

Note 1. A hyperboloid is not a bounded surface.

3 2 2 2 2 32
X ) Z =X ¥ Z
] — e e e == ]| e e : :
2. The equation 3 + £ e le — r i 5 represents hyperboloid of two
sheets.
9. 5. CENTRAL CONICOID |

The surfaces cosidered above are represented in general by the equation

ax’ +4’:-,||=2 +ezt =1 where ghez0
The surface is

(i) an ellipsoid if a, b, ¢ are all positive.

(i7) hyperboloid of one sheet if two of them are positive and one negative.
(i) hyperboloid of two sheets if two of them are negative and one positive.

In each case the origin is the centre of the surface, the coordinate planes are the
principal planes and the coordinate axes are the principal axes.

Note. These three surfaces have a centre and three principal planes and are, therefore,
called central conicoids.
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[9. 6. NOTATION

The following notation is adopted in this chapter

S= Hxl -I‘.h_]-‘z +1’..:: -1 S| = XX +|h_|':1-'|_ + CZZ) -1, S" = -I:-ul'.'I']2 "“-.F'-'_'|--"|2 T li-":ll -1

9.7. COMMON POINTS OF A LINE WITH A CONICOID

Let the equation to the conicoid S be §(x, v, z) =ax® +by* +cz* =1=10

Let the equation to the line L. be ‘”;”' s B

L (=r)
i f

If P is a point on the line, then P = (ir +x, mr+ y, nr+ z|)
Now, PeS=S(lr+x, mr+y,nr+z)=0
:uﬂ#+xﬂl+b{mr+yﬂ2+chr+;ﬂz—l=ﬂ

=> 1"2[.:1;‘2 +bm” +4:'n1] + 2r(alx; + bmyy +cnzp )+ 5, =0
Let A= (alx) + bmy, + cnz) }2 —{m’z +bm® + on 150

(/) This will be a quadratic equation in »

—al* +bm* +cn” 20

and will have two real roots = A =0 .

In this case there will be two points of the line common with the conicoid. The line
segment joining the two points is the chord of the conicoid.

(if) In the above quadratic equation if A =0, then the two roots are real and equal.
Hence the line and the conicoid have only one common point. Then the line is called the
tangent line at that common point.

(#if) Again in the quadratic equation if A < 0. then there are no common points of the
line with the conicoid.

(iv) If al® +bm* +en® = alx) + by +enzy =S, = 0, then all the points of the line lie on

the conicoid. In this case the line will be a generator and the conicoid will be the hyperboloid
of one sheet.

9. 8. TANGENT PLANES

Definition. Ler L be a tangent line at a point P on the conicoid 8. The locus of L
is called the tangent plane of 5 at P

9.9. Theorem. Let P(xy, )y, 2) be a point on the conicoid § = 0. The equation
to the tangent plane at P to the conicoid is §; =0,

Proof. Let the equation to the conicoid be §=ax? +by> +c=> -1=0
Let the equation to a line passing through P (x;, y. z;) be

x-% y-y z-

L (=r) D

/ m n

P(x), 1. 2)) € conicoid = Sy, = ax® +byy° +cz —1=0
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The point (Ir + x. mr+ v, nr + z)of the line liesson S=0

= a(lr + x ]‘1 + b mr + y :I1 +e(nr+z) }2 -1=0

= rl{m’! +bm” +cn’ )+ 2r(alxy +bmy, +cnzp ) +5;, =0

The line (i) is a tangent line to the conicoid

o> (alyy +bmyy -|-;:m~:|]||2 —(al* +bm* +cn*) 81 =0

<> alxy +bmy| +cnz) =0 ( §,=0)

Hence the locus of the tangent line is the plane

axy(x=x )+ (yv=n)+cz(z=-z)=0

e axxy+byy +czz) = E.L'I.'|1 +.’:L1.']E +r.‘:|2 =1

Hence the equation to the tangent plane at P(x,. ». z;) to the conicoid
acxy + by +ezz -1=0 ie. 8§ =0.

Note 1. The equation to the tangent plane at (x;, 37, z;) on the ellipsoid

" o TR |
Stz =lis 3+ 5+ =
a b ¢ a b

2. The equation to the normal to the tangent plane at P(x, », z;) on the conicoid is

X=X Y=-Nn z2-3
£y h_].'l €Iy
9.10. Theorem. The necessary and sufficient condition that the plane

Le+my+nz=p may be a tangent plane to the conicoid ax® +by* +cz* =1 (abe #0)is

r? ml" ﬂl"
g Pt (0. U. AIl, N.U.A.06)
Proof. (/) Necessary Condition
Let the given plane Ix+my+nz=p 1)
be the tangent plane at P(x;. 3y, z) on the conicoid ax’ +by? + 2% =1
But the equation of the plane at P to the conicoid is axx) + by + 22y =1 A 2)
(1) and (2) represent the same plane.
WS TN IOV TR e B
ayy by e | : ap : bp . op (v p+#0)

.+ P lies on the conicoid = m-lj +!:-}r|I +¢-:|1 =)

i 2 z 3 2 2
= a[L] +h[i] +¢'[i] =] = ‘r—+ﬂ+"—:p3}{}
ap bp op a b ¢

. ) [ m n

The point of contactis |~ 77—

ap bp cp

(#ii) Sufficiency of the condition
* oo

Let -—+—+—-=pz:-!]
a h c
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! ) ' m n

. m | n Y _ . L
" H[—] +|'T[—] +E'[—] =1= [——“—] 1s a point on the conicoid.
ap hp op ap bp ¢p
Now the tangent plane at this point to the conicoid is

/ n n
ﬂ[—]x+h[—]}'+ﬂ[_—]-’ =1 - Ix+my+nz=1
ap b cp

Note 1. The equation of the tangent plane to the conicoid ax’ +by? +¢=? =1 can be
taken in the form

IE 2 2
fx+my+nz=1 Y L
a b ¢

3 3 3

F .S L

m n- 5 -
(i) If -y + = + ry <0, then the conicoid has no tangent planes.

(ii) If I, m, nare the d.c's of the normal to the tangent plane then the distance of that

1 . N . 2 : 2
plane from the origin o e

2 1.2 2

: ETT S ot
2. The plane Ix+ my +nz = p is a tangent plane to the ellipsoid '—3'4";}'1"4‘-5"* I,
a c
— pl = a1 +'m? + 2

Equation of the tangent plane to the ellipsoid can be taken in the form

fx+my+nz = :I:\n:.uzf‘? +62m? e’ ]

9. 11. DIRECTOR SPHERE

Definition. let the conicoid 8§ have a set of three mutually perpendicular tangent
planes and P be their common point. The locus of P is a sphere called the Director
Sphere of S.

9. 12. Theorem. Let the conicoid Mj+b’1+ﬂ}=|- i*’i‘*if"ﬂ', have a set of

three mutually perpendicular tangent planes and P be their common point. The

locus of P is the sphere x* +y> +2° = i+i+% :

Proof. Let a set of three mutually perpendicular tangent planes to the conicoid be

hix+my+mz=pi. bx+my+mz=ps, bLx+my+mz=py

Jrfz .ﬂifl ﬂfl
where B = - ~+*—=%- =, i=123.
o [

Let (4, my, m), (l.my, m)and (f5, ms, n;) be taken to be the direction cosines of the
normals of the respective planes.

Then, from earlier chapters we know that (/. /5. ). (my, my, my)and (ny, ny, ny) form

the direction cosines of the three mutually perpendicular directions.
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. We have I!E +.|’2I +4"_3|I = m']l +J'1|12E +J':|'1'3,2 = J*i'|I +a"i12 +"31 =]
and fymy +lmy +lymy = myny + many +myny = mly + nyly +mly =0
Let P(x. ». z;) be the common point of the planes, then
ha+mpy+mz=pi hy+myy+mn=py B +ms+ms = py
Squaring and adding these three equations, we get

E!JE_P_Zm E” .I_.+.._
a b

.
Wyt =t g gy =

a b ¢
. - T T 1 ]
. The locus of P is the sphere ¥~ +)y" +z =E+E+E
1 1
Note 1. The sphere * 24yt et = - gt - is called the Director Sphere of the conicoid.
2. The Director Sphere of the ellipsoid
1_1 }1 :I
=+t ?=1 is x4yl 4zl =a? +8° + 2. (AU, AI2)
SOLVED PROBLEMS
Ex. 1. Find the equations of tangent planes to 2x* -6y +322 =5, which pass
through the line x+9y-3z=0=3x-3y+6z-5. (A.U. AI2, N. U. A06)
2 6 3
Sol. Given conicoid is ¥ ~2»" +22" =1 A1)

Any plane through the given line is 3x -3y +6z-5+L(x+9y-32)=0
= x(3+A } + v (9% =3)+z (6=31)=35. This touches the conicoid.

o (3+4)° +{q:-L 3) [5] (6-31) [3] 52

= Al=1 & A=l
~. The tangent planes are 4x+6y+3z=5 and 2x-12y+9z=5

Ex. 2. Prove that the locus of the foot of the perpendicular drawn from the

S T
centre of the ellipsoid — + 2 +=5 =110 any of its tangent
planes is a*x? +b2,-.-2 4t ={rz +_v2 422 ]nE

Sol. Let P(x; »,z) be the foot of the perpendicular
from O to the tangent plane =.

-, D.r's of the normal OP to the plane are x; . 5.

-, The equation to the plane through Pand | to OPis

xl{x—-x)+nlyr-n)+z(z-2)=0

Fig. 14



The Central Conicoid 233

= X0 + 0 + 25 =5+ T+ 20 A1)

2 2

This touches the ellipsoid — + L

T al
ad ¥ 2

2

— uz.rF +.’?I}‘]E +c :ll = {1"1 +j-'|2 +.:-|E}E

. The locus of P is a®x? + 6737 + 222 =(x? + 3% +2%)°
Ex. 3. Any three mutually perpendicular
lines drawn through a fixed point C meet the conicoid ax® +by* +¢2* =1 in

| | |
B. P 0, Oq: Ry, Ry respectively.  Prove that CR.CP + Co.Co, + CR,.CR, = constant.

Sol. Let C=(o, 5, 7)

—a _y-B_z-v

=

/ m n

Let (f.m.m). (h.my, m)and (/3. my. m) be direction cosines of the three
perpendicular lines through C.

The equation to any line through C be -

The equation to the line through C and with d.¢'s (1, my, ) is
x-2 y-B 2-%
h om oy
Any point on the line is ({jr + o, myr + B, mr+7v). If this point lies on the given conicoid

ax’ +.":;'|:2 +cz2 =1 then, allyr +a)’ + b(myr +|3}|I + dnlr+‘r}2 =]

< r2(al® +bm? + on®)+ 2r(avly +bBmy + )+ (a0 +bB7 4 ey ~1)=0
The line meets the conicoid in P, and P; .

. The roots of this quadratic equation are the values CP, and CP;.

(=r) (1)

T 2 2, .3

CP,.CP, =4:m'.2+b|3 ;—c"j" 21 - | __aly” +bmy +£.:J']

ﬂ'-lr] +b'm| + CHy EP[-.'EPI HC[E +!?|32 +L-‘rr" =]

Similarly, the lines CQ,Q;, CR;R ; meet the conicoids where

| - m"f +.|":u'iu'11 + .:'Jrl'z2 [ - ::;.1'31 +hm32 +.r;.|-132
CQ,.CQ, m:t2+b|31+c"|f2—l' CR,.CR; aﬂ_1+b|31+q-z—1

| I I
+ +

Hence =p"cp, " €Q,.CQ, ' CR,.CR,

=E|[.I'lI +!12 +a’3,E ]+£q‘[m|3 +mf +m3_2 ]|+£l[rr|2 +;~r3I +n3_2}
A A A

where A =aa® +5p% +cy? -1

-+ CPPy,CQ;Q;, CRR are three mutually Lr lines

1+Ju|31+1n:31=l

| | 1 a+b+c
+ t S T
CPh.CP, CQ.CQ3; CR.CR; ao” +5p" +cy” -1

— fll +.{12 -I-,Ir31 = J:!'III +m_z2 + H'f:,l?' =M

= g constant.
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EXERCISE S (a)

Find the equations to the tangent planes to the conicoid 3x” —6y° +92% +17 =0, parallel

to the plane x+4y-2z=8.
Find the equations to the tangent planes which pass through the line
(@) 7x-6y+9=0, z=3 and touching 7x? -3y* -2 +21=0.

(h) Tx+10y-30=0, 5y-3z=0 and touching '..‘_-.;1+5_..-1 +322 =60
: 2 3
_y-3 -3 ¥ . ¥ _E
= = —_— e e = |
() - 35 3 ] ~ and tmlchlng +: 3 += >

Show that the plane 3x +12y - 15- =17 = 0 touches the conicoid 3x* -6y +9:° +17=0.

Find the point of contact. (N.U AI12 AU AllLAI2)
2 .2 3

=

A tangent plane to the ellipsoid t—+ 2 +——] meets the co-ordinate axes in A, B and

C. Find the locus of the centrﬂld of i) thE triangle ABC (ii) the tetrahedron OABC.
2 2 2
1

If 2, is the distance between two parallel tangent planes to the ellipsoid _+b_+_2 L.
o L
prove that the line through the origin perpendicular to the planes lies on the cone

(@ =12+ 2 B =2+ 2P -r?) =0

Tangent planes are drawn in the conicoid ax” + by? + ¢z = 1 through the point (a. B, 7).

Prove that the perpendiculars to them from the origin generate the cone
2 2
v

(ox+By +y2)* =—+=—+—
a b ¢
2 'I.‘I -k

A tangent plane to the surface — + h_z +—5 = makes equal angles with the coordinate
i [

; . Lo & 5 G
planes. Show that it forms with them a tetrahedron of volume E{f-' +5° +c°)
ANSWERS
1. 3x+12y-6z=%17 2. (g) Tx—-6y—-4z+21=0, ldx-12y-z+21=0
(6) 14x+5y+9z=60, Tx+5y+3z=30 (c) x+y=3, x+2y+3z=6.

::.'1 e':l1 &2 at b 2

- I --_} +—=9 sy —— = =16
3. (- 4. (F} } 3 (ii) b A

-
i e -

9.13. ENVELOPING GJDHE

Definition. S = 0 is a conicoid and P is a poimt €S. The set of tangent lines, if

they exist, to the conicoid and passing through P form a cone with vertex at F. The
cone is called the enveloping cone of the point P with respect to the conicoid.

enveloping cone of P w.r. to conicoid § = 0 is 3|1=$5'".

Theorem. P(x; y;,2;)is not a point on the conicoid § = 0. The equation to the

Proof. Let the equation to the conicoid be ax? + by? +¢2? =1

Pg¢S = 8, #0. LetalineL passing throughPbe 2% _F=N _=79
/ m n



The Central Conicoid 235

The point (Ir +x, mr + yy, nr + z; ) of the line lies on S =0,

=1 a{:‘r+x|}2+h{ m!‘+_}=‘1}1 +4:'(1".'1"+:|]2 =il

— i'zl[a:r.lrz + b +cn2}+2rl[a.’.r| + by 4 enz )45, =0

The line L is a tangent line to the conicoid.

<> (alxy + bmyy +m:.'_l1 = 5 (al* + bm* + en®)

(D If g1 4+ bm® +cn® =0- Then alxy +bmyy +cnz; =0

= The line L is an asymptotic line to the conicoid.

(i) If 402 & pi* + e = (- then L is a tangent line

< (aly +bmy +cnz) 2 = S (al* + bm® +¢en®)y = L lies on the curve
[axi(x—x) )+ by (y-n)+e(z -3 ]I]1 =8 [a(x—x ]1+b{y—_-.-'t}2 +elz—3 }2]

= (8 -8;1)° =8,[S + §;, -28;] = §;° =88,
This is a homogeneous equation of second degree representing a cone,

|ED LVED FHDELEHE'

Ex. 1. A point P moves so that the section of the enveloping cone of the ellipsoid

2 ¥ ¥
x y r
—+ ‘;—,+—j =1 with P as vertex by the plane is a circle. Show that P lies on one of the
a b

LX)

3
- ¥ I
conics ——+—5=1.

—d C
4 a3 3
Sol. Given T+}—+L_] =0
- R R
a b e

Equation to enveloping cone is §; =55,
- Enveloping cone with vertex P (x,,1,,z,) is

- : 2 2 2 . : 2

A x* y zr ez
[ i +J'j;l+ !l_|] :[—1+}_1+_1'|][_11+}_|1++']]
a b e a b e a b

plane - =0 cuts italong

2 5 a5 5 ] "
x5 W J_[r v ][-‘T no.oa ]
=l | =| +=-1|| L +L+L -
[.r.r1 b a b a b

This will be a circle < co.eft. of ¥* = co.eft. of y* and co.eft. of xy=0.

.'L': ] :3 'Ir: . }3 | IE 'Ir: .

1 1 L, W L8 1 1 .M L8 X v

::'_.]-_1[_1"' T E-IJ:.&" '—1[ R o 1'|] and !_,‘I".r=ﬂ
JE 7Y

a a\a b e F\a b e b
1 (A .2 ] TEE ]
] Rt =—0| —<+—-1]| and x, v, =0

u‘[b? e’ Plad A 14

1 (' 2° 1 (2 22
- Locus of P is “—2[:’:’—2+—2_1]=__'.[_E.|_h_z_|]~ xp=0

(i) If x =0. then
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3 . 3 3 3 3 by
Pt —-a) O -a r- "
= ‘t =+ {, — }= — =¥ ;1 ~+—=Lx=0
a b’ ab'c a b’ b™—a ¢
2 2
(if) For y=0, we get jx —4+ =]
a —-b- ¢
- R S
Ex. 2. Find a section of the enveloping cone of the ellipsoid T+F+_T =],
i 3 -

whose veriex is P by the plane = =0 is a rectangular hyperbola show that the locus of

- S I
a+b
Sol. Let P(x;.).z) be the vertex.

Equation to the enveloping cone of the ellipsoid is 88, = §;

2 2 1 o 2 2 " W 2
x oz g r ; A
(e (B )< (T2 2
a b e a b e a b e
.

2 2 } 3 3 _, :
Its section by the plane - =0 is [I—,w’, —IJ['T—LH—'J L —|}=[£,'+*::‘ —I]
a- b 1 * a b
This represents a rectangular hyperbola

P is

< co.eft. of x* + coeft. of y* =0

2 % 2 » 12 9 2 v
1L N, F I 1 1, = 1
a\a b c a b b c b

| -’J'r 3 a2 32
= —| L 4+ I]+—__[ ',+%—I]=l]
a \b® gt
2., 2 2 2
=4 =5 T _1-_] = T3 =0 = ] 1-+_'_|=|
ab” c* " a- +bh
W R
- Locus of P is — ‘1,+'—2:I
a +b e

9. 14. ENVELOPING CYLINDER
Definition. The locus of tangent lines to the conicoid 8 = 0 and with the direction
numbers (I, m,n), E(l,m,n)#0is a cyvlinder, called the enveloping cylinder of the

conicoid in the direction of (I,m, n).
9.15. Theorem. The equation to the enveloping cylinder of the conicoid
ax’ +by? +¢z? = Lin the direction of (Lmn)when al® +bm’ +cn® 20 is
(alx+bmy +enz)’ = (al’ +bm* +cn’) (ax’ +by” +e2° - 1)
Proof. Let P(x; », ;) be a point on the tangent line.

- The equation to the line with d.r's (/,m, n) and containing P i1s

X=X =_I-"__|"| =:_:| (=r) '“}

) m "
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The point (ir + x;. mr+ v, nr + z;)of the line lies on the conicoid
554:11‘2+-E=_F2+u.-‘1—|:ﬂ 2)
= u{a’r-l-.r,}z +hi r-il-r.-*+;|:|‘_i2 +r:[nr+:1]|1 = |

= rzl:ﬁlfz +bm’ +m1}+2r{afx| +bmy, +cnz)+5, =0

the line (1) is a tangent line to (2) < (aly, + bmyy + cnzy Y = (al® +bm® +:-n1}5“
-, The locus of P is the cylinder

{alx + bmy+m:]1 ={m’1 + b +L'n2}5 = l;.[.l.fI + bm® +L'ﬂ2] l]m'2 +1E|'_1,r1 +ez? -1)

SOLVED PROBLEMS
r 2 2
Ex. 1. Prove that the enveloping cylinder of the ellipsoid E';-+i =1 whose
a 3
N ¥ z e oE .
generator are parallel to the lines — = ———— == meet the plane : =0 in circles.
tya’-b €
Sol. Let (x,,5)be any point on the cylinder
.. Equation to the generator be A AT
m n

Any point on the line (x, +/r, ¥, + mr,z, + nr)

+Ir) +mryY  (z +nr)
This lies on the conic o U zr} 2 ;r} + 4 :.r} =
a c

* wm W x, m nz X 1r*:r 22

¥ -

=-r'[ — 4+ — j]+2r[—,'+ 'tr'+ _r']+[—lz+i+—‘j—l]:[l
\a b \a h* o a Kool

The line touches the conic

- 3 2 2 2 2 2 2
=4[E‘” Wiy ":']-4(f—j+”’,+”—,][x', N '1,-|]=ﬂ
ad ¥ a ¥ 2N ¥

Locus of P is the cylinder

R, 2 2 2 2 2 2
(o] oS5 s
a b ¢ a ¥ Ahat B

In this put = 0,m=+Ja’ -4’ and n=0

3
:[},faz_bz :} _[u+a2_bz+l][12 I ]

e o i e |
] ] 3
4 a’ b? o

b ¢

This meets the plane = in the conic

¥ 3 2 g . ¥
wa =b"| |a |[x |
5] () 5

¥ 3
yia -5 zi’x_ 2 }_:(H:_hz}_xz _1-3

- sl | a2 TS T LY g

b .’J‘La b ab” a- b

2 2 2 2

] ' X ] g
:}}T_}T=_+}——I3T+}—2—I:}x +y =a’ which is a circle.

" a a b a a
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EXERCISE9(b)
Show that the locus of the points from which three mutually perpendicular tangent lines

can be drawn to the conicoid ax® +by” +¢z” = 1is the conicoid

alb+ .:'}.Jr1 +blc+ u}_rz +a:"|[n'+|'1"‘].:I =a+b+c (AU AI2)
2 2 .3

. . . e X Z
Prove that the enveloping cylinder of the ellipsoid — +“5+— =1, whose generators

a »¥
¢

. meets the plane - =0 in a circle.
(K. U. MI5, AU A1)

!-I

r
E e e

X
are parallel to the line = 5 5 L
o =



Objective Type Questions

15.

16.
17.

19.

20.

21.
22,

23,
24.

Fill in the blanks
Centre of the sphere (x—x)(x—x3)+ (¥ (r=-»)+(z=5)(z-23)=01s )
Equation of the normal to the sphere % +y* 4% —2x—4p+6z-3=0 at the point

(LLD)on it is ;
Equation of sphere passing through (0, 0, 0). (1, 0, 0). (0, 1. 0)(0. 0, 1) is .
.

& . g ¥ "
Radius of the sphere x” + y" +z" =ax+by+cz is

The pole of the plane l+my+nz = p with respect to the sphere x* +1° +2% =4° is

The radius of the sphere x* + 3° + 22 —dx+2y—62+5=0 is :
Centre of the sphere 2x? +2}'I +27% =x +y+z 05

The direction cosines of the line joining (1,1,0); (0,0, - 1) are :

2

The centre and radius of the sphere x? + y* + 22 —2x+4y -6z =11 are given by :

. The radius of the sphere x* +3% 42 —4x+6y-2:45=0 is .

. The direction cosines of the line joining the points (1, 1, 1) and (2. 4, - T)are .
. The section of a sphere by a plane through its centre is called .
. The distance of the point (x, y, z) from y - axis is

a y=-f z-v

. The condition that the line * ; = = is normal to the plane ax+by+cz =4 is

m N

The line joining the points (1, 2. 3). (4. 5, 7)and the line joining the points (-4, 3. —6) and

(2,9,2) are to each other.

The direction cosines of the normal to the plane 5x—y+3z =27 are .

The condition for the two spheres %+ + 2% 4+ 2ux+ 2wy +2wz+d, =0 and
Xy 4zt + 245 + 2v5 ¥ + 2wy 2 + d5 = 0 to cut orthogonally is

The equation of the sphere drawn on the join of (x, ». ;) and (x;, ¥, z3) as diameter
IS :

The equation of the sphere passing through the points (0, 0, 0) (@, 0, 0}0, b, 0)and (0, 0, ¢)
IS

The equation of the plane through the intersection of the planes y+z=4 and =+ x =5
and passing through the point (0, 1, 3) is .

The equation of the sphere with centre at (2, —3.4) and radius 5 is

The direction cosines of the normal to the plane x-2y+2z =1 are

The equation of the tangent plane to 3% —4_1-1 =2z at (2,=-1,4)is
The radius of the sphere x? + y? + 2% +6x -8y +42+29=0 is

239



10.

11.

11,

13.

14.
15.

16.

17.

18.

19.

20.
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Strike out the incorrect answer :

(ax+by+z+d)+h(aqx+hy+ez+d)=01s [a plane, a line]
2432 422 = 4% x+ v+ 2 = a, together represents [a circle, a sphere]
Every plane section of a sphere is |a circle, a line]

The centre of the sphere 2x? +2y* +2:2 4 x—dy—4dz+1=0is [(1. 1, 1)), [(2.2,2)]

Sphere x* +y* +z2 +a” =0 is [real, not real]

2 2422 -24x-40y-182+225=0 touch

[internally, externally].
Equation of the sphere which touches the sphere +? + 2 + 22 =3 at (1,1, - 1) and passes

The sphere x2 + y? +22 =25 and x? + y

through the origin is [rz +y"-5 e x-y+z=0,2 (x° +,;,-E . N y—z=0]

The sphere x* 4 3% +2% = 2a(x+ y+2)+2a° =0 [touches ; does not tough] the co-

ordinate planes.

The spheres x? + 3% + 2% - 24x—40y—18z+225=0and »? + y? + 2% = 2025 touch
[internally. externally]

The radical plane of the two spheres 2 + 3% 422 +3v+ y—z4+6=0 and

X2 +_v2 422 +6x+dy+2z=§ is [3x+3v+3z-14=0,9x+5y+z-2=0].

1
The distance of the plane x+ y+z =1 from the origin is [1 : E] .

x=2 y=-1_ z+]

3 4] 4
The distance between the planes x+2y+2z+3=0 and x+2y+22+7=0 is [4,4/3].

The straight line [lies, does not lie] on the plane 2x+3y -7z =

The centre of the sphere x? + y? + 2% ~2x+4y-62+8=0 is [(1,-2,3):(-1,2,-3)].
The plane 3x -4y =0 [passes ; does not pass] through the - - axis.

The spheres +_1:'z +z2 =64 and 2 +;|.J2 +22 ~12x + 4y —6z+48 = 0 touch

[internally ; externally].
The centre of the circle x? + 32 + 2% +12x—12y—16z+111=0;2x+2y+z =17 i8
[(-4,8,9);(-1,2,3)].

Equation of a sphere touching the three co-ordinate planes is

2 2

[Jf2 +;|.J2 +z2 iEmtquiEa:+2ﬂz =)y +;.'2 +z"—agx—=by—-cz=10]-

Equation of the sphere on the join of the points (-2, 2, -2) and (2, - 1. 4) as diameter is
[x% +y* +2° =5x=3y-11z+8=0;x* + y* +z* = y=2z-14=0]
The line 2x—1= y+3=4-z[intersects ; does not intersect] the sphere

1‘1‘+y"-’ 427 ~b6x+8y—4z+4=0.
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IIl. Put a v mark on the correct answer :

£

10.

11.

12.

13.

14.

15.

Equation of the x - axis is

(@) x=0 (b) y+z=0 (¢} y=0,2=0,

The equation of the plane passing through (2,-1,3)and parallel to the plane
3x=4y+T7z=0 15

(@) 4x-3y+7z=32 (b) Ix—4y+7z=23 (c) Ix—4dy+7z=131
ax + by +¢z =0 is parallel to
(@) x=0 (b) by=cz (¢) none of (@) and ()
+yt=9-:2 isa
(a) sphere (h) a pair of planes (¢) none of (a) and ()
The interior of the sphere +? 42 422 =12 is
(@) (4.0,0) (b) (1,1,2) (e) (1,2,3)
by +cz+d =0 is perpendicular to
(a) by=ez (b) x=0 (c) by+ez=0
The radius of the sphere x* + 3% + 22 —ax—by—ez =0
ath+c Ja b e Ja? +b° +¢°
(@ (b) S+5+ (©)
2 2 2
If @, b, ¢ and a5, by, ¢; are the direction ratios of the lines which are parallel, then

by g

dq D _q
(@) ay=ay,By=by,qp=cy (b) a5 b ¢ () aay+b by+cyey=0
The direction cosines of a line equally inclines to the axes are

| 1 I 1 | |
(@ 1,1,1 ® FFR © FFFH

The angle between the lines, whose direction ratiosare 1, 1,2 and 3-1,-J3-1.1. s
(a) 30° (b) 90° (c) 60°
The equation of the xov plane, is
(@) z=0 (b) x=0 (c) y=0
The angle between the planes 2x+ y+z=6, x—y+2z=3,is
I T L
(@) 3 ®) 3 )
The straight lines i T i PR T s P s P, , represent
3 o4 2 -2 3 -2
(a) parallel lines (b) different lines (¢) perpendicular lines
The direction cosines of the line joining the points (4,3, -5) and (-2, 1, -8) are
6 2 3
2.4,-13 b) 6,23 J I
(@ (b) © .53
The direction cosines of the normal to the plane 2x-3y+6z=7, are
127 . 2-36 -
@333 O 753 ©) %=3%
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The angle between the planes 3x-4y+5z=0, 2x—y-2z=5 is

n m n
(ar) 3 (b) 5 (c) 3
The line *‘“‘J“ B :ﬂ“f is perpendicular to
m
(g) x-axis (b) »¥-axis (¢) z-axis
_j — o
Theline 2=2-2=3_2-4
3 4 5
(a) parallel to (b) perpendicularto  (¢) lying in the plane 2x+y-2z=3,
-2 z-3
The foot of the perpendicular from (3, =1, 11) to the line §=‘PT=T. IS
(a) (0,2,3) (b) (2,3, 4) (€) 2,5, 7)
x(x-a)+y(y-b)+z(z-c)=0is
(er) a pairs of planes (h) sphere (¢) plane.
ANSWERS
XN+X N+N :l+:gJ g mogi= gl P N
.(112,2 I.II{I.] _4J.x+]+-,r]r-ﬂ
u'luz+h1+-:-1 a*l a*m a'n 111 1 1 1
5. — 6. 3 1. |-——| B t[—+—1—]
2 p P P 4°4°4 J3' 38
-1 -3 b
i . h .
(1,-2,3). 5 10. 3 11. [Jﬁ J7a ?4J 12. Great circle
a_b ¢ 5 -1 3
2, 2 14, —=—=— 15, parallel 16. :[ i " ]
A +2 f m n _J'E J:E -."E
2 (mny + vy + Wy ) =d) + d
(x—x ) (x—x2 )+ (y—My—-y2)+(z—z)(z—23)=0 19-.1'2+_F2+:2—1I¥—-‘:{P—c.-=
3 3 5 1 -2 2
y+z=4=0 2. x*+y°+z° -d4x+6y-8z+4=0 22, T 333
6x+4y-z-4=0 24. 0
1. aline 2. a sphere 3. aline 4. (2,2,2) 5. real
6. internally 7. 2"+ +20)—x—y-z=0 8. doesnot touch
9. externally 10. 9x+5y+z-2=0
11.1 12. lies 13. 4 14. (-1,2,-3) 15. does not pass
16. externally 17. (-1,2,3) 18, x*4y* 4+ —ax—-by-cz =0

19. xz -+ }Jz 0 _.-I -y=2z=-14=0 20. does not intersect

c 2. 3. c 4. a 5. b 6. b y B C
b Q. h 10. h 11. {1 12. Fd | 13. C 14. c
b 16. h 17. o 18. h 19, c 20.

L3
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Bisectors of angles between two planes

1. Find the equation to the plane bisecting the acute angle between the planes
3x=2y=b6z=0,-2x+y-2z-2=10

2. Find the equation to the plane bisecting the acute angle between the planes
Sx+12y-132=0,3x+4y-5z+1=0

3. Find the equation to the plane bisecting the acute angle between the planes
x+2y+2z=19=0,4x-3y+12z+3=0

4. Find the equation to the plane bisecting the acute angle between the planes
dx-0p+2z45=04x-12y4+3z-3=10

£

Find the equation to the plane bisecting the obtuse angle between the planes

2x—-y+2z+2=0,3x-2y-6z=

6. Find the equation to the plane bisecting the obtuse angle between the planes
Ix+a4y=5z+1=0,5x+12y-15z =10

7. Find the equation to the plane bisecting the obtuse angle between the planes
x+2y=2z-19=0,4x=-3y+12z+3=0

8. Find the equation to the plane bisecting the obtuse angle between the planes
Ix+4y=5z+1=0,5x+12y-15z =10

9. Find the equation to the plane bisecting the angle between the planes
x+2y+2:=94x-3y+12:+13 =0 and does not contain the origin. (N. U.AID

10. Find the equation to the plane bisecting the angle between the planes

4x =3y +12z+13 = 0,x+ 2y + 2z =9 and containing the origin.

ANSWERS
1. 23x-13y+32z+20=0 2. 14x-8y+13=0
3. x+35y-10z=256 4. 25x+17y+62z-238=0
5 Sx-y-4z+8=0 6. 6dx+112y-130z+13=0
7. 25x+1Ty+62z-238=0 8 ldx—-8y+l3=0
9, x+35y-10z-156=10 10. 25x+17y+62z-78=10

The length and equations of the line of S.D. between
two straight lines

, . x+3 y+7 z-6 x-3 y-8§ =z-3
1. Find the length of the 5. D. between the lines 3 T 7 3 ='_] =

243
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Find the equations to the line of 5.D. between the lines
x—3 _ y—8 = I—=3 X+3 = y+7 " z—0

3 -1 | -3 2 4
Find the length of the S. D. between the lines ?= % =? and
x+y+2z-3=0=2x+3y+3z-4
x=2 - y-3 z-1 x-4 _ y=5 z-=2

Find the length of the S. D. between the lines 3 2 = 'a s 3

Find the equations to the line of S. D. between the lines
x-4 _y-5_z-2 x-2_y-3_z-1

4 3 3 3 4 2
Find the length of the S. D. between the lines 3x-2y-z+3=0=2x+3y-5z-6=0and

x=2 _y+l_=z
2 3 4
Find the equations of the S. D. between the lines **3 _¥=6 _=. x¥+2_» _=z-7
~4 3 2 -4 |1 I
(N. U. AL

Find the length of the S. D. between the lines

x—8 y+9 =z-10 x-15_ y-29 :z-3
30 -6 7 3 8 -5
Find the equations to the line of the 5.D. between the lines

x-8 y+9 z-10 x-15 y-29 z-5
3 -6 7 " 3 8 -5

Find the length of the S.DD. between the lines

= [P | o —_ —_— T — ' "
-l _y-2 -3 o= 2273278 Shatis your conclusion ?
2 3 4 3 4 5

Find the length of the S.D. between any to opposite edges of the tetrahedron formed by
the lines y+z=0,z4+x=0,x+y=0,x+y+z=a

Find the coordinates of the points where the S. D. between the lines

=14 y-1 -5 -4 y-19 z-4

. meets them.
-9 4 2 —f —4 3

Find the length of the 5. D. between the lines 2x+ y-z=0=x-y+2z;
x42y-3z-4=0=2x-3y+4z-5 (K. U.A12)

Find the equations to the line of the S. D. between the lines
b - fet=n-Siale g Dud L
4 3 2
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15. Show that the equation to the plane containing the line £+ Z 1. x =0 and parallel to
-

theline X% =1, y=0is £_2_Z _ _jandif2disthe S.D. provethat = L+ L. 1

a c a b ¢ a & B

16. Prove that the S.D. between a diagonal and an edge not meeting in a cube of side a is

al 2 -
ANSWERS
1. 330 2, 4x-5y—17z+79=0=22x-5y+19:-83 3. 13/66
4. 1/J6 § 2x—Ty+11z+6=0=2x—-10y+14:-6 6. 97/136
x=1 y=3 =z+2

T e & M 9, 9x—4y—z-14=0,117x+4y-41z-490=0

2 214
10. 0, The lines are coplanar 11. ﬁ 12. (3,5.1.(11,11,31) 13 =
14, Tx-2y-11z+20=0,13x-13z4+24 =0

Sphere through a given circle
1. The plane £+%+i=] meets the axes in the points A, B, C. Find the equations of the
) ¢

circumcircle of the triangle ABC.

2. If the circumcircle of the triangle ABC is given by the equations

PP+ —ax—by-cz=0, L%d:] find the centre of the circle.
il [

3.  Find the equation to the sphere which passes through the point (a,b,¢) and the circle

2

5
X +y =r1

1:=D

4. Find the equation to the sphere having the circle x* +3? +22 +10y-4z-8=0,

x+y+z-3=0 as the great circle.

5. Find the equations of the circle lying on the sphere x* + y* + z* = 2x +4y -6z +3 =0and
having its centre at (2,3,-4)
6. Find the equation to the sphere on which the following circles lie

X +_V2 427 —;l:+..'f'..:=1fl=.1r—_1-'+:—2=i]'-.r2 +_1JI 422 +x=3y+z-5=0=2x-y+4z-1

7. Find the radius of the circle x* + 37?422 —x4:-2=0=x+2y-z-4

8. Find the equation to the sphere which has the circle
x* 4yt 4zt —x4z-2=0=x+2y-z-4 asone of its great circles.

9. Find the equation to the sphere having the circle
¥ 41?422 410y -4:-8=0=1x+ y+z—3as one of its great circles.

10. Find the equation to the sphere which passes through the circle x* + y* =4,z =0 and is
cut by the plane x+2y+2z=0ina circle of radius 3 units. (A. U.A12)
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Show that the four points (-8,5.2), (-5.2,2), (-7.6.6), (-4, 3,6) are concyclic.

Find the centre and radius of the circle x? + y* + 2% =25 2x+3y+2:=9

Find the centre of the circle x? + 3% +22 +2x—2y—-4z-19=0: x+2y+2z+7=0
Find the equation to the sphere passing through the circle

2+ 422 42543y +46=0=x-2y+4z-9and through the centre of the sphere
,TE+r1:1+:2—1r+411-‘—6:+5:{}. (K. U.Al2)

Find the equation to the sphere having the extremities of a diameter as (2,-1.4) and

(-2,2,-2). If the plane 2x+ y-z-3=0cuts the sphere, find the area of the circle
formed.

Show that the centres of all sections of the sphere x? + 7 + 22 = o7 by planes through
the point (o, B, y) lie on the sphere x (x—a)+ ¥y (y-P)+z(z-7)=0
The spheres x? + p? + 2% + 2upx+ 2wy + 2wz +dy =0

-
J:1 +y + :'1

+2u3x + 2v3 ¥ + 2wy 2 + dy = 0 are orthogonal
< 2ty + 2 vy +2wwy =d) +d,
Show that every sphere through the circle x* + 7 - 2ax + % =0, = = 0 intersects

orthogonally every sphere through the circle x? + 2% =%,y =0

ANSWERS
,'i,'2+_1‘2+_-'2-m-..f-,|_1,r...¢_-:l];£+£+£=|
a b e
[f;+r b+r c'+r] h 1
ot t=t—| where r=-
2 a 2 !?2 i Eta2+h2+f.‘!}
2 2

“34_}. + _,-z}f=g|[a1+hl+.r_-2—r1} 4. _r2+}-3+:1—4x+6}-—3:+4=ﬂ

7

x +_1-'2 +:1—2:+4}'—53+3=D; x+3y-Tz-45=0

x* 41+ 43x-dy+5:-6=0 7. r=1|

_1:1+y1 +2° —2x-2y+2z42=0 9. X +J1.'2 +:1—4.r+5_1‘—3:+4=[l

_r1+y1+:1:tﬁ:—4=l] 14. _1'1+}'1+:1+?}*—E:+24=l]

Angle of intersection of two spheres

If & is the angle between two intersecting spheres whose radii are s and r and whose

. ] 112 + ::E -
distance between the centres is o then prove that cosf = T
il

If r,ry are the radii of two orthogonal spheres, find the radius of the common circle
formed.

If two spheres x4+ % + 22 +2ux+ 2wy + 2wz +d) =0,

eyt ezt 243X + 20y + 2wy 2 + g = 0 are intersecting orthogonally, find the radius
of the common circle formed.
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4. Find the value of k if the spheres

X +}=1 +zl+ﬁy+2:+3=ﬂ, ¥’ +y2 427 +6x+ 8y +4z + k = 0 are orthogonal.

5.  If the spheres Pyt —an—by—cz 4 (§+§+i;— |] =0and
x4 y* 4+ 27 = 2ax - 2by - 2¢z =0 are orthogonal, find the value of }..
6. Find the equation to the sphere passing through the points (0,3,0),(-2.-1.—4) and cutting

the spheres x: +],1 +.-1 +x=3z-2=0 :-:1 +y1+:1+(I121x+{332}|y+2=ﬂ*

orthogonally.
7. Find the angle between the two intersecting spheres
.-:“1:+_].:2 422 -2x-4y-z-11 =0, x? +_v2 + 22 +2x-y+12z4+5=0

8. Find the radical line of the spheres x* 4+ y* + 2% +4y =0,
¥y +28 43x=2p48246=0; x? +y* 422 4 2x4 2y +2242=0
+

9.  Find the radical line of the spheres x? + % + 22 +2x+ 2y 42242 =0;

2 2

X +y2+zl+d.r+4_'|:+4z+4=l];.Il+y1+f +x+6y—-4z-2=0

10. Find the equation to the sphere cutting the sphere X +_-|:1+zz —dx+6y+4=0
orthogonally and touching the plane 3x+2y-z+2=0 at (1.,-2,1)

11. Find the radical centre of the spheres

x1+]=1+:1+4y=ﬂ: X +y*

+2° +2x+2y+2z4+2=0;
;vc"‘_!-i-_r2 +:I+3x-1y+3.-'+6='[}: x* +y1 427 -x+4y-6z-2=0

12. Find the equation to the sphere passing through the circle

2 2

¥ +y? +22 —2x+3y-4z+6=0=3xr—-4dy+5z-15and cutting the sphere

¥ 437 + 22 +2x+4y -6z +11 = 0 orthogonally.

ANSWERS
2 Vi +17 +wf i +13 +3 —d
- m > V{{”I—Hﬂ1+{vl—vz}2 +(wy —wn ) 4. k=20
5 _(51 +f +c%) 6 24y 422 4202y idz-3=0 s
8 x—y+z+1=0=3x—6y+8z+6 9, %:-"T_l=§
-3

1 :2 '.-'I B = = —1111_
10. x?4)? 422 4 Tx410p-52412=0 1 | ~30507

12 5(x2 437 +22)-13x 419y =252 4+45=0
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The Cone

Find the equation of the cone generated by the lines passing through (. B, v) and whose

direction ratios satisfy a/2 + bm® +cn® = 0.
Find the angle between the lines of intersection of the plane and the cone given by

(@) 2x+y-z=0; 4:2—}=1+3:1=ﬂ (NU. ALl (b) x+y+z=0; .1'2+2}'2—IE =0

(€) 6x-10y-7z=0; 108x% -20y% -7:2 =0
Find the equation of the quadric cone which passes through the coordinate axes and

I I Ir ] .} : I 1 I a-l. I .f—l _J ——I
1 ‘ 1." X 4 =& xX= ..I__ g = = = — -

Find the vertices of the cone (a) 2y —8yz —dzx —Bxy+6x -4y -2:+5=0

() 2x2 +2;,'E +722 —10yz =10z +2x + 2y +262-17=0
Prove that the equation to the cone through the axes and the lines of intersection of the
cone 11x* -5y + 22 =0and the plane 7x-5y+z=0is 14yz-30zx+3xy =0

Show that 33x% +13y? —95:2 — 144z — 962x — 48xy = 0 represents a right circular cone

whose axis is 3x =2y =z. Find the semi vertical angle.

Find the equation of the right circular cone passing through the axes. Find its semi
vertical angle and the equation of its axis.

A straight line x = ¥ = = rotates round the straight line x = -y = -z about the origin, to
generate a right circular cone. Find the equation of that cone.

Find the equation of the quadric cone which touches the three coordinate planes and
the planes x+y+z=0and 2x-3y+z=0,

(Hint : Required cone is the reciprocal cone to the cone which passes through the
normals through the origin to the given planes)

Find the cone whose semi vertical angle is 45° and which has its vertex at the origin
and its axis along the line x=-2y==z. Show that the plane : = 0 cuts the cone in two

a B = =]
lines inclined at an angle €08 [E]

ANSWERS
1. a{x-—u]1+h{_v-|3}2+c{:w'r}2:{I 2. (a) Eus"[%] (h) Cos 1[%]
(c) cus-'[i] 3. 16yz-33zx-25xy =0 4. (a) (-7/6,1/3,5/6) (b) (2.2.1)
V5

-1 1
ﬁl- Bi© Ti Yz +:.T+_1:1-'=ﬂ: C“S I[T]: rx=y=z
3

2

8. x’ +y +32 +3yzr—3zx-3xy=0 9. 6dx> +‘.J'_r2 +25:2 —30yz+80zx+48xy =0

10. x?2+7y? 422 +8yz—162x+8xy =0
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Cylinder

; i ; 1 a 5
A cylinder cuts the plane - =0 in the curve x* +"'T = and has its axis parallel to

3x=—-6y=2z. Find its equation.

Find the equation of the cylinder whose generators are parallel to the line 1E = Tv =

L |

and whose guiding curve is the ellipse x* +2y* =1,z =3.

Find the equation of the surface generated by the straight line which is parallel to the
2 2

line vy = mx, = = nx and intersects the ellipse T+ Loy,
a® b

I

=0

[Hint : The line y=mx,z=mrcanbe putas £ = _ = etc.]
m M
Find the equation to the right circular cylinder whose guiding curve is the circle

x4yt 42229 x—pez=3 (A.U. Al N. U.AIl K. U. All)
Find the equation of the right circular cylinder of radius 2 and whose axis is the line
x=—1 z-3
— ! o— 2 —+
g - 2
Find the right circular cylinder whose axis is x =2y = -z and radius 4.

Find the equation of the curve loping cylinder of the sphere x2 + 2 422 ~ 2y + 4y =1,
having its generators parallel to the line x=y=1=z,
ANSWERS

2. 3l 46yt 432 48)r 220+ 6x-24y— 182424 =0

3 3
(mx—z) (ny—mz)” 2
=g T p " 4 Pyt vt vy e yz-zx-9=0
5. 5y’ +E}'1+5:2 —4yz—8zx—4xy +22x-16y-14z-10=0
6. 5x7+8y7 +5:7 +4pr+ 8z —dxy 144 =0
2

7. +;|-‘: +2° —xy—pE-zx—-4x+3y-z-2=1

Conicoid

Show that the length of the perpendicular p from the origin as the tangent plane at the

2 I -

; i su X Y £ e I
oint (x;.v;.2;)of the ellipsoid —+—+-—=1lisgivenby —=—+
p {. 1+ M1 I} FI ﬂz hl rz E - Fl {-;'1' b.‘l,

LA
A
Show that the plane 3x+12y -6z 17 =0 touches the conicoid 3x% —6y? +9:% +17=0

Find the equation to the tangent plane to the surface
(a) 4x? —Syz +7z% 413 = 0 and parallel to the plane 4x+20y-21z=0
() x?-2y% +3z% =2and parallel to the plane x—2y+3z =
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Find the equation of the tangent planes to 2x® -6y +3:? = 5and which pass through

the line x+9y-3z=0=3x-3y+6z-5.
Find the locus of the feet of the perpendiculars from the origin to the tangent planes to
2 2 1

X ¥ 2 " .
the surface —+ ;;._2 == I'which cut off from the axes, intercepts the sum of whose
&l C

reciprocals is equal to (1/k).
- -

=

Tangent plans are drawn to the ellipsoid t—l +;{-r_2+__2 =1, through the point (o, p,y)
o o

prove that the perpendiculars to them through the origin generate the cone
(o + [:l.]-'+‘|-':]l = a°x? +.F:2_1:2 +c2z?
Find the equations to the two tangent planes passing through the line 7x+10y = 30,

5y—3z =0 and thouch the conicoid 7x +5y” +32% =60.

Show that the plane x + 2y + 3z = 2 touches the conicoid x* -2y +3:% = 2 and find the
point of contact,

Find the envoloping cone of the sphere x? +_1:2 + 22 —2x+4z =2 with vertix at (LL1)
2 .2 2

. . ; P -5
Prove that the enveloping eylinder of the ellipsoid | o i—l + P 7 = | whose generators

are parallel to the lines £ = % _ = meet the plane - =0 incircles. (4.U. A1)
p ﬂ' III'.TE+I'J'1 [
Find the enveloping cylinder of the sphere +? 42 422 —2v+4y—1=0 having its

generators parallel to the line x=y==z,

12. Prove that the plane 2x—4y—z+3 =0 touches the paraboloid x* —2y? = 3: and find its

point of contact.

ANSWERS
3. (a) 4x+20y—-21z=+13 (b) x-2y+3:4£2=0
4, dx+6y+3z-5=0,2x-12y+9z-5=0 7. ldx+5v+9z=60,7x+5y+3z=30
8. (1-L1) 9. 4x* +3y* -6z -8x-162-4=0

11, x? +_1*1 +:1—}':—:.r—,r}*—d.r+5y—:—2=l] 12. (3.3,-3)
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Coordinates

Exercise 2 (a)
1. Since any prpendicular to XY plane is parallel to Z-axis and since z-coordinate of any

point in XY plane is zero, the foot of the perpendicular from the point (-1,6,-2) to XY
plane is the point (-1.6.0).
Similarly the foot of (-1,6,-2) in ¥YZ plane is (0,6,-2) and in ZX plane is (-1,0,-2}.

r ¥
M
(—1,6,0) (0,6,0)
0,6,-2
(-1,6,-2) { }
g (~1,0,0) 0.0.0 7 °
(=1.0.-2) 0.0.}2)

3. (i) Given equation of the locus is x = 2. This is a plane parallel to vz plane.
(if) Given equation of the locus is y=-3. This is a plane parallel to zx plane.
4. (i) x=o0represents yz plane.
(v) x=0, z =0 are the equations of yz plane and xy plane.
They intersect in the line y -axis. The locus is y -axis.
(vi) x=3. y=2 are the equations of the plane parallel to yz plane and xz plane.
They intersect in a line parallel to z -axis. Thus the locus is a line parallel to = -axis.

5. (i) Givenequationis x* + y* =25, z=0 e (1)
The equation x* + y* =25 represents a circle in XY plane.
But from (1), z =0 for every point on the circle.
Hence (1) represents a circle in R space.
(ii) Given equation is }-2 =dax,z=0 ....(1)
The equation y* = 4ax represents a parabola in xy plane.

But from (i), - =0 for every point. Hence (1) represents a parabola.

2 .2
(vi) Given equation is 4x° +9J‘1 =136 ie., %+‘1T=I v (1)
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()

()

(if)

L

In XY plane, the equation ( 1) represents an ellipse.
Any point (x, y,z) where (x, ) satisfies (1) and = & R belong to the locus represented

by (1).
Hence for a fixed (x,y) satisfying (1), we have a line parallel to Z-axis and for all

(x. v)satisfying (1), we have a set of lines parallel to Z-axis.

Thus the locus of the equation 4x? +9y% =36 in3 D-space is a system of lines parallel
to Z-axis, called a cylinder.

Let P=(2,3,5) and 0 =(5,7.10).

Through P and 0 draw planes parallel to YZ plane meeting X-axis in 4 and B.

Hence 4=(2,0,0) and B=(5,0,0).

- One edge of the rectangular parallelopiped with PQ as diagonal and having faces

parallel to the coordinate planes is |5-2|=3.

Similarly lengths of the other edges are | 7-3|=4, |10-5|=35.
EXERCISE 2 (b)
A=(-13.5)and B=(4,-12,-20) = 0A =(-1,3,5) and OB =(4.-12,-20)

= 0A =-40B — (). A, B are collinear.

Alieter : 0a = /12 +3% +5% = /35,0B = 16+ 144+ 400 = 4.35

AB =25+ 225+ 625 = 5/35 . AB = AO+ 0B =535
A. O. B are collinear.
Let (4 OB)=4;:h, o A, 0A =4 AB

= hy(=1,3,5)=1(5,-15,-25) = -hy =50 A :hy==1:5 =(40B)=-1:5
(A=(2,-3,243) =0A =(2,-3.2\3)

OA |

Unit vector on OA = = -(2.-3.243)
|0A|  J(4+9+12)

Unit vector on 04 =22 | 2 13 2.3
|OA| L3 5 5

(i) A=(2.3,5)., B=(-15.-1), C=(4,-3,2)
= AB=(-3,2,-6) BC=(5,-8,3), CA=(-2,6,3)
= |ABPF=9+4+36=49, |BC[*=25+64+9=98, |CA[’=4+36+9=49

= AB =CA, AB* +CA* = BC* = AABC isright angled isosceles.
Let A=(a,b.c), B=(b,c,a), C=(c,a,b)



Coordinates K(5)

= AB =(4,2,-6) and AC =(6,3,-9)

E=x J— - p—
=3AB=2AC = AB=3AC = A, B, C are collinear.

i j ok
I .
OR : Areaurmac:=%|aaxAC| =3 modulus of {4 2 6 :%;m-n;»fuﬂzﬂ
6 3 -9

= A, B, C are collinear.
7. (i) AB=BC=CD=DA and AC #BD(AB.AD=#0)= ABCD is a rhombus.
(i) AB =BC =CD = DA and AC = BD (or AB.AD=0) = ABCD is a square.
8. Suppose 4=(x,yz) is the centre of the sphere.

Let B =(a00), A =(0,h0), P =(0,0,c) and O =(0, 0, 0) be the points on it.

Then we have RA=FA=PA=04

= (x—a)? +(y-0)? +(z-0)? (1)
=(x=0)° +(y-b)* +(z -0)* e (2)
=(x-0 +(y-0) +(z-¢&) .. (3)
=(x-0)* +(y-0)* +(z-0)* (4

From (1) and (2) we get, —2av+a® = —Eby+f?2
~2ax+2by=b* -a* e (5)

From (2) and (3) —2by+2¢z = ¢* —b° ... (6)

From (3) and (4) 2+t =0 :=§ = (7)

Substituting in (6) we get y=54/2 and x=

a
. The centre =[E~f”r1-cf1] radius _ J 2 L p2 42 /2

9. Let the given points be 0 =(0,0,0), 4=(2,0,0), 8=(0,4,0), C=(0,0,6).

|

Do as in Problem.6. a=2b=4,¢=6. Centre=(1, 2, 3) and
radius - V& b7 +c? _ J4+16+36 T
2 2

10. PA+PB=2k = PA=2k-PB = P4® = 4k* + PB® — 4k _ PR
= PA* - PB* -4k* = -4k . PB
::r{.r—a}z+y2+:1—{x+ﬂ}2—y1—32—4k2=—4.¢:.FB

= ax+k*=k.PB = a*x*+2ax k*+k* =k*.PB*

o
:}—x2+&2+2ux={x+a]1+_r2 4 2%

‘:E
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o
= | 1-= |x* +,1:2+:1:.l:1-.|:'.'2
i_!

2
i 2 2 2 . 2
-, Equation to the locus of P is ["F]r" +y +z"=K"-a",
11. Proceed as in Ex. 10.
EXERCISE 2 (¢)

3. Given points are P=(3,2,-4), 0=(5.4,-6), R=(9.8,-10)

Then pQ=\(5-3)% +(4-2)% +(~6+4) =a+4+4 =23
OR = (5-9) +(4-8)? +(=6+10)2 =16+16+16 =43

PR=y(3-9)2 +(2-8)% +(—4+10)? =63
s PO+0OR=PR = P,0,R are collinear.
{? divides PR in the ratio PQ=QR=1:2
4. Given A=(2,3,4), B=(3,-2,2) and C =(6,-17,-4). Let (C; A,B)=A; : 2y

. 31|+2:'|LI —E:'ILI +3.‘Ii..2 1}.|+43LI
T Al T MRy A+

. 3.:'|.| +1|.I".2 _ g
R S

Given 4=(-2,3,4) and B=(123).

Let (P: A, B)=1, ;. Plies on XZ plane. y-coordinate of p=0.

:."-*3:".| =_‘4.|.||L2 :?1| ::"LI =—4:3

tn

EJLI +3}LE —0
- Mtk =2y ==3ky 2 W:hy=-3:2

:}F=[-3-4 0, 9+8

.U, =(7,0,1
-3+2 —3+I—!] ( )

6. (i) Given 4=(1,2,3), B=(2,10,1).

Let O divide AB in the ratio 1: m then g:[z"’“‘" 1428 "*3’"]

[+m ™ T+m " 1+m

given x-coordinate of Q is -1 = kLN
{+m
=2+m==l-m :}3I=—1m:ai:_—2- SLl=m=-2:3,
i
. =204+6 . -2+9
= - =—|£|._ [ - =7
y-coordinate of Q o -coordinate of ¢ 53

7. (i) Given A=(1,1,1) and B=(-2,4,1) Let C =(x,y,2)
Centroid of A ABC =(0,0,0)



Coordinates

5[1_2+I*I+4+}"I+I+:)=[l],{}ql]}

3 3 3

=x=Ly=-5z2z=-2 = C=(l,-5-2)

Given 4=(5,-1,-1), B=(-15,-1), C=(-1,-1,5) and D=(-3,-3,-3)

AB=(-6,6,0) = AB=|AB|=./(36+36+0) =642, etc.

Ki(7)

Show that AB = AC = AD = BC = BD = CD. . ABCD is a regualr tetrahedron.

Given A=(3,-4,11),B=(,4,-5),C =(17,-18,-3),D =(7,-6,1)
(P;4,8)=1:1;and (Q;C,D)=1:1%5,

A+l A+l T A+
:ﬁul-l"l 1??'.2+?
= e

-

P e Xeel
=3MA + A 434 +1=1T0 A +Th +1Th; + 7, elc.
= 140 k5 + 44 +16)k; = —6 ase CHY
1401y + 24 +2245 ==10 ... (2) 140 ks +104; =243 ==6 ... (3)
=24 =6Ay =4 from (1) and (2) = &; =34, =2 . (4)

= 1445 (335 +2)+ 4305 + 2)4 4164, = -6 from (1)

1
=37 +ah+1=0 = A+ +1)=0 = Ay =-3 (~ Ay =-1)

. From(4), ,j+1=2= X =1 ~ P=(2,03)=0
(OR): Let P=(2,0,3).

Given A=(3,-4,11), B=(1,4,-5), C=(17,-18,-3) and D =(7,-6,1).
o PA=(L-48)  pA=+y12+42 482 = /81

PB=(-1,4-8)  pB=vyI2+42+8% =8I
PC=(15-18-6)  pC=+/15% +18% +6° = /585 =365
PD=(5-6,-2)  pp=v52+62+22 =65

A, P, B are collinear. Also C, P D are collinear.

- P is the common point to the lines 4B and CD .

10. Let D=(x,v.z). Diagonals AC,BD intersect each other.

[:-:+I y+4 .-+?]=[4+z T+1 19-3

: s 2 . z 2 5 2 s 2 ]ﬁ{l’,]-’..-'}F(i,"-i,gj

Iy +1 —4h, +4 1A +5Y) o[+ ~1813-6 301
and Aa+1 " Aa+l 7 Ay 4l
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(if)

Exercise 2 (d)
(N 0=(0,0,0), P=(623) = d.rs. OP are 6-0,2-0,3-0

6 2 3
= d.cs. Op are J{ﬁl+23+31}‘Jﬁl+22+32‘ﬂfﬁz+22+31
— dos. OP are 8,2 3
T 77

s 2 3 6 -2 -3
Note. d.cs. OP are — == (or) ——, —, —
7 17 (on) 77 7

Proceed as in Ex. 1 (#)

(i) Let 0P be the ray making angles «, B,y with Oy, oY, 0Z .

.. d.cs. of Op are cos a. cosfh, cosy. cl:tﬁzﬂ+l:mzﬂ+l:ﬂsz?=1

. " ! u .
I:1+I—su'|1|3+l—5|nz'r'=I — sln‘ﬂ+sml[_’-+5m2v=1

= l-sin
Let (OP.OX)=a, (OP,OY)=a and (OP,0Z)=a
cosa , cosa ., coso are the d.cs. of gp

= cos> :1+m52|3+-::m1:1=l =cosa=11/3

= d.cs. of the line OP (making equal angles with coordinate axes)

are +1/4/3, £1/3, +1/43.
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Noting that +1/43, +1/43, +1/43; —1/4¥3, =1/43, —1/4/3 are two sets of d.cs.

of the same line, we can have four lines making equal angles with the coordinate axes.
4. (i) If4, B, C, D are the given points. d.rs. of AB = d.rs. of CD = AB||CD.

(if) 1f A, B, C are given points, d.rs. of A8 =d.rs. of AC = A, B, C are collinear.

(#iii) Let 4=(2,3,4),8=(0,1,2),C =(2,0,4),D=(7,-4,3)

D.r.s of AB are (-2.-2.-2) and D.r.s of CD are (5.-4.-1)
Since (=2)(5)+(-2)0-4)+(-2)-1)=0. ABL1CD.

£

d.cs. of Ly are f;, my, n , and d.cs. of L, are 5, my, m, .

It L LL,LLL, andifd.cs. of L are [, m, n, then

Iy +mmy+nn =0, Il +mmy+nny =0 ie,

! m n

mny —mayny mly —mly hmy —lym

If (L, L;)=8, then sinB= J[E(m:ﬂz —Fﬂzﬂﬂl]

T
Lll=0=2=Y (mm-mn) =

. d.cs. of L are e e’ |

J[Z'[’”l"z — iy }I] |

Le., mny —mamy . mls —mly . Lm, —lmy are the DR's of L.



Coordinates K(9)

6. OP=(-123),0Q=(-3,45).
If d.rs. of anorma to the plane containing OP, OQ are (/, m, n)
We have [{(-1)+m(2)+n(3)=0, [((=-3)+m(d)+n(5)=0
Solving , we get the d.r.’s as (1,2,-1)

7. des.ofx-axisare (1,0,0). Let P=(x,»,5) and O =(x3, y3. 5)
W PQ=(x—x, 00 - 22— 7))
Projection of pQ onx-axis=12= » [(x; -x)
= 1{xy =2 )+0 (12 =)+ 029 =2)) =12 = xy-x=12

Similarly y; -y =3 and zp -z =4

i PO=1PQ= [ —x) + (2 =31 +(z2 - 2)? ] =13
8. (/) The direction ratios of two lines are given by (+5m+3n=0 ... (1)
7 +5m* =3n* =0 - (2) From (1) /=~(5m+3n)
Substituting in (2) we get, 7 (=5m—3n)" +5m" —3n” =0
=7 (25m” + 9% +30mn)+ 5m® —3n* =0 = 180m” + 601> +210mn =0

2
Dividing with ,,2 we get, = ﬁ.[ﬂ] +T[EJ+2={}

n M

I
= 6p*+Tp+2=0 = (3p+2)(2p+)=0= p=— and p=

3 g
B Tk i s gy B
ase 1. P P 3 2~ 3
=-2n 10n=9n n
We get {=-5m-3n=-5|—|-3n= = —
g m-—3n [3] n 3 3
[ m n
-+ =—=—== which gives the d.r.s. (-1, 2,3)
-1 2 3
Casell Let p=2===2-L
asell. Let P o - 5
-n Sn-6n -n
We get [ =-5n-3n=-5|—|-3n= = —
eg n-3in {2] n > 5
I m n
?—T—-—z::'d.l‘rﬂ are (1,1,-2)
(iif) Direction ratios are given by f+m-n=0 ... (1) 6m=12Im+mn=0 . (2)
From(l) j=—m+n ... (3) Substituting in (2) we get

6(-m+myn=12(-m+nmym+mn=0

— —ﬁmﬂ+ﬁﬂ1+|2m2—|2mu+mﬂ=ﬂ — 5ﬂ2+|2m1—|1mn={}
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2
Dividing with n:.,WEgEL |1[E] _|?[ﬂ]+ﬁ=u

n n

3

]
12p° -17p+6=0 {wherep:;} = (3p-2)(4p-3)=0 = pzé and p=7

x|z
ek | B3

n
—— =
2

i | 3

Casel. let p=

Substitutingin (3) [ = —m+n = ‘i” ppm 2RI

L | 3

Ce -3 ~3In+4d
Substituting in (3) we get f:_4'1+.n: ”: " :E

I m n 1 3
o d.rs. are (1, 3. 4). Dcs are [ﬁrﬂ_ﬁﬁfﬁ_ﬁﬂ'ﬁ]
9. The direction cosines of the given lines satisfy the equations :
I+m+n=0 .. (1) 2mn+3ni-5Im=0 i {2
Substituting »n = —(/+m) from (1) into (2) we get,

“2m( +m) =3 +m)=5Im=0 = 3% +10lm+2m* =0

2
= E[LJ +Il][i]+2=ﬂ (Dividing by m”)
m m
e
Let its roots are —L and -Z- Then, b h B b W (say) ... (3)
Y
m niy m my 3 2 3

Again substituting / = —(m+#n) from (1) into (2) we get

2mn—=3n{m+n)+Smim+n)=0 = 5m2 +4mﬂ-3ﬂz =)

¥
= s[ﬂ] +4(ﬂ)-3=n. Dividing by n*

n H
Letits rootsbe ™ and 2. Then ML P2 _3_ MM "M _ . ()
n "y mom 3 3 =3
From (3) and (4) we get, % = m':'l - % =K

et .Ir'llrz =2K 5 S =3K ﬂ."d miny = -5K
Sohls +myms s =2K 43K -5K =0

Hence the given lines are L to each other.
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10.

(i) Drs are given by the equations 3/ +m+Sn=0 ... (1) 6mn-=2nl+35lm=0.. (2)
From (1) m = -3/ -3n
We have, 6n(=3/-5n)-2nl+ 51 (-31-5n)=0: _180/—30n% =20l -151* —=25In=0

s
Dividing with /% = 3I]T—2+45$+15=I]

n 1
2p° +3p+1=0 where A=y = Qp+D)(p+1)=0 =‘*P=—|~P=—5

Case Il : p=£=—]:>£=i
/ 1 -1
from (1) m=-3+51=2 =21, & e il il
2 1 1 2 -l
n -1_n | B -1\ —6/+5] -l
Case 11 : T frum{3]m—-3a’-5[?]— B
I m n
_—E—T—T.,drs =(=2,1,1)
@ is (given) the angle between the lines
= cosfi= iy +h|_bz +C)cy =—1+2—] =l
[+t v NG +6i+G Vo6 6
11. Let /j,m.,m and 15, my, 0 be dus. of L, Ls.
d.rs. of the two rays L, L, are determined by
al +bm+en=0 ... (1) fomn+ gnl+him=0 . (2)
bm+cn bm+cn
From(l)and(2): fm"—gﬂ[ B ]—hm[ s J=D
= ufmn—bgmn—chmn—cgnz—bhmz ={)
£
= bh[ﬂ] +(ch+bg—af) ~+cg =0 « 3)
" n

. mym b m
™M are two roots of the equation = s W L N W L

mo N mm  bh hic glb  hic
hiy _mmy  mny
fla g/b hic
: g h
{f} LIJ‘LE :}l’lilz +m|ﬁrr3+n]n3 =[l::- _+E+_=ﬂ
i £

hoomy o omy g
i) Ll = t=—t=—"to—l="2
() fa my m om om
= roots of (3) are equal = discriminant of (3) is zero

= (ch+bg+af) =4bhcg

By symmetry, we can have
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= 2k + B2 g? + a7 + 2begh - 2abf - 2cafh = dbegh
= (af +bg - ch)’ = dabfe
— af-i-ﬁg-r:h:ﬂm =4 afﬂ':g:l:?ﬂzr:ﬁ
= (Jar +fbg)* = (Jeh)? = Jaf £bg =+Jch
= Jaf +Jbg t\ch=0 = Jaf +Jbg +Jeh =0
12. d.rs. of concurrent rays OP,00,0R are 1,-11;2,-3,0;1,0,3 consider

1 -1 1
2 =3 0|=1(-9+1(6)+1(3)=0,
1 0 3

= rays OP, 0, OR are coplanar.

13. Let [, m, n be d.rs. of the line L
Let L, Ly, Ly be the lines whose respective d.rs. are (2,1,5); (4,-2,2); (-6,4,-1)

LlLi= 2+m+5n=0 e (1) LLlly= 4=-2m+2n=0 {E]
LJ_L3:> -6l +dm=n=0 ax [3)
] " { m n

e

From(1),(2): 370" 20-4 <-4 3 4 =2

But (3) is satisfied by the proportional values of I, m, n
ot .i. 1 LI"'E' J_Lz ﬂ.ﬂd .I{.J_La

since Iy, Ly, Iy are concurrent and since each is perpendicular to L, the lines 1y, L5, Iy
are coplanar.

14. L, L., L5 are three concurrent lines with d.rs. £, my, my: 5. my, ny :

-lr| +.I'l.||r2.. my +:"n.ﬂ'i‘1. m + J'.Hg

J my " hm m hmy
Now | 2 "3 mo|=lh omy mtAl L omy ony =0
h+hly m+hmy m+ihn| | m n L my

. The concurrent lines L, L,, Iy are coplanar

o — . : 2 -3 6},
15. Projection of gp on the line havingd.cs. | 5- 55| is Zf{xg—xl'_l

SERGRO
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16. AB=(-3,0,-3), BC=(4,2,-4), CA=(-1,-2,7)
AB.AC _ (-3,0,-3).(1,2,-7) -3+21 |

i
e d s ————= = =— " A=c05 P
IAB|| AC| J18 .54 1843 3 .
RA RO )
Also cos g BA-BC _(3.03).(4.24) __ , =

BA||BC|  +18.436

_ . CA.CB (-1,-2,7.(4,-2,4) 36 _
Again cos C = —m 0 = = =J2/3 = C=cos ' 2/3
ee |CA||CB| J54 .36 186

|ABx A |:%|[6.~1d.—6}| =%J{36+Iﬁx35+3ﬁ - 947 sq. units

Area of A ABC =

b | =

17. Proceed as in W. Ex. 11 by taking a=h=c

18. Vide Fig. 37 in W.Ex 11. Here b=c¢=a (say)
d.cs. of the diagonals OP, AN, BM, CL are respectively

I

. o1 | 1 L 1 ]
[ﬁ‘ﬁ'ﬁ}[ ‘.ﬁ'-ﬁ'ﬁ]‘[\ﬁ‘ 3‘»@]' [ﬁ'\ﬁ' 3]
Let [.m,n bed.cs. of L.

Let L make angles a. B.v. 8 respectively with OP, AN, BM.CL .

; cnsu—ii+ ] m+ : n—f+m+”
N 43 3 =3 J¥3
. ~l+m+n l—m+n l+m=n
Similarly cosp = ————_ cosy———— and cosb =
Y cosp=—p—cosy— &

2 2 2 2
L CO05T a+cosT PHcosTy+cosT O

= {.|’+1-:'1-+n}|I +{—.|’+m+n}z +|[.’—m+n]1 +|[’.|’+n'a'—n‘_i2 4

3 3

19. (i) Show that AB is parallel and equal to CD.
(if) Show that AB = BC = CD = DA and 4B L BC.
(iii) Show that AB = BC = CD = DA and 4B | BC.
20. Let 4D, AE be the internal and external bisectors of the angle (4B, AC).

B (5,0,-6) D C (0,4,-1)
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(DB, CY=AB:AC and (E;B.C)=AB ;- AC
Now AB=(6,-2.-3) and AC=(1.2.2)

AB=|AB|=,[(36+449)=7; AC=|AC|=,[(1+4+4)=3
=(D:B,C)=T7:3and (E:B,C)=7:-3

D{EEE‘EJ E{.‘E’Ell]
Hence 10'10 10 ) and "4"4

4
— (58 5).
s durs. of AD are 10°10° 10 ) & (25, 8, 3)

. =11 20 23
and d.rs. of 4E are 2 '3 ie., (=11,20,23)

21. Given points are 4 =(3,-1,11), B=(0,2,3), C=(4.811).

4 B4+2h 1143L
then

= ] D= 1 4
Let (D, B, C)=1:A. Then [14.3._ 1+4  1+A

EE[ 4, 8+2 1|+31_”]_[1—31 9+ 3% —31]* _—

B 11‘ £ # =
T el TY Ml 7YY 1+4° 1+ '1+4 ) BC=(4.68)

Since AD L BC we have, 4[|_3}“J+ﬁ{q+3“+_ﬁ41 <

1+A 4%  1+h
4-120+54+18h-640 =0 = -58L+58=0 = i=1I
Substitutingin D. D=[§.%.§]={15.?}
22. 0=(0,0,0). Let A=(x;, 1, 2), B=(x3,)s,23) and C =(x3, y3,23)
mj_ﬁ::-n[x]-x1}+_-.=](ﬁ-y2}+:|{:3-:2}:{} e (1)
OB L AC = %, (x3 — %))+ (03 -1 ) +22(23 - 5) =0 - (2)

(2) (1) x3(x; —x))+ 335050 -M)+z33(z3-5)=0 =0CLAB.



The Plane

(if)
4.

Exercise 3 (a)
x-intercept of the plane 2x-3y+4z =12 is obtained by putting y=0 and z=0 in its

equation. - X-intercept of the plane = 6.
Similarly y -intercept of the plane = _4 and z -intercept of the plane = 3.

Givenplane is 2x-2y+z = .. (1) d.rs.of its normal are 2,-2,1
9 .3

Dividing (1) by J(4+4+1) =3, we get §x+[?z]y+§: = % sesic L)

Equation (2) or equation (3) is called noraml form equation of the plane (1).

. 2 =2 . . .
For (2), d.cs. of its normal are i, T- 15 and distance of the origin from the plane==.

(i) Since L, M are respectively the feet of the perpendiculars from P (a.b,¢) to ¥Z and

ZX planes, L=(0.h¢) and M=(a0.c). Also O=(0,0,0).
x=0 y-0 =z-0
Equation to the plane OLM is |0-0 b-0 ¢-0|=0 ie., bex+cay—abz =0
a-0 0-0 ¢-0

Proceed as in 3 (i).
1(0,0,0). Let P=(2.-3.4) d.rs. of OP are 2.-3.4

-. Equation to the plane through P and perpendicular to OP is
2(x-2)-3(y+3)+4(z-4)=0 ie, 2x-3y+4z=29.

0(0,0,0), A=(ab,c) are the given points. d.r.s. of 04 are ab.c.
+ 4 +h +c
Jﬂz +8 4e* i.'lral + b2 4 '-.I{az + 4% 4l

. Equation to the plane through 4 and at right angles of 04 is

d.cs. of 04 are

a{x=a)+b(y=-b)+c(z-¢)=0, ie, u.l:'+ﬁ+_|’+¢':—u2 b -c?=0

Let P=(4,0,1). Given plane is 4x+3y-12z2+8=0 . (1)
Required plane passes through 7 and is parallel to (1)
Any plane parallel to (1) is 4x-3y-12z=K e (2)

K being an unknown constant

If (2) is the required plane, then 16 +0-12=K = K=4

~. Equation to the required plane is 4x+3y-12z=4,

Sincethe planes x-2y+Kz=0 .. (1) 2x+5y-z=0 .. (2)

are at right angles, 12+(-2)5+K +(-1)=0 ie, K=-8

Let [,m,n be d.rs. of the normal to the plane perpendicular to (1)&(2)
15
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(1)

(iif)

LI+ (=2Ym+(-B)yn=0 ie, |-2m-8n=0 .. (3)
and 2./+5m+(-Dn=0 ie, 2/+5m-n=0 e (4)
From (3) and (4) : E:_ih_:g
- Equation to the plane through (1, -1, -1)and

perpendicularto (1) and (2)is 42(x-D-15(¢+D+92(z+1)=0
Le,42x—15y+9-=48 i.e, ldx—5y+3z=16

(i) Let P=(2,2,1) and O =(9.3.6). Let the required plane pass through P and Q
and be perpendicularto 2x+6y +6z=9 .. (1)

Let /, m,n be d.cs. of the required plane.

Since normal to the required plane is perpendicularto PQ,

(9=-2)1+(3-2)m+{(6=-)n=0 = T/+m+5n=0 s
Since the required plane is perpendicular to (1), their normals are perpendicular.
w 2+6m+6n=0 WO - |

From(2), 3): L -»2 _#n ! m_n
24 -32 40 3 4 -5

. Equation to the required plane is 3 (x-2)+4 (y-2)-5(z-1)=0
ie, 3x+4y-5z=9,

Given points are P(1,-2,4); Q(3,-4,5) Drsof PQare (3-1,-4+2,5-4)=(2,-2,1).
To the xy-plane z-axis is the normal whose dcs. are (0,0, 1)

Let /,m,n are the dc's of the required plane. Then we have
2H-2m+n=0 .. (1) n-0 .. (2)

S“b{i}i"[l} = 1.’—2”1:{] ::5--!:.[;';]r S e — —

So drs of the required plane are (1, 1, 0), since this passes through (1,-2,4) equation of
the plane is 1 (x-D+1(y+2)+0(3-4)=0,x-1+y+2=0, x+y+1=0

Do as in (/)

Let the equation of the plane through the point (-1, 3,2) be
fx+D)+m{y=-3)+n(z-2)=0 ws (L]

Given planes are x+2y+2z=5 e (2)

and 3x+3y+2z= . (3)
(L2 =11+m.2+n.2=0= 1+2m+2n=0 . (4)

()L (3) =1.3+m.3+n.2=0= 3+3m+2n=0 e (3)
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m n
4-6 6-2 3-6
. Equation to the required plane is
2{x+1)-4(y-3)+3(z-2)=0 = 2x=-4y+3z+8=0

"
—4

bdi | =

From (4) and (5) : =

LS

10. Let [.m.n be d.rs. of the normal to the required plane. Since the required plane is
parallel to x-axis, normal to the required plane is perpendicular to the x-axis.
I l+m. 0+n.0=0=]=0. For the rest proceed as in Ex. 8.
11. Equation to the required plane is
3= (x=)+ @+ (y=-3)+(-1-5)(z=-1)=0 =>x+5y-6z+19=0
12. Given pnints are (-1,6,2),(1,2,3) and (-2, 3,4)
Equation to the plane passing through (-1, 6, 2) and perpendicular to the join of the
points (1,2,3), (-2, 3,4) is
1+ (x+1)+2-N(y-6)+(3-4)(z-2)=0
3Ix+3-y+6-2z42=0, 3x—y-z+11=0
13. (i) Let P=(2,0,6) and Q =(-6,2,4)
Required plane passes through the mid-point of PQ and is perpendicular to PQ. Mid-
pointof P=(-2,1,5)
Equation to the required plane is -8 (x+2)+2(y-1)-2+(z-5)=0, dx+ y+z+4=0
14. (/) Given points are (2, 2, -1).(3.4.2),(7,0,6) . Equation of the plane passing through

x=2 y-2 z+l
three pointsis | 3-2 4-2 2+1|=0
-2 0-2 6+1
= (x=2X14+6)-(y=-2A7=15)+(z+1X-2-10)=0
= 20x-40+8y-16-12z-12=0 = 20x+8y—12z-68=0= S5x+2y-3z-17=0
(if) Given points are (1, 1, 1), (1,-1,1),(-7,-3,-5). Equation of the plane passing
x=1 y=1 z-I
through three pointsis | 11 —1-1 1-1 |=0
Tl 3= =5=]

=x-N2-0)=(y=1IN0=0)+(z=1X0-16)=0
= —12x-12y-16z=0= 12x-16z+4=0 =3x-4z+1=0

The above equation is parallel to y-axis.
15. (/) Equation to the plane containing the points
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(x+6) y-3 =z-=2
-7 14 =3 |=0=2x-y-T7z+23=0
9 =5 2

If (5. 7. 3) is a point on the above plane 5-7-21+23 =0 satisfied.
= the given points are coplanar.
(if) Proceed as in Ex. 15 (i)
Since d.rs. of y-axisare 0, 1, 0 and since 3.0+0.1+(—4).0 =0, the normal to the plane
(1) is perpendicular to y-axis i.e..the plane (1) is parallel to y-axis.
16. Equation to the plane ABC' is

x=3 y=2 z+35 x=3 y=-2 z+35
~3-3 8-2 -5+5=0 =6 6 0 |=0
=3=3 2=2 145 ~b 0 6

x+z42 y-2 z45
=| -6 ] 0 |=0 =x+y+z=0

0 0 6
Let S=(-1,4,-3). Show that:Sd = £ = SC

. _3- e
Centr:::rldr::rt‘.ﬁ.dﬂn’:‘:[j i 3.1*'2*3. 35""] =(=1,4,—3).

17. (i) The equations of the planes are x+2y+3z=5, 3x+3y+z=9
Let '6' be the angle between the given planes

- 1{3+2(3)+3(D) - 12 2
B: L = —_— - =] 12
o [‘.llr1+4+9 'Jrg+'?+1J ey [Jﬁ'uﬁ]iﬂ_ms ( 166 J

|

—
L8]

The other angle between the planes is 1go° —g Le., 180° —ens"[

B

(ii) Given plane equations are 2x-3y+4z+11=0, 3x-2y-3z+27=0
Let @' be the angle between the given planes

~1] 2(3)=3(=2)+4(=3) 1| =12+12 -1 0
B=cos | == | B=cos | ————|=cos (0)=0=00
[J4+I+l6\f9+4+9} [Edﬁ]
(iif) Given plane are 2x-y+z=0,x+y+2z=
Let 'g' be the angle between the given planes

1l 2(=1(+1(2) i 3 I n
o [ 44+1+1 I+1+4J = [f"J il 3

2

Other angle is n—— = =
3 3
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(iv) Given planes are x+ y-=5z46=0, 2x+3y+6z+5=0

1(2)+1(3)}-5 (6) ]

Let 'a' be the angle between the given planes 8 =cos !
. ’ d («.n'rt+l+25 J4+9+36

gm-l[i] 9=m5—t[i] ml[i]
V27 V49 V27 2143
18. From theorem in Art9.13:
If the line through A = (x;, . z;) and B =(x,. y;, z;) intersect the plane
ax+by+ez+d=0 in C, then
(C; A,B)=—(ax +by +czy +d): (axy +bys + 629 + d)
(i) Here 4=(1,2,0), 8=(1,2,-3) and the plane is 2x-3y+4z+5=0
S (C:AB=—2,6+0+5):(2-6-12+5)=1:11

s A, B lie in different half spaces
(if) Proceed as above.

19. Let Oxyz= and OXYZ be two coordinate frames having the same origin (.
Let the equations of the plane w.r.t the frames of reference be

B X5 4 e ey ’
a b ¢ '"[}fﬁ"-"lﬂl . B4}

Distance of the origin from the plane is fixed.
I |

| [ I 4+ I += I ] L + L + ]_
ﬂ'l f}z 4:'1 “]2 512 {_'_IE
Note. Observe translation of axes. Vide Art 11.2 of Chapter 11.

= a24b 2422 ::1_2 +.f'3|_1 + r.'|_1

20. Let the given plane be ool S)
P q r

Since the plane meets the axes in A, B, C we have 4=(p,0,0), B =(0,4.0),C =({0,0,r)
- Centroid of A ABC =(a,b,c)
= (p/3,q/3,ri3)=(a,b,c)= p=3a,g=3b,r=3c

p o
3a 36 3¢ a b ¢
21. Letaplane be ax+by+ecz=1 = (1)

Intercepts of (1) on the axes are 1/a,1/b, 1/c respectively.

- . Xy
- Equation to the plane is ——+ -+

I I 1
Given g+b+¢=K.aconstant (#0) = H[I]-Fh[z]ﬂ:[I]:ﬂ
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Comparing the equation with (1), it is clear that the variable plane ax + by + ¢z =1 passes
through the fixed point (1/k,1/k, 1/ k).

22. Let a plane be §+%+§=1 e (1)

Plane (1) is at a constant distance 3p from the origin

= : =3p = _1

1
o1 L
J[1+1+2] 2+b2+1 P
a- b c a e

But (1) cuts the axes in 4=(a.0,0), B=(0,50) and C =(0,0,¢)

2

~. Centroid of A ABC =(x), W, 5))=(a/3,b/3,¢/3)

= a=3x,b=3n.c=35; = ! + ! ! !

+ =
90f 9y 95 9p°
- Locus of the centroid of A ABC is LzJ' 1,11 = x ey Rz t=p.

¥ },2 :I PI

23. Proceed as above using article 3.36.

24. Distance =&=l.
(4+4+1) 6

25. Given pointare 4=(1,3,2), B=(-5,0,2), C =(1,1,-4)

Let P=(2,34). ABx AC isavector perpendicular to ABC

i j k
Now ABxAC=|-6 -3 0| =i(18-0)-j(36-0) +k (12-0)
0 -2 -6
ABx AC=18i-36+12k . Let n be the unit vector along 48« AC

- g= [18,—36,]2} ={|E__3ﬁ1|2}
T B6(9+36+4) 2 Also PB =(-17,-3,-2)

- Perpendicular distance of p from 45 = pp

- F_32_9 s _
=|H1PB|=|[13. 36,12).(-7,-3,-2)| _|-126+108-24| 42 |
42 42 42
26. Let a required plane be LTS ()
a C

Intercepts of the plane (1) are a,b,c. Given that a+b+c=0.. (2)
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Plane (1) passes through (6, -4, 3), (0, 4, - 3)

6 4 3 4 3
— e — —=| ——— —
= il (3) 0 = | . (4)
From(3),(4): a=3. from(2): p+e=-3 waa WY
From (4),(3): bh=-2, c=-1: b=6, c=-9. Hence etc.

27. P=(x. M. %)

(] (e2gaa] (s

= J'|2+,lf'|1+:|z =5 = The locus of P is _-f1+:_,3 2

2_5.

EXERCISE 3 (b)

1. (i) Given planeis 3x—y+z=10.
Any plane parallel to this will be the form 3x-y+=z=k.
Since it passes through (1,-2,-3), we have 34+2-3=%. = k=2.
-, The required plane is 3x-y+:z-2=0
2. Given planes are 2x+ y+3z-2=0 and x—y+z+4=0
Any plane passing through the point of intersection of the planes is given by
(2x+y+3z=-)+k(x=y+z+4)=0
=x(2+k)+v(l-k)+z(3+k)+(-2+4k)=0 1)

0+0+0+(-2+4k)
JC+52 +(1-k)* + B+ k)

Distance of (1) from origin is = 2 units by data

(~2+4k)? =4[(2+k}1 +(1-k)? +{3+k}1]
=, 4+Iﬁk1~Iﬁk=4|:4+ﬁz+4k+|+&2-—lk+'}+.&2+ﬁ.ﬁ]

= 4k —48k-52=0= k" -12k-13=0 = (k-13)(k+1)=0= k =-I

Required planes are 15x—12y+16z+50=0 and x+2y+2:-6=0
3. (i), (i) Proceed as in W.Ex. 4.
(iii) Let the equation of the plane through given planes be

(x+y+z=D+A(2x+3y-z+4)=0, )\ a fixed number.
= (1+20)x+(1=-30) y+(1-A) z=1+44L =0 wie LY

d.rs. of x-axis are 1,0, 0. Since (1) is parallel to x-axis,
the normal to (1) is perpendicular to x-axis.

S+ 20) +(1+30).0+(1=-A).0=0=A=~1/2
. Equation to the required plane is (x+y+z-1)-1/2(2x+3y-z+4)=0, etc.
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4. Givenplanesare ax+by+ez+d=0 ... (1) gx+hy+oz+d=0 ... (2)
Any plane passing through the line of intersection of the two planes is
(ax+by+ez+d)+k (qx+ By+oz+4d)) =0

x(a+ak)+y(b+hky+z(c+ek)+(d+dik)=0 e (3)
If this plane is L to xy plane then we have

0(a+ak)+0 (b+hk)+1{c+ak)=0 = K =§
- Required plane is (ac + ac) x + (bey + be) y + (dey = dyc) =0

5. Given planes are x+y+z=1 .. (1) 2x+3y+4z=5 .. (2) x-y+z=0.. (3)
Any plane passing through the line of intersection of the two planes is
(x+y+z-D+k(2x+3y+4z-5)=0
= x(1+280) + y(1+30)+z (1 +4k) + (-1 =-5k)=0 e (4)
Ifthisis | » to(3)then (1+2k)(1)=(1+3k)(-1)+(1+4k)(1)=0
3k+1=0=k=-=1/3
Substituting in (4), we get x—z+4=0

8. Letaplanehe%+;—’+§=l (D

Let the plane (1) be at a distance p (#0) from the origin

= " (@
c P2

== +
a b

Since (1) meets the axes in A, B, C we have 4=(4a,0,0), B=(0,b,0), C =(0,0,c)
Equations to the planes through 4, B, C and parallel to the coordinate planes are

y=g y=hre=pg,
Let (o, B, y) be the point of intersection of the planes

| | | |
:.ﬂ::ﬂ,ﬂ:b‘?:c - me{z}‘ m—I'FB—z*'I-?—I-z;-I_

.. Locus of (o, B,y) is x2+y24:2=p72,
9. (i) Given planes are —x+2y-2z+19=0 ... (1) and 4x-3y+12:+3=0 .. (2)
[making the sign before the constant term as positive]
- Equations to the bisecting planes between (1) and (2) are
-x+2y—22+19 _— 4x—-3y+12z+3 —x+2y-2z+19 -y dx-3y+12z+3
J+4+4) JI06+9+144) *  [(1+4+4) J16+9+144)
ie, =13x-26y-26z+247=12x-9y+36z+9
—13x-26y-26z+247 =-12x+9y-36z-9
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10.
11.

ie, 25x+1Ty+62z=238 .. (3) x+35y-10z=256 .. (4)
Let 6 be the acute angle between the planes (1) and (4).

cos 0= |CDI+ (D) I5+(D) (<10)] 5] 17
V91412254100 3.41326 V78
Vel
tanﬂ=m}l = 0>—
Ji7 4
. Equation (3) represents the plane bisecting the acute angle 7

between the planes (1) and (2) and equation (4) represents
the plane bisecting the obtuse angle between the planes (1) and (2).

Also equation (3) represents the plane bisecting the angle contaiing the origin between
the planes (1) and (2) and equation (4) represents the plane bisecting the angle not
containing origin between the planes (1) and (2).

(i7) Given planes are 3x—6y+2:+5=0... (1) and —-4dx+12y-3z+3=0 ... (2)
- Equations to the bisecting planes between the planes (1) and (2) are
3x-6y+2z+5  —dx+12y-3z+3 3x-6y+2z+5  Ax+12y-3z+3
=+ - p = -

[90+36+4 N6+144 +9 VO+36+4 vio+144+9
ie, 6Tx—162y+47=z+44=0 ... (3) 1lx+6y+5:+86=0 ... (4)
Let @ be the acute angle between the planes (1) and (4).

(1) +(-6)6+2(5) 1
s flseeme———— o 81
VI+36+4 . I121+36+25 /182"

T

S tanf=4J181>1 = lEi=E

Equation (3) represents the plane bisecting the acute
angle between the planes (1) and (2) and equation (4) represents the plane bisecting
the obtuse angle between the planes (1) and (2).

Also equation (3 ) represents the plane bisecting the angle containing the origin between
the planes (1) and (2) and equation (4) represents the plane bisecting the angle not
containing the origin between the planes (1) and (2).

Proceed as in Ex. 9,
A plane through the intersection of the planes

x+y+z-1=0, 2x4+3y+z+4=0 15 2x+3y-z+4+Ah(x+y+z-1)=0 o (1)
A being an unknown constant.
d.rs. of normal to (1) are 243, 3+, ~1+4.

But d.rs. of x-axis are 1,0, 0
If the plane (1) is parallel to x-axis, then the normal to the plane (1) is perpendicular to
X-axis. S l240)4040=0 = 1=-2.
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~. Equation to the plane parallel to x-axis and passing through the intersection of the
given planesis y-3:z+6=0,
Similarly we can find the other two planes.

EXERCISE 3 (¢)

(/) Given equation is 257 —3-_]’2 +4:° +xp+6x—)z=0

Let the equation be ax” +by? +cz® +2 fiz +2gzx + 20y =0 ... (1)
comparing the given equationto (i), a=2.h=-3,c=4,

2f =-1, 2g=6, 2h=1, f=-1/2, g=3, h=1/2

. abe+2 feh—af* —bg® —ch® =0

= 2(=3)(D+2(-1/DO)1/D-2(-1/2F +3(3)P¥ -4(1/2)2 =0

-2
= 24+{-3."2]T+2T-1=ﬂ = —48-3-1+54-2=0 = 0=0

1 ,
f1=?h.;-=—lz = f*>be; g2=9%ac=8=>g>ac

e z%, ab=—6 = h* >ab

-, Given equation represents pair of planes, let 'g* be the acute angle between the
planes

a+b+c
2 2.2 .2
J{a+h+c} +4(f~+g° +h —ab-bc-ca)
2-3+4 3

cos B = = | ——
s (1 | 30y | =| 2 |[2
J{2-3+4] +4[4+9+4+5-E+12J *}+4[2] | Jos78| LJ8T

cos b = ri] :'.‘tﬂ:::{}s_][i]=cu5_l i
/87 87 29

(if) Given plane equation is 2x* —21% +4z% 4 23z 4 62x + 3xp =0

cos 0=

Let the given equation be ax® + hy” + cz? +2 fiz + 2gzx + 2y =0 ... (1)
Comparing the given equationto (1) a=2 b=-2 c=4,

2f =2, 2h=3, 2g=6, f =1,h=3/2, £ =3

o abe+2feh—af* —bg® —ch® =0

= 2(2)(4) +2 {I}[J}I{JIE}—E{I]+2{9}+[

=

)=

:—Iﬁ+!x§—2+l3—9=ﬂ
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_,I"z =L bc=8= fz > be s gz =0, dc=8= gz}m.'

i =9/4,ab=-4=h* > ab
~. Given equation represents pair of planes.
Let '6' be the acute angle between the planes.

sl a+b+c
\|‘,|[.::.r+.’:l+c}2 +4 U"z +g2 +h —abh - be - ca)
B 2-2+4
(2-2+4) +4(1+9+§+4+3—3]
4 4
cmﬂz[ﬁ]:a = 0=Cos '(4/9)

2. Let Hmax® +bv* +ez? +2fiz+ 2gzx+ 2y =0

Given that 4 =0 represents a pair of intersecting planes.
Let H=(hx+my+mz+d))(lhx+my+mz+d;)
Where (/), my, m) = (0.0,0) and (/5. my, ny) = (0,0,0)
Sohiy = a,mmy =b,mm =c, dydy =0,

hmy + Ly =20, myny + mamy =21, ml; + mly =2g,

hdy +1ydy =0, myds +mady =0, mdy+nydy =0
Now dydy =0 =d;=0 or dy =0

dy =0 = lydy =0, myd; =0, nydy =0 = d; =0

(- atleast one of /5, my, ny is not equal to zero)

Similarly d, =0=d, =0 .. dy=d; =0

h L 01 m m

Consider |™ ™ 0| [h m n
m ny 0|0 0 O

Uy,  hmy+lamy b+l | [2a 20 2g
=| lhmy +lm; 2y mm +mm |=|2h 26 2f
mily +nady  mmy +namy 2mny 28 2f 2
h L 0 m m Al
momy O h m m|=8h b f
m om 0/l0 0 0] |g f ¢
= 0x0=8(abc—af> —ch® + feh+ fgh—bg®)
= abe+2fgh—af* —bg’ —ch® =0
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Given a+b+c# 0, Let 8(<n/2) be an angle between the planes

J (S -mom )|

wa tﬂ“ﬂ = —
.I'lulz +m|m1 +H|ﬂ.1

J[Z[ﬂ]mz +lym)? = 4llymyms | | ‘

a+b+c

J[dhz ~dab+4 % ~4bc+4g? ~dac

a+b+c

a+b+c

_ E-JU'E +g1 + i -bc—-ca-ab) ‘

Lf[fz +.i_,{2 +h* —be—ca—ab)
a+b+c

- O=tan"! ‘

3. Let lx+my+mz=0, LHx+myy+nz=0 bethe planes given by
ﬂ{x,y,:}amz +£:[p2-::.-'1 +2 fyz+2gzx + 2y

Shly =a,mmy =b,mmy =c, ima +lamy =2h, myy +mam =2F, mbs +mly =2g
Product of the perpendiculars from (e, p, ) to the planes

ho+mp+my

VT +mi +ni)

ao” ~|-.!J|]2 +.:1r2 +2 Py +2gva + 2hafp
{a"’ b+t +."|2m§ +.|’§m'|2 +m|2n§ +n|2.|’21 +n'22.f|1}
_ | & (e, B, ¥)|

J(@® +6% + 2 +4i% —dab+4 £ —4bc+4g” —dac)

4. Given a® +b% +¢2 =2ab-2bc-2ca>0 2 (1)

o+ myP + nyy

(13 +m3 +n3)

¥ b C
y—2 T ::—x+:-:—_]:=u = ax® +hyt +et +(e—a-b) v +(a-b-c) ye+(b-c—a)zx =0

c—a-b b-c-
2 2
Since() [£=2=8 , a=b-

i

[

-2a a+b-¢c a+c-b
==Rla+b-c -2b b+c—-a
a+c—b b+c—-a -2
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(if) [ 3

2
(iii) [ ; ] —ac>0 (g% -ac) (iv) [

5‘-

0 0 0
=—8la+b-¢c -2 b+c-a|=0, (D=0)
a+c=b b+c—-a =2c

a—b—ch_{r_ a* +b* +¢* —2bc - 2ca

: >0 using (1) (2 - be)

b-c—a c—-a-b

2
J —ab>0 (h* —ab)

given equation represents a pair of intersecting planes.

Given equationis x? -2y® —z2 —xy+3pz—6x+3y+9=0

= x* +r{—6—_}r}+{—2_r2 —zI+3_r:+3y+9]=[l

(6= £\ (6-y)? 4 (297 - -3z +3y +9)

2
= 2x=(6+y)1y)? +36+12y +8y% +4z2 ~12yz-36-12y
= 2x=(6+y)19)2 +422 12z = 2x=(6+y)y(3y-22)
= 2x=(6+y)2(3y-22)
= 2x=-6-y=-3y+2z=0, 2x-6-y+3y-22=0
= 2x—4y+2z-6=0,2x+2y-2z-6=0
= x=2y+z=-3=0,x+y-z-3=0

L()=2(D+1(=1) ) 3
b= . o =
- [JI+4+34I+1+I]:}mse_[u@\ﬁ]_[wﬁ_]
cos 0 =(—2/3)
Given equation is x* +4y? +4:z2 + dxp+ 8z +dzx—9x— 18y — 182 +18 =0

¥ +4y? +42% +4xy +8yz +4zx = (x + 2y +22)°

2 +4y? 4422 44y 48z +4zx—9x— 18y — 182 +18 =(x+2y+2z+k) (x+2y+22+1)

where ¢ +/=-9 .. (1) 2k+2/=-18 (k=18
k=012 =(k+1)° -4k =81-4(18)=81-72 (k-1?=9
k-i=%3 e (2)

from (1), (2) k=-3 /=6

~. Given equation represents the planes x+2y+2z-3=0, x+2y+2z-6=0

Distance between the parallel planes = 1-6+3] _ % =

Ji+4+4

K(27)



(UNIT-11) Right Line

Exercise 4 (a)

1. (a) Equations of the line through (., B, y)and parallel to X'X are

x-a_y-p_z-y
| 0

= y-p=0,z-y=0_

(b) Equations to the line are m (x—a)=I(z-b), y=c= x;“ - yﬂ_f Y
m

since d.rs. of the y-axis are 0, 1, 0 and since /.0+0.1+m.0=0, given line is
perpendicular to the y-axis.

2. If L is equally inclined to the axes, its d.cs. can be taken as
cosq, cosa, Ccosat fe., its d.rs. can be takenas 1, 1, 1.
x-3 _y-1_z-2
1 1
3. Givenpointsare P=(-2,1,3),0=(1,14)

= Xx-3d=y-l=z-2

. Required line is

Drs. of the line pQ are 1+2,1-1,4-3=3,0,1 or -3,0,-1.

I|.=.]"I_.]"I| :—:| )

m n

Using the formula 2=

We get the equation of the form x+2 ﬂ v-1=0.

-3 -1
4. Equations to the line through (1,2.3), (4.0.4) are

=1 y=3 z-3 . x=1 =2 »-i |
4-1 0-2 4-3 "™ 3 2 1 =

Since (-2, 4,2) and (7, -2, 5) satisfy (1), the four given points are collinear.

=1 _y=-1_z-1 x42 y-4 z-1
141 1-5 1-5° 4 2 4

5. Equations of the lines are given by

:}x-l=y-'[=:-IL x+2 y-4 =z-1
2 -4 -4 -4 2 —4
x=1 wy=1 =z-1 x+2 y-4 =z-1

— - H— = H— =
1 — - - 1 -

6. Here 4B||CD and 4D| BC = ABCD is a parallogram.
7. (ii) The equation of the line joining (2, =3.1), (3. -4, - 3) is given by

TS gl =) | g ! (say)

Anypointonitisgivenby (142, —-r-3,-61+1)
28

x-2 y+3 z-1 x-2 y+3 =z-1
] = sy gl _
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10.
11.

12.

If this intersects the plane 2x+ y+z=
2(0+2)+ (=3 + (-6t +1)=7, 2 =1=6144 =3+1=-T=0= =5t =5=0=21=~1,
The point of intersection is (1,-2,7) .

x=3 2-y z+l
] — = amm I
2 — {mtsay) (1)

and 2x+4y43z+3=0=x+2y+43z e (2)
Apointon(1)is (3r+3,2-41,1-1)
If this point lieson (2), then 6/ + 6 +8—16f +31-3+3=0=71=2,

Given lines are

- Lines (1) and (2) intersect in the point (9,-6,1).
Note that (9,-6.1) satisfies x+2y+3z=0.

x=1 wy=& z-J

Given lines are 3 > > ( = 5 say) « (1)
-1 y=5 =

g At b v (2

an < : = (=1 say) (2)

A point Pon line (1)is (<35 +1,25+ 2, 25+ 3) and
a point Jon line (2) is (3r+1,1+5, —5¢)
P=Q=3}+1==3s+Lt+5=25+2,-5t=25+3 = 5=, t=-1.
. Lines (1) and (2) intersect in (-2, 4, 5).
Since d.rs. of lines are known, proceed as in W.Ex.3.

(/) Given lines are perpendicular = (-3) 3k +2k () +2(M=0=k =2

y ; x-1 y+4 x-5 i -
Given lines are =2 = .. (1) and -1 _y+d4 -5 -

| " 4 3 12

()

A point on line (1) can be taken as (r+1, 2/ -4, - 21+ 5) and a point on line (2) can be
taken as (ds+1,3s-4, 125+ 5).

Let t+1=ds5+L, 24 —-4=35-4,-2+5=125+5 je., (=45, I=—, t=—6s=1=35=0

= lines (1) and (2) intersect in (1, -4, 5).
(It can be seen to be obvious from the equations of the lines)
d.rs. of (1) and (2) are respectively 1,2,-2;4,3,12.

1 2 -2 4 3 12

- d.cs. of (1) and (2) can be taken as E'E'T;E'ﬁ'ﬁ

-, d.rs. of the bisectors of the angles between (1) and (2) are
42 321351 42 32 B

—_— = — — —_— = e s Eem—mmaa——

|
7 15'3 1373 13’3 13’3 I3'3 I3
ie, 253510;117,-62 ie, 57.2:-1,-17,62.
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13.

14.

15.

16.

-, Equations to the bisectors of the angle between lines (1) and (2) are

x=1_y+4 2-2 x-1_y+4 _z-35
3 7 5" -1 =17 62°
Equations to the line through P = (3, -4, 5) and having d.cs. proportional to 2,1,-2 are

=3 _y+4 z-35
2 I =2

Given plane is 2x+5y-6z=16 s (2)

Apointon(l)is Q=(2r+3,r-4,-2t+5).

IfQOlieson(2), 44+6+5-20+12t-30=16=1=20/7.

Qz(ﬂ-ﬂn.@-{ -ﬂ-i-SJ.
7 7 7

2 2 2
40 (2007 (=40 3600 60
L por=| 2] 2 = =2
[?J{?]{?] e

Let a plane through the line 2x+3y—5:-4=0=3x—-4y+5:-6

be 2x+3y-5z-4+Ah(3x-4y+5:-6)=0

ie, 2+3)x+(3-40) y+(-5+50) z-4-6A=0

If this plane is parallel to x-axis (d.cs. 1. 0,0), (2+30).1+0+0=0= A =-2/3.
~. Equation to the required plane is

8 10 12
0.x+|34+=|y+|-S5—|z2-44+—=0 1—25z =
x ( 3]}* [ 3] 3 17y-25z=0,

(=rsay) - (1)

Similarly other two planes can be found out.
Let d.rs. of the line x-2y+z-2=0=4x+3y—z+1 be /.m.n.

[-2m+n=0| [ m_n
} =1 & 1°
Equation to the plane through (1, 1, 1) and perpendicular to the given line is
=l(x=D+5(y=D+11{z=1D=0 = x-5y-11z+15=0,

 Al+3Im—n=0 5

Givenlineis x+ y+z+1=0=4x+y-2z+2_.Let {,m,n are the drs. of the line.

Then we have J4+m+n=0 and 4/ +m-2n=0

Solving by the method of Cross multiplication L_om_" drsare (-1,2,-1)

-3 6 =3
To get any point on the line put z =0
x+y+1=0 and 4x+y+2=0

1 2
Solving we get x = —% and y=- Then any point on the line is [—E-‘E-“)

X+- ¥+
Equation of the line is = =
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17.

18.

19.

20.

. - X 4 X F =
L — . L .. SV

heomo omohomy m
The drs. of the lines are /|, my, m and [y, my, n; .

drs.of any line | lar to these lines is given by mma = namy, mls = nsdy, fims =lamy .
Given (x;, . z;) is a point on the required line.

-1 e P -0
mymy —mymy  mly ~hny  hmy —bmy

Let drs. of normal to the given plane be [.m. n

Required line is

Since the required plane is parallel to the lines :‘i =L
1M
We have [f+mm+mn=0 and Ll +mym+nmn=10

E L my m

Now proceed further.

Equations to the line through (a,b,c) and (a5, c") are = == ass BL)

Since P is the distance of the origin from the point (a.b.¢),
pl =a? +b* +¢° similarly p'z =aZ+ 5242
(PP =(a® + 6% + 2 Ya + b2+ c?)

But given that pP' = ga'+ bb'+ cc’

. (@ +b% +c) a2+ b2+ ) (aa'+ bb'+cc’): =0

By using Lagrange's identity, we have (ab'- a'b)* + (be'-b'c)* +(ca'-c'a)’ =0

= ab'-a'b=0,bc"-b'c=0,ca'-c'a=0 = LI (= k say).
a & ¢
Nuwﬂ_ﬂ= -a_ _ -a  _ 1 ‘ﬂ—b: —h: 1 andﬂ—c:—cz 1
a-a' a-ak -a(k-=-1) k-1 b-b" b-bk k-1 c-¢' e-k k-1

O-a 0-4 _0-e

: 1_ |‘_ r
a-a' b-b' c-c¢

- The line (1) passes through the origin.
(i) Given pointis P =(1,3,4).Given plane x is 2x-y+z+3=0

Let O =(x,».2) bethe image of Pis x. . PQLx. - d.rs.of pQ are (2,-11)

. . X=1 -3 _3-4
Equation of PQ is tl =y_| S

Any pointon pQ is R=(2r+1, -r+3,1+4)

=1 (say)

If R is the mid point of pQ isthen Rex.
Then 2(2t+ D)= (=t +3)+r+4+3=0, 6t +6=0=r=-1,
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(#1)

(i)
(iv)

" : . ——3 L
= R=(-1.4,3). Risthe mid point of PQ = -
= x=-3 "";3=4:}pl=5
44z
> l=Z’n=:~.-'|=2. Image = (-3,5,2)
. x y=-1 =z-
Let P=(l1,6,3) Let Ll be the ImﬂT=-2 =T[=r5ay]

Let R=(t,2¢41,3¢+2) beapointon L.
PRLL=1(t-1)+2(2+1-6)+3(3+2-3)=0 =14 =14= 1=1
R={13.5).
Let @=(x,»,z) bethe image of Pin L.

; 5 . x+l +6 n+3
». R is the mid point Fﬂﬁr'z =I."'Jt2 =3.'T=5 = 0=(1,0,7).
Proceed as in W. Ex.5.
x=1 y-2 z-3
== = = [ i H
Let > 3 F ... (1) be the given line
Given plane is x+y+z=1 e (2)

Any pointon (1)is (26 +1,3r+2,41+3)
If this lieson (1) then (Zr+ D+ (3r+2D)+(d+3)=1; 9 +5=0; r=5/9

i . i . (=10 =15 =20 -1 3 7
I'he line intersects in the point —+|-T+1T+3 = —y—, =

9 9°'9°9
-1 -6 =11} . o . o ]
- Image P =[? ?TJ in(2)is itself clearly (1, 2, 3) is a point in (1) equation of
X . x=1 y=2 z=3
the line through (1, 2, 3) and Lr tothe (2)is = = =r (say)

| | |
Any point on the line is (r+1, r+2, r+3)
Ifthis lieson (2) r+1+r+243=1 = 3r=5 = r=5/3

.. The footof (1,2, 3)in(2) is [_—5“ _—5+1_—5+3]=(_—2¢]—.
- xS 33 3 3 3

Lo | o

|

Let (x;, ».z) bethe image of (1, 2, 3) in (2) then

iz, W JUCTRRGE,. N 7 TR ', ST YO SO Y
2 3 3 3
_-'|+3 4 E - I
= ==—=3+H=-Dn=——
2 3 3 3
roe ; : =7 =4 - ; ; . y
The image (1,2,3)in(1)is O= 3'3°'3 equation of the image of (1) in (2) is the

line joining P and (.
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21. Let I.m,nbe d.rs. of the line 3x+2y-z-4=0=x-2y-2z-5

+2m—n=0
ik i=E=i. Hence etc.
{=2m=-2n=0| -6 5 -8
22. Proceed as W. Ex.3.
W i — | - = _ﬂf z
23. Given lines can be taken as =~ b= y-d =? and ol " =T' Hence etc.
ol [ ﬂ'l f_'l

24. The line x=ay+b, y=cz+d passes throgh (3.1.-3) = 3=a+bl==3c+d
Similarly we have 4 =2a+5b,2=-4c+d. Solving, a=1b=2,c=+1,d=-2,

-, Equations of the line through the points (3,1,-3), (4.2,-4) are x=y+2, y=-2-2,
Clearly this line passes through the point (5, 3,-5).
. x y=1 =z=2
25. Let P=(1,6,3). Let L be the line 18 & B ( =1 say)

Let R=(r,2¢+1,3t+2) be apoint on L.
If R is the foot of the perpendicular from P to L, then
1E-D+22+5)+3G-D=0=1=1 - R=(1,35).
~. Equations of the perpendicular line from P to L are
I;' =*:ﬁ= ';3 ie, x-1=0, ‘:ﬁ;—j. Also PR=0+9+4 =413.
26. Let P=(x;,»,2) and = be the plane Ix+my+nz=p.

Pen=ix+my+ny=p . (1)
Equationto OP- =2 =2 Let 0=(xy, 3. 72).
ol T T
Qe 0P such that op. 00 = P? . (2)
. . .
" N ;][ _,sa}]. o From (1), ¢(lxs+mys +nz3)=p o )

Also from (2), J[l’rf' s 43 403+ | =

2:;2. 9. %] 3
= Jl:-f (x5 + 3 +-‘-2]]—P :=r1{x§+y§+z§]=p1

2

2 2 2 2
= / I3 )= - 2 2. .2
by + mys + nz; (2 +y3+23)=p = p by +myy +nz)=(x3 +y3 +23)

2 2

- Locusof Qis p(lc+my+nz)=x>+y> +2°.

27. Proceed in W. Ex. 4 (with Note).



Ki(34) Key to A Text Book of B. Sc. Mathematics - | (A.P.) (2nd Semester)
EXERCISE 4 (b)
+1 y+2 z4+5
1. Let L be the line —=2—== and n be the plane x+2y-z=0.

-1 3 3
Clearly the point (-1,-2,-5)e L. Since -1+2(-2)-(-5)=0,(-1,-2,-5)exn.
Also (-D1+3(2)+5(-1)=0= Lcn.
1.34(-2)4+5.1=0 = etc.

Since d.rs. of the given line are same as d.rs. of a normal to the given plane. the given

line is perpendicular to the given plane.

4 il 1y z-
Let Z, bethe line 2=3-2=2_2=% 414 1, be the line 2*2-2 23

4 -2 -1 -4 5 I
Given L, || L,. Let n be the plane containing £;, L,.
Let # be a(x=-3)+b(y=-2)+c(z-4)=0 ... (1) where 4a-5b-c=0 ... (2)

From the equations to L,

we notice that(-2,0,3)e L, and hence (-2,0,3)e .

Since (3,2, 4)en, we can have a(-2-3)+b(0-2)+c(3-4)=0
Le, Sa+2b+c=0 e {3)

il

b b
Solving (2) and (3), 5 =—5=73; ie. 7=3°

b.d
I

x-3 y-2 z-4
- Equationto n is | 4 -5 -1|=0
5 2 I

[eliminating a,b,¢ from equation (1), (2)and (3) ]

ie, x+3y—-11z+35=0.
x=1 y+l =z=3
Required planeis | 2 -1 4 |=0 ie, -9x+2y+5z-4=0.
1 2 1
x=1 y-2 z-3
(/) Required plane is | 2 3 4 |=0 ie, 4y-3241=0-
| 0 0

Equation to z-axis can be taken as 0 0 ]

x+3 y+2 z-1

Required plane contains z-axis and is perpendicular to the line 5= 0=~



Right Line

10.

11.

x=0 y=-0 =z-=0

. Required plane is | 0 0 | |=0 ie, xcos0+ysin0=0,.

sin cosB 0

(i) Let P=(1,0,-1) and Q0 =(0,-8,1). Let the given line be L.
. ¥l _y-1_z+42
. Equations to L can be taken as II = }_2 = ;

Let d.rs. of normal to the required plane a_b.c .
». Equation to the required plane is a (x =D+ b (y=0)4+c(z+1)=0
where a(l-0y+b(0+8)+c(-1-1)=0

ie., a+8h-2c=0 and a()+b(-2)+ec(3)=0
Le., a-2b+3c=0
=1 » 2+l
. Requiredplaneis| 1 8 =2 (=0 je, 4x-y-22-6=0,
1 =2 3

x-0 _y-(=q/p) _z-(=s/r)

Given lineis x=py+g=rz+s5 ie.,

. (1)
. (@

- (3)

K(35)

1 |/ g 1/r
Required plane passes through the given line and hence its equation is
a{x=0)+b[yv—(-g/p)l+c|z—=(-s/r)]=0 = L)
where a-l+h_l+r.]—=ﬂ |
p r
since the required plane passes through (%, . ). from (1),
a(x-0+b6[y-(-q/pll+clz —-(-5/r)]=0 v (3)

Eliminating a, b.c from equations (1), (3) and (2). equation to the required plane is

x=0 y+g/p z+sir X py+q ro+s

-0 w+gip z+sir|=0 le, |xy py+q rg+s|=0

| 1/ p 1/r L |

(/) Proceed as in W, Ex.3 before the Exercise.

x+1 y-3 z+42
(if) As in above Ex. 10, required plane is | 0+1 7-3 -7+2|=0

-3 | |
ie, 4(x+D)+14(y-3)+14(z+2)=0 e, x+y+z=0 .. (1)

x=0_y=-7 z+7
I 3 5 (2)

Given line is 6x=14-2y=3z+21 je.,
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Since 0+7-7=0 and 1()+1(-3)+1(2) =0, the line (2) lies in plane (1).

12. Let the plane through the line "“!"" :,-.;y. :*"ﬂ"' be
h{x=x))+m (y=»)+m(z=5)=0 ... (1) where I +mm +nm =0 . (2)
Givenlineis ax+by+ez+d =0=ax+by+cz+d r (3]
Let p,g.r be d.rs. of line (3)
np+£'q+cr=ﬂ} P g
and ayp+bg+or=0| " be,-bhe ca-ca ab —ab

If (1) is parallel to the line (3), then
(bey = Bye) by + (cay —cpa) my + (aby —ayb) ny =0 e (1)
Eliminating ;. my., m from (1), (2) and (4), equation to the required plane is

= y=n i
/ 1 " =1
bey~be ca-cja aby -ayb
13. (a) Let the required plane be 2x-5y-2z-6+4 (2x+3y-z-5)=0 .. (1)
where 3 is an unknown constant
. . X ¥ L
Plane (1) is parallel to the line 16 7

IF1(2+20)-6(=-5+30)+7(2-0)=0 e, 3=2,etc.

(#) Any point on the given line is (2r+1,41+3,3r+2).

Line through this point and (3.8.2) is parallel to 3x+2y-2z+5=0

= 32U -2)+2(4r-5)-2031)=0=>1=2

Point on the line is (5,11,8). ~. Required distance = Va+9+36=7

14. Let L.m.n be d.rs. of the required line.
Since the required line is parallel to the planes

2x+3y+4z=11 and 3x+4y+5z=12
we have 2/ +3m+4n=0 and 3/+4m+5n. Hence etc.
15. Given linesare =L =2~ _Z77 i AT
h m n
and &= X5 :r'l-’—q'lr‘g 2:_:2 [2}

Let the equation to the plane containing (1) be
a(x—x)+b(y-n)+elz-z)=0 we (3)
where fa+mb+me=0 v (4)
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If the plane (3) is parallel to the line (2), then fha+myb+nec=0 ... (5)

Eliminating a, b, ¢ from(3), (4) and (5), we get the equation to the plane containing the
line (1) and parallel to the line (2).
Similarly we can get the other plane.
EXERCISE 4 (¢)
1. (i) Proceed as in W. Ex. 1.
x—a+d _y-a_z—a-d x-b+c y-b z-b-c

T e O 5 pey @

- (1) passes through the point (a—d, a, a+ d)and

(if) Given lines are

(2) passes through the point (b-c, b, b+¢).
D.rs. of (1) are a-8,a,«+8 and d.rs. of (2) are p—v.B.B+7.
a-d-b-¢ a-b a+d-b-c
For (1) and (2) to be coplanar, a-a o a+o
B-v p B+y

€] — €3 €3 =3
le-d a-b d-c d—¢c a-b d-c
=| -& o o = = & o o |=0
o | P Y Y i Y

-, Lines (1) and (2) are coplanar and (1) and (2) are not parallel.
= (1)and (2) intersect ie. (1)and (2) are coplanar.

x-a+d y-a z-a-d
The plane containing the lines (1) and (2)is | @—9 a a+d (=0

B-y p B+y

2. Givenlinesare x=av+b=cz+d,x=py+qg=rz+5

x-0_y-(-bla)_z-(-dle) x-0_y-(-q/p)_z-(=s/r)
| |/ a 1/ e ' | I p 1/r
Lines are coplanar

ie.,

0-0 g b s d 0 0y e
p arc ap cr

¥ c a p ¢ r
I = = T
n r fu r
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A

(ag—bp)(r—c) _(p-a)(cs—dr)
- aper - aper = (r—clag—bp)=(p—alcs—dr)

. I (r=clag-bp)=(p-ales —dr), given lines are coplanar.
Let @ b, ¢ be d.rs. of a normal to the plane = containing the lines

B S i )
m n | S n | m’
am+bn+cl=0| A b ¢
and an+bl +em=10 a ﬂiﬂ—l’z _ﬂf_mz _fm_ﬂl !
~. Equation to the plane through the line %= % = % and perpendicular to the plane = is
X ¥ z
; 2
/ m n |=0 !-E--E x(Im® —mn® =In +nm*)=0

mn-I* nl-m* Im-n*
ie., Z x (m—n)(Im+mn+nl)=0
ie. Z x(m-n)=0) (Cancelling fm+mn+nl=0).

Let L be the required line with d.rs. a, b, c.

- p =5 bz
Lctx]5=']T= I ( = p say) and xT"'S=}T=+5{=qsa}r}.

Let P=(p+5. p. p+5) and Q=(g-5.q4.2g-35).

., d.rs. of PQ are (p—gq+10, p—gq, p—2g+10)

x=5 y=5 z=10
If PO e L and since L is parallel to the line 7 " . T3
-g+10 - -2g+10 10 =
e D p-gq+\v _P—-q9 P-4 is. p=-qg=10=0 s p=0,gm==10
B I 3 2p-g-10=0
i x-5 y-0 z-3 . x-3_ y z-35
S p=(50273). -, Equations to L are = : = Lg, —=%=
P=0:3) - 2 1 3 2 1 3

Proceed as in W. Ex. 1 (2nd method).
The vectors along the lines through O with d.rs. 1, -1,1: 2, -3, (: 1,0, 3 are

“'- _]-r ]-}'- {2'- _31 ﬂ]'- “-.- D._, 3} ®
] -

oL =11, (2,-3,0),(L0,3)]=|2 -3 0]=0
1 0 3

= the three lines are coplanar.
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7. Given linesare x+2y-5z49=0, 3x-y+2z-5=0 and
dx-5y+z+3=0, 2x+3y-z-3=0,

1 2 -5 9 1 2 -5 g
5 <1 3 X o < TF 5 .
G . B o 4 -
i - R, — 4R
Since |+ s 1 3 (7|0 —13 21 -33|%
Ry -2R,
2 3 =1 =3 0 =1 g =2
7 17 32| |0 —46 -115 g
=l13 21 33|=|l0 96 —240| 7 3
Ry —13R

1 9 21 |1 9 21

=46 240-96=115 =0, given lines are coplanar.

Consider x+2y-5z4+9=0 w (1)
3x—y+2z-5=0.. (2) 4x-5y+z+3=0 .- (3)
“3x(D)+(2): =Ty +172-32=0 . (58}
-4x(1)+(3):-13y+21z-33=0 . (3)

¥y z | ) 3 5
_561+672 416-231 -l147+221 "o Y30 73

. From I:]}., I+3-%+9:ﬂ-=~x:l

8. Ex. 13(h) of Exercise 10 (b)
9. Let L be the required line

. ., . x=2 y z=2
Let P=(2.-3.1). Given line is Tz—_.'i:—_l = I say)

Let Q=(2r+2,-3r,—-1+2). Let L meet the given line in Q.
Since pe [, drs. of PO are durs, of L.

. duas.of L are 24, -3t +3,-1+1,

But L is parallel to the plane 2x+y-z=6.

S 220413 +3) -1+ )=0=r=-1. .. O0=(0,33).

x=2 y+3 z-1
0—2 333 3-1'%%

- Equations to L are

10. Proceed as in W. Ex. 3.

11. Given lines are 2x-3y+4z+1=0=3x+2y+4z-5 s (1)
2x~4y+z+6=0=3x+4y+z-3 e (2)
Let the equation to the plane containing (1)
and passing through (0, 0, 0) be (2x-3y+4z+1)+pu (3x+2y+4z-5)=0
(0-=04+04+1D)+p(0+0+0-5=0
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~Sh+1=0: pu=I/5

(2x=3y+4z+1)+1/5(3x+2y+4z-5)=0
10x=15y+20z+5)43x+2y=4z-5=0

13x—13y+24z =0 is the required plane.

Let equation to the plane containing (2) and passing through (0. 0, 0) be
(2x—4y+z+46)+pu Gx-4dy+:z-3)=0

(0-0+0+6)+p0-0+0-3)=0; p=2
(2x—-dy+z+6)+23x-dy+z-3)=0

8x—12y+3z =0 is the required plane.

. Equations of required line are 13x-13y+24z=0, 8x-12y+3z=0

12, 13, 14. Proceed as in W. Ex. 8.

15.
16.
17.

18.

19.

Proceed as in W. Ex. 9.
Proceed as in Ex. 13 taking d.rs. of the required line as 4, 1. 1.
Proceed as in Ex. 1(i).

Let P=(2,3,4). Let L be the required line. Given line is % = % = ? ( = tsay)
Let ¢ =(1,1,1), a point on the given line.  Since Pe L, d.rs. of PO are d.rs. of L.

. drs.of L are t-2,¢-3,1-4,
Since L is perpendicular to x-axis, we have 1 (1 -2)+0(-3)+0(-4)=0=1=2

-2 _y-3_z-4

5 @=(222). - Equationsto L are = 1 :

elc.

Let L be the required line and let P=(2,2,2).

Given lines are ':2='v;2 = "-:d « (Dand x=2y=3z .., (2)

From (1), 3x-2y-10=0, 4y-3z+20=0 and

From(2), x-2y=0, 2y-3z=0,

Since L intersects (1) and (2), Equations to L can be taken as
3x=2y=10+A) (4y=32+20)=0, x=-2y+A; (2y=-3z)=0

for some fixed values of &, and &, .

Since pef,6-4-10+4, (8-6+20)=0 and 2-4+), (4-6)=0
= A =4/11, hy=-1.

4
. Equations to L are 3:—2)=—]D+ﬁ{4}=+3:+23}={].

x=2y-1(2y-32)=0 ie., etc.
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EXERCISE 4 (d)

Proceed as in W. Ex. 1.
2. (D), (i). Proceed as in W.Ex. 1.

3. Given A4=-i+2j-3k=(-1,2,-3). B=-16i+6j+4k =(-16,6,4).

—
-

C=i-j+3k=(1,-1,3) and D=4i+9j+7k =(4,9,7)
Now AB=(-16+1,6-2,4+3)=(-154,7),

CD=(4-1,941,7-3)=(3,10,4) and ABxCD =(-15,4, 7)x (3,10, 4)
=(16-70, 21+ 60, 150 -12) = (-54, 81, - 162)

S.D. between the lines A8 and CD=|AC. == ——
|ABxCD|
_1Q0+1,-1-2,3+3).(-54,81,-162)| 1-108-243-972| 1323 -
J(542 +812 +1622) 27J@+9+36)  27x7

4. Proceed as in W. Ex. 2.

. x=-2 y-3 z-4 . x=1_y-2 z-3
Let L, be the line i —— and L, be the line 3 3 EE

Let 4=(2,3,4) and B=(1,2,3). Clearly 4e L, and Bel,.
A vector along L, is (3,4, 5) and a vector along [, is (2, 3, 4).
w345 =(2.3.4)=(16-15,10-12,9-8)=(1, -2, 1)

£

is a vector perpendicualr to L, and L,

— {L=-2,1)
. : =|AB, —
. S.D. between Lyand L, ‘ T |}I‘
1{1-2,2-3,3-4).(1,-2,1)| _-1.1+{=1)-2)+(-1)1
- = =0
(1+4+1) J6
Lyand L, intersect and hence L, L, are coplanar.
OR : S.D. between
-2 2-3 3-4
nand=| 3 4 5 |+[(16-15)7 +(10-12)? +(9-8)]
2 3 4
=1 =1 -l
|3 4 s|*Ye=0
Ry — Ry

=] =] =]

Ly, L, are intersecting ie., Ly, L, are coplanar.
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6.

Equations to the line through (-6, 1. -10), (-3, 7,13) are

x+6 _y-1_z+10 x+6 y-1 z+10 _
T il e - = t{say) .. (1)
Givenlineis 3x+2y-15z-144 =0=3x-y-3z-42 e (2)
A point on line (2) is obtained by putting some value for =, say, —10 in the equations
S 3x+2y+6=0
X+ay+ }x=l__1.-‘=—ﬁ
3x-y-12=0

- A point on the line (2) is (2, -6, -10).
If [, m, mare d.rs. of line (2), then
3!+3m+|5n=ﬂ} . ! m n
3-m-3n=0] T _6-15 —45+9 -3-6

.
ie. 3

x-2 y+6 z+I10
1 12 3

Apoint P on(1)is (1-6,2¢+1,-r-10) and a point Jon (2)is (7r+2,12r-6,3r-10).

-, Equations to line (2) in the symmetrical form are ( =rsay)

. d.rs. of PO are Tr—i+8,12r=2t=7,3r+1.

If PO is perpendicular to (1) and (2), then
1(Tr—t+8)+2(12r =2t =T)=1(3r +1)=0
T(Ir=1+8)+12(12r =21 =T)+3(3r+1)=0

= r=0t=-1.

- 14:‘—31'—3:{}}_. r : [

0lr—14i—14=0[ 42-42 T2303+196 196+ 303
s P=(-7,-1,-9), 0=(2,-6,-10).
Since PO is the 8.D. between lines (1) and (2), P is the nearest point on the line (1)
which is nearest to the line (2).
Note : 8.D. = PO =,[[81+25+1]=+107.

Proceed as in W. Ex. 3.
Proceed as in W. Ex. 2.

. : xX+k y =z
Given lines are 2 6 -1 (1) and x—y-2k=0=x-62+6k ... (2)
Any plane through (2) and parallel to (1) is
x—y-2k+A(x-6z+6k)=0, % 15 an unknown constant
e, (1+M)x+(-1) p+(-6L)z-2k+6k1=0 s [3)

12(1+A) +6(=1) =1 (—6A)=0=h=-1/3.

. Equation to the plane (3) is E%—y+1: -2k-2k=01ie, 2x-3y+6z-12k=0.
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10.
11.

A pointon(1)is (-£,0,0). s S.D. between (1) and (2)

—2k-0+0-12&

=2k
(4+9+36) '

= Distance of (=&, 0,0) from (3) =

Proceed as in W. Ex.5 by putting p=¢c=g.
Let OABC be the tetrahedron where O is the origin,

Let the planes OBC,0CA, OAB, ABC be represented by the equations
y+z=0,z+x=0x+y=0,x+y+z=a.

Now equations to OC are y+z=0=z+x A

ie., T (1) M

Let LM be the line of S.D. between OC and AR
sothat L eC and M e AR.
Letl m, nbe d.rs. of [Af.

I+m—n:{}} f m n
—
{—m+0n=0

A pointon ¢ is O(0,0,0). Letapointon 45 be A4(0,0,a).

— LM (1,1,2) 2a
LM = 0A,——|=(0,0,0), ———=|=—
ILml‘ ‘ J+1+4] 6

Similarly we can find 5.D.s. between other pairs of opposite edges.

12, 13. Proceed as in W. Ex. 6.

14.
15.

x-2 y+3 z-0
I -2 I

Express the given line in the form and proceed as above.

Proceed as in W. Ex. 6.
EXERCISE 4 (e)

Proceed as in Art. 10. 17.
Let 4=(1,2,3) and B=(2,-1,4). Now OAB is the given triangle.

Let 4, B, be the respective projections of 4, B in XV plane
. A OA By is the projection of A O4B in XY plane,
Since 4 =(1,2,0), B(2,-1,0),



K(d4) Key to A Text Book of B. Sc. Mathematics - | (A.P.) (2nd Semester)

(1.2.0)x(2, -1, 0)|

= %|m,u,-5}| =% J(0+0+25) =§ sq. units

Similarly area of the projection of A 048 in XY plane

e =i ]
Area of ACUA B = ;|{}A| ~,-:{‘.r|3',||=E

= é 0,2,3 |=(0,-1,4) = %sq. units. and area of the projection of A Q48 in ZX plane.

=1/2](1,0,3)x(2,0.4) | =1 5q. unit.

2 2
2 (SY LUV, 2 =150
{Area of A Q4B) -[2] +[2] +(I s

2]

15
2
(i) Let A=(1,2,1), B=(3,2,5). C=(2,-1,0) and D=(-1,0,1) be the vertices of the
tetrahedron ABCD.

=  Areaof AO4B =

(. units.

Volume of the tetrahedron ABCD=%|[E AC E]
l 2 0 4
=E|[{l'l4}+{|~—3-—|}+{—l—lﬂﬂ| :% +valueof [1 =3 =I||=6cu. units,
-2 2 0
1-6 2+4 -5-4 -5 6 -9

Sim:l:l -1-6 -2+4 -31-4 =é =, B |
0-6 0+4 —4-4 -6 4 -8
|
=5 [-60-84+144] =0 the four points are coplanar,

Since AeQX, BeOY,C e OZ suchthat n4=4.
OB =b,OC = ¢ we have A=(a.0.0), B=(0,b,0),C =(0,0,c)

E=I{—ﬂ.b1ﬂ} and E={—u..llt']

. Area of A ABC = [ABxAC|= 2 {(-a.b.0)x(-a0.0)

1 1 .
=E| (be, ca, ab) | = 3 \f'[hzrz +ctat + azbz] $(. units.

Given P=(2,2,1). Let = be the plane containing P and perpendicularto 0P .
Since d.rs. of Op are 2-0,2-0,1-0, equationto m is 2(x=2)+2(y-2)+1(z=-1)=0
= 2x+2y+z=9.

Since x intersects the coordinate axes in 4, B, C, we have
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9 9
A=|=,0,0( B=[0,—,0 ¥
[1 ] [ 5 ] C=(0,0,9)
. — 99 — 9
Further since AB = —5151” and AC = [—E.ﬂ,'?]_

area of .&AEL'=E| Bx AC|=—

(330300
20 22 2

=1[3| 81 3|)‘=l 81> 81” m] 243

2223 2 3 " s =3 54 units.
7. Given 0=(0,0,0), 4=(2.6,3) and (5.12,0)
Areanf‘ﬁ{?ﬁﬂ=%|_ﬁmﬁ|=%|[2.ﬁ,3]u{5,Ilﬂ}l
=%||{—3ﬁ,lS.—ﬁ}|=%.'|"[144+25+4] =%J1?3

" " | g
If OC is the altitude from (3 to AB, then E{}f_ % AB = Area of AOAB

| . 2 7 3 3 . 3173 173
s =0 S5-2Y +(12-6)Y" +(0-3)*" ==J17T3 = = =.[—
> K'JI[{ Y +{ Y +{ ) > J5d 5
9. Let P=(x,».2). Given A=(a,0,0), B=(0,5,0), C=(0,0,¢)
since volume of the tetrahedron PABC = Kabe .
1 kabc
5™ 6 = |l@=x,-3,-2).(-a,b.0.(-a,0.¢) | = kabe
a=x =» =3
=| —-a b 0 |=k*"be
-a 0 ¢

= (abe - bex) —cay) — abz) }E = k2 a?ptc?

= (bexy + cayy + abz) — abe — kabe) (bex) + cay) + abzy — abe — kabe) =0

K(45)

= I—'+ﬂ+:—l—l—.ﬁ: I—'+ﬂ+:—]—|+.{- =0
a b ¢ a b ¢
. Locus of P is the pair of parallel planes ZeLelatak=0, SeLelatrik=0
. a b ¢ a b ¢
But equation to the plane ABC is £+£+£_I =0.
a c

. Locus of P is the pair of parallel planes each parallel to the plane 45¢ .
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10.

11.

Let the variable plane be = with equation = +%+i =] w (1)
a ¢

Clearly n forms a tetrahedron with the coordinate planes
x=0 .. (2), y=0 .. (3). z=0 .. (4)
Let QABC be the tetrahedron where () is the point of intersection of the planes (2), (3).

(4), A isthe point of intersection of the planes (1), (3). (4), 8 is the point of intersection
of the planes (1), (2). (4) and C is the point of intersection of the planes (1), (2), (3).

5 0=(0,0,0), A =(a,0,0), B=(0,50),C =(0,0,¢)

-, Centroid of the tetrahedron =@ = [% E E]

‘I Ny
since volume of the tetrahedron 04BC = 64k° , E| [OA OB ﬂfl|=ﬁ4-‘f3

a 0 0

:}%xmﬂduf{} b 0|=6ak" = 222 =36x64x64k° ... (5)
0 0 ¢

L-'Et Gz{.ﬁ.r'l-".:]}.

) _a b e

,.IL—E._!-.—E‘-]—E :}HEqI]+h=4I}’].=4:|.

. From (5), (64x y ;)® =36x64x64k% = xlylzl =36kS

.. Locus of G is 23222 = 364°.

Given lines are I;I' =2 =277 (= py say) e (1)
! | .
and IR ¥R 7% ( =r say) o )
fz M Ha
For the given tetrahedron an edge of length 5 lines on (1) and an edge of length ~ lies
on (2).

- Four vertices of the tetrahedron can be taken as

(X S Uhn + 3, mpn + ¥ mn +51), (X2, vo, 220 (Bar + %0, 008 + V5, b +23).
. Volume of the tetrahedron

Xy Ly o |

1| hn+x  mn+y  mn+3
=+ vye value of —
6] x 2 Z3

him+xy mn+y: mn+o;

— o
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X A -
=+ ve value of S bl I B
6[x2 y2 22 1|R-R
by myrn mr |
x »n  l
=+ ve value of lrlrl I B
§] X2 Y I 1
Lo omy om0
X=X N=y2 3-z3 0
I h m, " 0
=+ ve value ﬂfE’l’i 5 i e |
h "y mo 0
| X|=X2 N—¥2 )~ .
=+ ve value of —nn | | m m | cu. units.
l my my

EXERCISE 4 ()
Proceed as in W. Ex. | and W. Ex. 2.

Given planesare x—y+z+1=0, Ax+3y-2z-3=0, 3x+)ly-z-2=0,
Clearly no two of the three planes are parallel

I -1 1 1
Coefficient matrix of the given equationsis (A 3 2 -3

% & -] -2
I -1 1 ( -1 0 CoaC
M. a=|2 3 2|=[+3 3 5 L‘,’HI
§ A 1] [A43 % A=A

=(A+3)(A=1)=5(A+3)=(A+3)(AL-6).
For the three given planes to intersect in a unique point, A=0.
. (A+3N(A-6)20=)h=-3 orb.
-, for all values of 3, except —3 or 6, the three given planes intersct in a point i.e., for

a fixed value of A (= - 3,6) we get a unique point of intersection.
(i7) For the three given planes to form a triangular prism, A must be zero and one of
Ap, A, Az 15 not equal to zero,

L A=0=(A+3)(A-6)=0=A=-3 orb
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ST T N S
Now A;=| 3 2 3[=(3 5 0
-1 =2 |[n oa-1 a-2

G+,
C] + C]

=5(A-2)#0 for L=-3 or6.
Given planes are x+ay+(b+¢)z+d =0, x+bv+(c+a)z+d =0 and

x+cv+(a+b)z+d=0. Clearly no two of the three planes are parallel.

1l a b+c d
Coefficient matrix of the given equationsis | 1| b c+a d
1 ¢ a+b d
| a b+c Il a a+b+c
A= |1 b c+a|l=|1 b a+tb+c|C+C,
1 ¢ a+b 1 ¢ a+b+c
Il a 1
=({a+b+c)|1 b 1|=0
1 ¢ 1
a b+c d a a+b+c d
Also ﬂl= b c+a d|=|b a+b+c d C!+CE
¢ a+b d ¢ a+b+ec d
a | 1
=d(a+b+c)|b 1 1|=0
c 1 1

. The three given planes intersect in a unique line,
Proceed as in W. Ex. 3.

Given planes are bx—ay—-n=0. cv—bz-I=0 and gz-cx-m=0.
Clearly no two of the three planes are parallel.

b =-a 0 -n
Coefficient matrix of the given equationsis |0 ¢ -b -/
-¢ 0 a -m

b —a 0
A0 ¢ —b|=abc—abc=0
- 0 a
-a 0 -n

Also A b ==g(bm+al)-can
] O — —
e =—alal +bm+cn).
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If af + bm +cn =0, then A =0 implying that the three given planes intersect in a line.
If fy,my,my are d.rs. of the common line of intersection of the planes, then
h_
ab B2 be a b b ¢
= d.rs. of the common line are a. b, ¢ .

mon_h_m_m_m

6. Given planes are x—cy-bz=0,cx—y+az=0 and bx+ay-z=0.
Clearly no two of the three planes are parallel.
|l — =6 0
Coefficient matrix of the given equationis |[¢ -1 a 0
b a =10
1 — -b
. A=lc -1 a|=1-a®-b*-c*-2abc
b a -l

If a® +6% +¢* +2abe =1, then A=0, Also A, =0.
- The given planes pass through a unique line if 2 152 4+ 2 4 2abc=1-
Let /, m, n be d.cs. of the common line
[=cm=bn=0. cl=-m+an=0, bl+am-n=0
Solving two by two equations at a time, we get

I' _ m o i ] - m = "
a+b beta 1-2 = D Zec 1.2 a+be ™ @

[ m "
1—a® g™ Trigpe— = (3)
From(2)and (3):
1? m 1 m’
(@+c)(1-a*) (1-b')(ab+c) 1-a* 1-?
.f1 "
From (1) and (3) : 7 = 3
l—a 1=-¢
I m* n’

N . I m  n
1-a* 1-b" 1-¢* {122 i-82 1-&
Since (0, 0, 0) lies on the three planes, the common line also passes through (0, 0, 0).

¥ . » X
~. Equations to the common line are JI 2 B JI B2 B ‘,rl 2
- - -

7. Bounding planes of the tetrahedron OABC, are k+my=0 .. (1)

my + Nz = | J— [2] 4l =0 [3] and .f.r+my+n.. = {4}
Solving, (1),(2),(3): O=(0,0,0)
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(2),(3).(4): C=(p/l, p/m,—p/n)
(1), 3),(4): A=(-p/l,p/m, pln)
(1.(2),(4): B=(p/l,—p/m, p/n).

- Volume of the tetrahedron 04BC =% [OA OB ﬁ]|

|
= g|[{—p."f, plm, pin)(pll,—pim pin)(pl/l, p/m,—pin)]

[ - 2 p|
{ i "
- 3
=l + veé value of B =B |- 2p Cu. units.
& / I n 3imn
2 2B ZE
. [ m n|)
8. Let P=(x.».z).Any plane through the line y=1,z=-1 is
y=l+A(z+1)=0 ws (L)

¥ =1
If P lieson (1), then Y1 ~1+A (5 +D=0=4 =—_’: g

- Equation to the plane through the line y =1, z = -1 and containing.

Pis _1.--—|—""J1 _:(:+1}|=IJ

=

le, 0.x+(z+D)0-D-q-Dz-(y+z)=0 we (2)
Similarly the other two planes are

(5 +D)x+0. y+(x; +Dz-(x+2)=0 e (3)

O +Dx=(x-Dy+0.z-(x; + 1) =0 . (4)
These planes (2), (3), (4) pass through a line

0 o+l =0y +0)

= |—(z;-1) 0 xi+l (=0 = l+xym+nz+5x =0

n+l —Ax-1) 0
(on simplification)
. Locusof Pis xy+yz+zx+1=0 je,

P lies on the surface xy+yz+=zx+1=0.



Change of Axes

Exercise 5
1. Transferring the origin to (-1, 2, -2) by the translation of axes, transformation equa-
tionsare x=X-Ly=¥+2,z=2-2
The equation to the plane x +5y+6z-8 =0 can be transformed into
X-=1+5r+10+6Z-12-83=0 e, X+5¥+6Z-11=0
For convenience, the transformed equation may be written as x +5y+6z-11=0.

2. Proceed as in W. Ex. 2.
3. O istheorigin. Let 4=(1,-2,2), B=(2,2,1), C=(-2,1,2).

_ ! -2 2
. des.of Od are Ty Ji+a+a) J(+a+4)

ie., ]—._—E.E.

3"3"3

2 2 1 : 2 1 2

d.cs. of OB are 3~3~3iandd.cs.ﬂf{}(‘_' are —=. 3.3

1 -2 2, , 2 E. ] ,_;3 2
o =gl gt i Mygd sy R SRR

2 4 32

We observe that /s +mm; +mn, =E_E+E:ﬂ‘

4’21;3 * Maly iy = 0, irlfj + oy My = 0
. OA, OB, OC form a system of three mutually perpendicular lines.
Let 42X, Be Y and CeOZ

With rotation of axes through the same origin, the new frame of reference is OXTYZ
The transformation equations are

r=l X +hY +hZ =X +2Y-27
3 3 3
. 7 S l.
y=mX+m¥+mL=-——X+=-VY+-2
3 3 3
« 2
z=mX+mY+ml==X+=-Y+-=-4F
b izt +M 3 h E

X1 [h b L][X

ie, |7|T|™ ™ ™ 5 Taking transpose of the matrices.

z m om o om || £

31
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h m
[wz]=[xZ]| b my m
l; my m

We can write 4x° _,,3},2 +32% +0xy +4yz —4z¢ in the form

4 0 2[x
[xyz]{0 2 2|y which transforms to
-2 2 3|z
12 2 ' 2
303 3| rg 0 2113 3 3y
[IFE]%%%{}E x‘;%%r
2 1 2|/ %32 24
'3 3 3] '3 3 3]
(1 2 =2]
o o o]|3 ¥ 3|[x
=[sz]zzl_;§%l’
-4243122
EEa
00 0][xX
=Ixrz]uj:] ¥ | =3¥2 +622
00 6|2

Required transformed equation can be written as 3y* + 6z .

Proceed as in Ex. 3.

Proceed as in Ex. 3 taking the d.rs. of the new axesas 1,2,2; 2,-2,1; 2,1,-2 (with
the same origin and rotation of axes).

Given @, =(1, -2, 4) w.rt. OXYZ as the frame of reference, O, XYZ is another frame
of reference. Let the d.cs. of O.X,0F, O Z be L, my, mily, my, myily, my, nys WL

Chyz as the frame of refenrece.

2

2 -4 2 2 -11 2
h=grm=g:m =il =—¢

Thei T

3=y S My =

157 15 15 3

el |

P=(x,y,z) wrt. Oxyz and P=(X,¥,Z) wrt. QX}Z,



Change of Axes

The transformation equations are

| 14, 2
x=1+h X +LY+KhZ=1+=-X-—Y+—=Z
3 15 15 °
- 2 2 11
y=-24+mX+mY+mZ=-24+-X+—-Y-—2Z
3 15 15
2 |
:=4+n|.1:’+n3}’+n33=4+3,1’+§}’+531

w.r.t. () xyz frame, equation to the plane is 2x-3y-2z+5=0.
Transformed equation w.r.t. .XYZ frame is

1[|+1I_E}-'+£f]_3[ 2+2 +1F—HEJ —2[4+3I+l]’“+gz]=5
3 15 15 3 15 15 3 3 3

o, (25 Hare( B8 2y (4.3 45
*13 3 3 15 15 3 15 15 3

8
L ,__X—_}"'q-— =5 ' —_— =
re., 3 T ISE e, 40X +44dY-17£+75=0.

7. O xyz, O XYZ are two frames of reference connected by the equations
4 X 2Z X ¥ E'."

X Y
I-T=_r+'—+—-|‘ }J:———-—-,
R TG R TR R
Equation to the plane w.r.t. O xyz frame is x+y+z=0.

Equati::-n to the plane w.r.t. O XYZ frame is

EXIEIF

J_ J— 'J.— ~.|"_ J— ,,u"_ -J'— J——ﬂ':e. J3X =0 e, X=0 ..

Equation to the surface w.r.t. O xyz frame is yz+zx+xy+1=0.

. Equation to the plane w.r.t. O XYZ frame is

FZ e+ F

(55 a2 D
VioV2 Vo) W3 V2 Y6 )iE Ve

ie, ax2_yi_7zi,2-=0 ... (2) (on simplification).
The section of the plane x+ y+z =0 with the surface

yz+zx+xy+1=0 is the section of the plane X =0 with the surface

ax2_y2_72 o920 ie, Y2+Z?=(2)?

K(53)

(1)
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Clearly it is a circle in ¥Z plane with radius /2.
8. Since fj, my, m; I, my, ny ) Iy, my, ny are the d.cs. of three mutually perpendicular rays

OA, OB, OC ,
IF+m+m =05 +m3+m =I5 +my +m =1,
Wiy +myiny + iy =0, Lly +mgmy + gy =0, hly +myig +mng =0
drs. of gp are [j + +15, my +my +my, m +ny + 5.
If (OP, Od)=w, (OF,0B)=p. (OP,0C)=1y, then
hth+l +85) +my(my +my +m3) +mi(n +ny +n3)
VG i+ +h 4150+ +my +m )+ + g+

COs5 L =

1+0+0 | | | - 1
= e = COS il = — cosy=—_ .. a=Pp=ycos —
1431020 43° NE and ¥ R B=7v Nk
9. Given l,m.m: s, ma,may [y, my, ny, are three mutually perpendicular lines. So we
can have f; +1, + 13 my+my +my. m +ny +ny as d.cs. of three mutually perpendicular
lines.

I]'I‘!+MF+H:|2 =:‘§+m§+n§=.’31+m§+n§ =13

J']I+.f§+131:ﬁn2+m§+m§:nf+n§+n§:“

f]fj + Myt + R =) “] .flf_-;r + MMy + My = 0 [2}
f|f3+m1m3 'I'ﬂl.ﬂ'J =ﬂ e [3] f|m|+|flmz +.f3m3 =1 R [4}
myy +mymy +myny =0 o (3) hm +lmy vl =0 e (B)
From (1) and (3) : 1. B . N
Compmy—myy, mly-mly  hmy—hm;
Z 2 2
= ‘III'UI +my +hy ) _ +1 . [‘.*]im:f. with d.cs. a’g.mg,ng;]
J[Z{mzng, — 3y :F] sin 90° I3, 13,13 are perpendicular
Let §, =myny—myny ... (7)ete. by taking each ratio =+ |].
) I f
From (4) and (6) : = = =1

My —Mghp  Wafy =Ry g — Rl
(as above) ... (8)
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(1) L.H.S. =hlly = (myn; —myng ) (—mams —mans)  (using (7). (2))
= =3 4 My + mymy = mynyn + n3miyny
= m3ny (m3 —n3)—myns (m3 —n3)=R.H.S.
(i) LH.S. = Lmym(myng +mng)
= mymy (35 —m3n3 )+ mymy (msng —ming )+ myns (g —mini)
= mymyn3 (mym = myny)+m3mym (mym —myny )
— myny (mainy — myny Wy iy + mym ) (rearranging the first four terms)
= (mymy — mymy )| mymesmy vy + ey = mymon — oo |

Iy =[m],n| —m.rg][mln;—m;n:] =l4l51, using (8) = R.H.S.

(i) Given 2+—-+S=0 L4282, €
Wb m o b om onm
- anmm +bﬂ||’] +1’.:‘-I|ﬂ'1'| =1 {9]
amyity + byly +clymy =0 . (10}

= a(mny +myn; )+ b (mly + w5 )+ c(hmg +1my) =0

e

= —amym —blyny —clymy  using (5).(6), (4) = L+ 4+ =0 (dividing ~l3ymzny )
h my m '
From (9)and (10} :
a b c

Wy (mmy —mymy) ~ mymy (hmy ~lym) — my (myly = maly)
(By solving (2), (3) for I5.m3,n;)

a b c
—F = —_ a P — 5 5
Lk - = a:bie=LL; :mmamy i mnyny




(UNIT - 111)

The Sphere

Exercise 6 (a)
1. (ii) Given sphere is 2 +:£y2 +22° —2x+dy+2z+1=0

: .. 3%..0 1
Le, X +y +z2 -x+2_1:+_-+;={}_

-, For the sphere centre =[%‘—L—%J and radius = J[%+I+l—lJ =],

4 2

2. (i) Equation of the sphere through the non-coplanar points (4, -1, 2), (0,-2,3),

(L5 -1),(2,0,1) is

_'r2+_l,'1+:2 x y z 1
6+1+4 4 -1 2 |1
0+4+9 0 =2 3 1/|=0
1+25+1 1 5§ =11
4+0+1 2 0 11
2 b -~ 3] -
X“+y"+z°-5 x-2 y z-1 0 Ry - Rs
1 |6 2 =1 1 0 Ry - R
le., % 2 =2 2 0o|=0
22 I 2 5 Rs
- 5 =2 0 Ry — Rs
5 2 0 11
x? +_}-'2+:1—5 x=2 y z-I1
Le. 6 2 -l | -0
] -2 -2 2
22 -1 5 -2
x1.|.:|.-2+:1—5—di:+€| x+z=-3 y+z-1 =z-I1 Cr —4C
' 12 3 0 I s
ie., 3 =0, C3+Cy
0 0 ] 2 : .
':__',|+r_4
30 -3 3 -2
r2+_1:2+:1—4:—l x4+z-3 y+z-1
Le, -2 12 3 0 |=0D

30 -3 3

56
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:-:1+_r: +z2—4z-1-4x-4z+12 x+z-3 y+z-1

0 3 ] = '].. E‘] —4{-.2
42 -3 3

ie.,

ie, 3B+t +22 —dx-8z+11)-42(y+2z-1)]=0

ie, x2+y* 422 —dx-14y-22:425=0.

OR : Let the equation to a sphere be _1:1+_],'2+:1—2u:+21j.'+1w£+d=ﬂ . (1)

If (1) passes through (4, -1,2),(0, -2, 3), (1, 56, -1),(2,0,1), then
16+1+4+8u—-2v+4dw+d =0

= Bu-2v+dw+d=-21 ... (2) -dv+6w+d=-13 S |

2u+10v-2w+d =-27 e (4) Qu+2w+d=-5 e (3)

Solving (2), (3), (4), (5) for u, v, w, d we can get the equation of the sphere (1)
through the four given points.

4 0 1 3 2 =2

1 1]
o 10 -4 9 | 9 6 6 0 Ry =Ry
3. (/) Since - Ry - R,
-5 6 =11 1 -6 4 =14 0 R - R
1 2 3 1 1 2 3 1|

§ =3 =3 § <8 =0
R, =3R
=9 6 6 (=0 0 12 27"
=12-12=0+

% 4 -14| |-6 4 -14

given points are coplanar and hence no sphere can be found through the four given

points.

(if) The equation to the sphere concentric with the sphere
x? +__'.:1 +2° - 2x-2y-2z =1 is of the form
x2 +y? 422 =2x -2y -2z =k, the radius of this sphere =3

=yl+l+1+k=3 = k+3=9 =2 k=6

the required sphere is x? +3% 4+ 22 —2x-2y-2:=6

(iif) The given spheres are x* + y* + 2° +3x =25y +7z-11=0 ... (1)
and % +)? 422 +2x-3y+5:-7=0 e (2)
the equation to the sphere concentric with (1) is of the form

xz+_}=2+:1+3.r—5_v+'?:+k=[l - (3)
(3) passes through (1,3/2, -5/2) which is the centre of (2)

::-I+E+E+3—E—E+J:={} = k=25/2
4 4 2 2

g ; 25
~. The required sphere is x*+y" +2° +3x-5y+ ?:+—1- =0
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4.

tn

(i) Given faces of tetrahedron are

il il =0 O S0 - (3).§+§+§=I ()
Solving (1),(2), (3): 0=(0,0,0). Solving (2), 3). (4) : 4=(a,0,0).
Solving (1), (3)(4): B=(0,5.0). Solving (1), (2), (4): € =(0,0,¢).

Now OABC is the tetrahedron having faces (1), (2), (3). (4). Let the sphere z,
circumscribing the tetraheron OABC, be x + 3% + 22 + 2ux + 2w+ 2wz +d = 0.

Dez=d=0; ."IE:::’H1+EHH=UZ}H=—§*

[

f
BE::}b2+2vﬁl=ﬂ:‘9v=——* Cezcl +2we=0>w=-=

-a _h —
. Equation to the sphere = is xt 4yt 4t +2{?]1‘+3[?JP+1{?]: +0=0
ie, x* +}*1 +z*—ax—-by-cz=0.

(i) We have to find the equation to the sphere passing through the points given, as in
examples in Ex. 2.

Let the required sphere be x* + 3% + 22 + 2ux + 20y + 2wz + d = 0 « L1)
Its centre is (-, —v, —w).

Since the centre lies on the line 5v+2z=0=2x-3y. we have

Sv+2w=0 e (2) 2u-3v=0 ... (3)
Since (1) passes through (2, -1, -1), (0, -2, -4), we have
du-2v-2w+d==6 .. (4) —dv-8w+d=-20 we R)

By solving the equations (2), (3). (4), (5) we get &, v, w, d and hence the equation
to the sphere (1) as x* +y” +z7 —6x—4y+10z+12=0
Let P(x;, ».z;) be the point such that the sum of the squares of its distances from
the planes x+ y+z=0, x-2y+z=0, x—z=0 is k°.
G+ 3 +3) +(1‘| -2y +5) 4_":-“1‘:1]2 bl e . B
3 ﬁ 2 B . I
. P lies on the sphere 7 + y{ +z7 =k*.

Let A=(x3,),23), B=(x3, 3, 23) bethe two fixed points.
Let P=(x.».z) suchthat py. pg =42
. PA* = k*PB?
= (-0 + -+ -2 =k -5+ - 1) +(5-5)7)
= =106 +37 +)-20 5 -5 5 -2k yy - )0
—2(ktz3-20) 5 - (3 + 33 + 22 + &Y + k' +ktd) =0
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=+ p lies on the sphere

4. 4, 2 (ke — =
_tz+_pz+:z_1(ff X3—X) 20K ys-y) 20K 5-3)

k* -1 & -1 k* -1
{.r% +_1-'§ +:22 +.i'[4.1|:31 +k4y§ +.f[4:§}
ST TR -0
k-1
8. Let the equation to the sphere the
Z;rl+y2+:1+2ur+h;v+2w:+d =0 . (1)
The given points are A=(1,-4,3), B=(1,-5,2),C =(1,-3,0)
Ae Y = 2u-8v+6wz+d=-26 v (1)
B e z = 2u-10v+4wz+d =-30 . (2)
Ce ) = 2u-6vid=-10 .. (3)

The centre (—u, —v, —w) lies on the plane x+y+z =
= u+v+w=0 .. (4)
Solving (1), (2). (3). (4) we get u, v, w, d.
u==2 v=7/2 w==3/2,d=15.
9. Let the required sphere be x? 4+ % 4+ 2% 4 2uz + 2w+ 2wz 4+ d =0.
Since it passes through (1, 0, 0), (0, 1, 0). (0, 0, 1) we have
2u+d==1,2v+d=-1,2w+d =-1 Le, u=—[%]n'= —(ﬂ} w=—[ﬂ] i
If r is the radius of the sphere, then

3+3d% +2d

r’ =u1+v2+w2—d=%{|+d}2—d= r

2
=l[3(d1+3d+lﬂ=l{3[d+1] +§]
4 3 4 3 il
|
For r to be least, »© must be least and & must be -3
| 1 R

. 2 8| 2 — B ~
. ==|0+= == when d=m==. S HE— P E—WE—,
= 4[ 3} 3 3 3 3 3

. Equation to the sphere is 3 (x? + y* + 22)-2x-2y-22-1=0.

10. Let the sphere through O, A, B, C be x* 4+ y% + 2% 4 2ux + 2w+ 2wz =0 e (1)
Since Aex—axis. from (1), x=-2u .. A=(-2u,0,0)
Similarly B=(0,-2v,0) and C =(0,0,-2w)

X y -4
+ +
=24 =2v =2w

. Equation to the plane 4p¢ 1s
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Since the plane passes through the point (a.b,c) we have

ol + .4 + o =] :}i+i+i:2
=y =lv 2w o e .
s a b ¢
- The centre (-u, v, —w) of the sphere OABC lies on ;*’;*j-l

11. Let Pix;. ».z) be the foot of the perpendicular from the origin to the plane through
(a, b, c).
., drs. of gp are x-0,-0,5-0 ie, x,¥.5.
Equation to the plane through P and perpendicular to OF is
X (x=x )+ n(y-n)+z5(z-5)-0.
But it passes through (a, b, ¢) .
Soxpla=x )+ nb=w)+5lc=z)-0 = ,1c|1+y]E +::|1 —ax; by —e5 =0

- P lies on the sphere x? + y? +22 —ax—by-cz=0.

. b
12. Proceed as in Solved Example 7. Take x = % i E .
13. Let a sphere through O, 4, B, Cbe % +y? +22 —ax—by—cz=0.
Let (x, 1, z) be the centre of the above sphere

a b ¢

CMENESA=Y ie, a=2x,b=2y,c=2z.

But the volume of the the tetrahedron 0A4BC = %| [OA OB OC] |
a 0 0

%ﬂ h 0 =¥:~ﬂzhlz=ﬂ43{7
0 0 ¢

= IIEidIJr[I_'.-‘lz:]2 =064xT7 = r.zyll.-'i? =7

. Centre of the sphere through O, 4, B, C lieson x*y?:% =7,

EXERCISE 6 (b)
1. Let the equation of the required sphere through the given circle be

x>+ +22 -9+ 0 (2x+3p+4z-5)=0, A being a fixed number.

Since this sphere passes through the point (1, 2, 3),

|

We have 12+27 437 -9+ (2.143.2+4.3-5)=0 ie, 15A+5=0 ie, A=-7.

-, Equation to the required sphere is x* + y* + 2 -9 u%[1x+3y+4: -5)=0

ie, 3(x*+)y*+2%)-2x-3y-4z-22=0.



The Sphere K(B1)

2.

(i)

(i) Given sphere is ¥ + % + 2% = 4° o £1)
. Centre of the sphere =0 (0,0.0).
A plane cuts the sphere (1) in a circle with centre P (a, B, 7).
. OP is perpendicular to the plane
d.rs. of pp are a-0,p-0,y-0 ie, a.B.y.
Also the plane passes through P (o, B, 7).
- Equation to the required plane is o (x—a)+B(y-Bl+y(z-y)=0.
A circle is formed by a plane section to the sphere
¥yt 2t —2x+4y-6:-3=0 w (1)
Centre of (1) =C =(1,-2, 3).
Let the centre of the required circlebe M. . M =(2,-3,4)
- drs. of opf are 2-1,-3+2,4-3 je, 1,-1,1
. Equation to the plane having the circle with centre M is

1x-2)-1({y+3)+1(z-)=0 ie, x-y+z-9=0 .. (2)
. Equation to the required circle is given by (1) and (2).
(iif) Given sphere is »? +;,s2 422 +2x-2y—-4z-19=0 e (1)
and given plane is x+2y+2z+7=0 e (2)

. Centre of (1) =C=(-1,+1,2)
and radius of (1) = J(1+1+4+19) =5.

Let M be the centre of the circle formed by the intersection of the plane (2) with the

sphere (1). . CM is perpendicular to (2).

. Equation to ¢ s

x+|=}'—l=:—2 - T
| : : ( =1 say) (3)

If M=(-1,2t+1,2¢r+2), then M e(2).
=D+ {2U+D2+(24+2)2+T7=0 = 1=-4/3.

M =(-1/3,-5/3,-2/3).  Also cM=10,82,% _4.
9 9 9
. radius of the circle =5 —CM* = J25-16 =3
Given sphere is x? + y* + 22 + 2uz + 2w+ 2wz +d =0 e (1)
and given plane of intersection of (1) is Ik +my+nz=0 - (2)

Let ' be the centre, » be the radius of the sphere and M be the centre of the circle
formed by the intersection of (1) by (2).

C=(-u,-v,-w), p= l[uz+1|'z+wz —d) and

oy =L tmv)+n(-w)|
J@? +m? +n?)
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But » is the radius of the circle. s CMEsrt= r]I

it + mv -+ aw)
( : 2] N T - T

1*+m® +n

—— [rI +:.*‘]|.f_!I +m

: +.r1'2}=lll.|’E +m? +n1}{r.r"1‘ 2 +H-‘1}—[.|"u+mv+ nrw]1

= [rl +d) {.’1 +m* +H'2} ={mw-nv}|}' + I{ﬂh’-f’ﬂ-‘}l + (v + mn}z
(using Lagrange's ldentity)
5. (i) Consider the circle x* +y* =a°
2

,z=0 as the plane section of the sphere

i +y? 422 =4 withtheplane Z=0.  Hence etc.

(if) Centre of the sphere x* + y* + 2% —2x+4y—62+5=0 is (1,-2,+3).
Hence etc. [Proceed as in (§)].
(iii) [Proceed as in (i)].
6. A circle is always given by a sphere through it and a plane containing it.
. The sphere through (a,0,0), (0,a,0),(0.0,a) and (0, 0, 0)

(fourth point is taken arbitrarily so that the four points are non-coplanar) is

2 2

x +_].'1+1" —ax—ay—az=0 o (1)

o o o

Its centre is [51515]

The plane through (a.0,0), (0,a,0), (0.0,4) is

X

a
0
0

0 ie, xty+z=a ool ] |

I
1
1
I

= B o=
B8 O o W

(R : Equation to the plane through (a.0.0), (0,4,0). (0,0.a) is

Yy z .
—+=4+—=1 jg x+y+z=a)
a a a

. Required circle is given by the equations (1) and (2).

If C is the centre of (1) and M is the centre of the circle formed by the intersection of

x-al2 o y=-al2 o z=-al2
I |

(2) with (1), the equations to ¢y are (=1 say)

Let M be [HEME*HE].
3" gt Ty
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?:'--I

10.

11.

12.

Since M lies on (2), 42 ia2 te 8= j=-2
2 2 (]

6 2° 6 2 6 2 37373
Proceed as in W. Ex. 2. Page 368
Given ends of diameter are (1, 2, 3)(2, 3, 4)

Equation of sphere with ends of its diameter (x;, y, 2 L(xy,15,2,) 18

,.,,=[_£+E _a.a _£+EHE E_E]

(x—x)) (x=x3)+(y—- ) -p)+(z-2)) (2-23)=0
= (x=1)(x=2)+(yp=-2)(y=3)+(z=3)(z-4)=0
= xl-3x+2+}'2-5.1;1-'+ﬁ-+:1-?:+|2:ﬂ
= 2 +y 425 -3x-5y-72420=0
Equation to the sphere with (2,-1.4) and (-2.2,-2) as the ends of a diameter is
(-2 (x+2D+(p+D(y-D+(z-4)(z+2 =0 ie, P+ +22-p-2:-14=0 ... (1)

Sphere (1) with the plane 2x+ y—z-3=0 (2)is acircle. Its radius can be found out as
in Ex. 2 and hence the area of the circle can be found out.

Givensphereis x? + 2 +22 =4 ... (1) Its centre is 0 =(0,0,0).
Let (x.34.25) be the centre of the plane section of (1).
- Equation of this plane is x(x-x) +»(y=- 1) +z(z-2)=0.
If this plane passes through (c, B, ¥), then xj(ce—x) + 3 (B-3)+5(y-2)=0.
The centres of the plane sections of the sphere (1) lie on the sphere
x{(a=x)+y(P=-y)+z(y=-2)=0 e, x{(x=a)+y(y=-P)+z(z=-y)=0.

Given equations of the circle are x* +y* + 22 +x+y+z-4=0; x+y+z=0
Proceed as in Ex. 3
Let the equation to the plane POR be Ix+my+nz=p v (1)

Given sphere is x? + y* + 22 = a® e (2)
For the sphere centre O =(0,0,0) and radius = a.
OP, 00, OR are three mutually perpendicular rays with d.cs.

homy,m il my oy i ly, my, ny.
Since OP = 0Q = OR = a, we have

P=(ha, ma, ma), O=(hLa ma, ma), R=(La ma, na).
Since P O, R lie on the plane (1),

ha+mma+nma=P = I, + mm + nn =§ . (2)
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Hsa+mmya+ nma=P = [l +mmy + nny =:L: R |

- (9)

ha+mmua+ nya=FP = Iy +mmy +nny ==
')
h = (3)+ 1 x(4)+ 13 % (3):

LR +03 +83)+m (ymy +lyms + lymy )+ n (ymy +lamy + By ) = £ + 15 + 1)
o

— 1 1+m.0+n.0=L( +L+h)= 1=L£( +1 +h)
il e

_ p (my +m;+m3} - plm+m+m)

Similarly m
v o

. From (1), equation to the plane POR is

E{ﬁ +1; +=‘;}x+£{m1 +my +m3}.v+f{n| +tmtm)z=p

= (h+h+L)x+(m+my+my)y+(m+n+m)z=a .. (6)
Let (OOM be perpendicular to the plane (2) and r be the radius of the circle through P O,
R given by (2) and (6).

[0+0+0+al _a

But OM =
[ +15 +.{1}‘1‘ + (i + 5 +n13}1 +(m +m +.*:I'3}2] J3

a* 5
LR +r? = ( radius of the spherey? =4 = r= EH'
3
I+y2+:2+-Ii,:r+5.1:—l'i:+1

w (1)
. (2)

13. Givencircleis x? +y* +z22 - 2x-3y+4z+8=0=x

ie, x*+y*+2*=2x-3y+4z+8=0

3x+4y=-5z-3=0

A sphere through the circle is
¥4+ )7 +28 =2x-3y+4z+8+ 4 (3x+4y-5:-3)=0, ) beinga fixed number.

_ (2-3L 3-4A 50-4 .
Centre of the sphere is 3 T3 T3 . If it lies on the plane 4x-5y-z=3,

4(2-34) 5(3-3ar A—4
then {231— {3,}3 J_ SN g o

Equation to the sphere with centre on the plane 4x-5y-=z=3 is

Jrl+_1.:2 +:1+?.r+9}r-l Iz=1=0.

(i) Given circle i5:2+y2+:2—4x+15_}!—33+4=ﬂ e (1) x+y+z=3 ... (2)

14.
A sphere through the circle is  x% +y* +2° —dx+6y -8z +4+h(x+y+2-3)=0 ... (3)

A being a fixed number.
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d-h —-A-6 8-—A
-, Centre of the sphere (3) 5 T3 T3 )

gl ol W,
+ + =
2 2 2

. Centre of (3) = (2, -3,4) and sphere (3) is same as sphere (1).

Also centre of (1) lies on (2).
~. Circle given by (1), (2) is a great circle.
Note : If sphere (1) and (3) are different then the circle will be a small circle.

3= i=0,

If the centre lies on (2),

15. Given equations are x? 4+ y? 422 =9; x-2y+2:-5=0.
Equation of circle is (3% + 3% + 22 —9)+ A (x-2y+2:-5)=0
x>+t 42t 4 A -20p+2h2-50-9=0 w (1)

centre =["_;" W —1] By data (1) is a great circle

-. Centre lies on the plane x-2y+2z-5=10

(—A/2)-2(A)+2(-A)-5=0; -A-4A-4,-10=0;: -9, -10=0: 1r=-10/9.

subin (1) 9(x?+)? +22)-10x+20y—-20=-31=0. Centre =[E,‘_'”1E]

9 9 9
16. Given spheres are xz+_-,:2+:E+2u,x+2u,y+2wl:+d,=l] s LN
¥y 427 4 2uax + 20y + 2wz + dy =0 e (2]

- Plane of intersection of (1) and (2) is

2(u =) x+2(M =) y+2(m-w)z+d,-dy =0 - (3)

Since (1) intersects (2) in a great circle, the centre of (2)

ie, (—uy,va,—wy) lies on (3).
20w =ws ) (=2 )+ 2 (v =va ) (=v3 )+ 2 (wy = w3 ) (=wsy )+ dy =d> =0

Le, 2wy +vyvy +wyws) —d) =2 I,'t.r% + v§ + u%)-—dz

17. Givencirclesare x? + y* +z2 —2x+3y+4z-5=0, Sy+6z+1=0 .. (1)

Xy 427 —3x-4y+5:-6=0, x+2y-T7z=0 v (2)

A sphere through (1) is 5% + 32 + 22 =25+ 3y 44z -5+ 5y +6:+ 1) =0 ... (3)

and a sphere through (2) is x* +y* + 2 —3x—4y+52-6+p(x+2:-72)=0 ... (4)
for a fixed value 3 and for a fixed value u
(3) and (4) represent the same sphere if

-2 3450 4460  S5+)
-3+p —4+2u 5-Tu -0

1 e, p=1, L=-1,
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18.

Clearly all the ratios are equal for A =~1, p=1.
. Equation to the sphere on which circles (1) and lie is

WAy 4zt = 2x+3y+4z-5-5y—6z-1=0 ie, x¥* +y* +z* -2x-2y-2:-6=0.

[ The sphere can also be got by putting p=1 in (4)].

2

Given circles are x +_1:1.|,:2 +2ux+ 2wy + 2wz +dy =0, hx+my+mz—p =0.. (1)

x4y 42t 1 20 420y 4 2waz+dy =0, hx+may+mz—py =0 . (2)

A sphere through the circle (1) is :

2 +yles? +2umx+ 2wy +2wiz+dy + A (hx+my+mz—-p)=0 e (3)

and a sphere through the circle (2) is

Pyt 42t 4 2ux 4 2y 4 2wz b dy P (x4 myy £ Ryz = py) =0 .. (4)

for a fixed value j and a fixed value p (3) and (4) represent the same sphere if
20y + A, _ 2v) + Ay _ 2wy + Amy _ d) +
iy +ply 2vg b pmn 2wy um dy s

= hA=bLu+2(m-ur)=0 ... (5) mh-mp+2(vy-vy)=0.. (6)

mA—mp+2(wy—-wy)=0..(7) mh=paus(dy —d))=0 ... (8)

Eliminating 2, from (5, (6). (7): (5). (6). (8): (5). (7). (8): (6). (7). (8). we get

=1

h - 2y -u) 2 —u) 2(w-v) 2(w—wy)
m —my 2(y-vy) |=0,ete. ie, ) i n, =), etc.
m =y 2(w—wy) I "> 5

EXERCISE 6 (¢)

N Gi T x+3 y+4 z-8
(f) Given line 15 A 3 s ( = f say)

Any point on the line is (43,31 -4,8-51).

2 +2x-10y =23, then

-3+ (3 —-4)% +(8-50* +2 (4 -3)-10(3r—4) =23

= P _3+2=0 = 1=12,

. The point of intersection of the given line with the given sphere are (1, -1, 3),(5,2. - 2).

If this point lies on the sphere x* + ° + =

Let a sphere be § = X +_1'I + 28+ 2ux + 2vy+2wz+d =0

Let (7 be the fixed point and the axes be three mutually perpendicular lines.
If § =0 intersects axis (¥=0,z=0) then 2  2yx+d=0 - (1)

If § =0 meets x-axis in (x,0,0) and (x,,0,0) then

Xy +Xxy==2u, xjx3 =d . o (x —:1]2 =4y’ -4d .

Similarly we can have (y, - y,)* =4v* -4d and (z; -z,)" = 4w’ - 4d

. Sum of the squares of the intercepts on the axes
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= 4u* —4d +4v* —4d +4w* - 4d ,

a constant since for a given sphere u, v, w, d are constant.
Given sphere is x? +y2 + 22 -2x-4y+2:-3=0.

The tangent plane at (-1, 4, - 2) to the sphere is

Si=x(=D+y(d)+z(=2)-x+1=-2y=8+2-2-3=0 ie, 2x-2y+z+12=0.

Given sphere is 3 (x? + 3% +22)-2x-3y-42z-22=0

_ 1 1 2 : — l+l+i+22] —ﬂ
[ts centre _[E'E'EJ and radius J['? ) s

e
3

1 1
Given plane is 4x+9y+14z—-64 =0, Distance of [5151 J from (2)

‘ 4[%}9[%} |4E]—54 ‘ % .
J16+81+196) 6

-, The given plane (2) touches the given sphere (1)
. Equation to the line through the centre and perpendicular to (2) is

¥=1/3 y=1/2 x=3/3
4 9 g (T1s%)

| | 2

i islineis | #+=, 9 +—, 14 +—
A point on this line is [ 3 5 3].
If this is the point of contact of (2) with (1),
then 4[4.'+13]+?(91+%]+|4[]4;+§)-ﬁ4=n = r=1/6.
. Point of contact = (1, 2, 3).
Given sphere is xl+_1:1+:3—2_-¢—2_].~._3_.-ﬁﬁ=u - (1)
Its centre is (1. 1, 1) and radius = J(1+1+1+6) =3.

Given plane is x+ y+z—k+3 =0. Ifthis touches the sphere (1), then

||{|}+][1j+|{|}—ﬁi

JI+1+1)
= |3_a,,ﬁ|=3ﬁ = 3-kf3=%3/3 =k=3+3.
Equation to the tangent plane at (1,1, - 1) to the sphere

5=’ +y2 + 22 ~x+3y+2z=-3=01is §=0

| | 3 3
e, X d+py. l+z.(=])==x==.l4=yp+=.14%2z=1=3=0
ie v (1) 575 2.' 5

(1)

. (2)

K(67)
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ie, x+5y-6=0,

Let the sphere touching the given sphere at (1,1, —1)
and passing through the origin be
J:1+__v2 +::1—:r+3;|:+2:—]+:&[r+5_]:—6}=l]. for a fixed value, 3.

0+0+0-0+0+0-3+A(0+0-6)=0= AL=-1/2
y : : |
Equation to the required sphere is X +_1,1 rz —x+3}=+2:—3—5{x+5_1r—ﬁ}=ﬂ_

(i) Let the equation of the sphere passing through the circle x> +y®+:2 =35,

x+2y+3z-3=0 and touchiong the plane

4x+3y-15=0be x? 4y +22 —54+A(x+2y+32-3)=0

for a fixed value of j,. Its centre =[—%, —l,_z—jl].

. ; [_i ™ —_31] '
The perpendicular distance from | =5 =% =4 | to the plane 4x+3y-15=0 is equal
to the radius

A

4[—-- ]+3{—1}—I5 >
= A A= a2,
(16+9) 4 4

4
= SA2-6L-8=0 = 1=-§.2.

. Equations to the required spheres are 5(x? + 2 +2%) —4x-8y—-122-13=0.

x° +_v2 +2° +2x+dy+6z-11=0.

(if) , (iii) Proceed as in Ex. 7 ().

The tangent line to a circle is the line of intersection of the tangent plane to the sphere
at the given point and the plane of the circle.

Given sphere is Iy +3}-2 +322 —2x-3y-4z-22=0

Le., ,rz+y2+:1—5x+_]:+i:—2= .. (1)
3 3 3
and plane of the circle is 3x+4y+5:-26=0 |
Equation to the tangent plane to the sphere at (1, 2, 3) 1s
7
Bdtpdei ittt la 2, B4 B,

= 4x+9y+14z-64=0 e (3)
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- Equations to the tangent line to the circle at (1, 2, 3) are
4x+9y+14z-64=0=3x+4y+5z-26.
Expressing the equation in symmetrical form, equations to the tangent line to the circle

at (1, 2, 3) are x—1_¥y-2_z-3
| -2 1

. —_— i =1 z-=1
(i) Given line is Izj =-"’_2 -=
f.E-,II—Ey—'IE:ﬂ, y=2r=3=0; 1'_'-_;_1 -’l.+,!-"—ﬁ=ﬂ,| r—22-3=0.

Now proceed as in Ex. 9 (ii), worked below.

(if) Leta plane through the line x+ y =6, y—2: =3 and touching the sphere x* 4+ % + 2% =9

10.

11.

be x+y-6+A(x-2:z-3)=0
ie, x(A+1)+y-2kz-6-31 =0, for a fixed value of .

(A+1)0+0=-20(0)-6-3A | _

3
IO+ +1+(-20)%)

|
= NF+36L+36=4502+18L+18 = 207 -A-1=0 = A=- .l

- Equations to the required tangent planes are 2x+y-2z-9=0, x+2y+2:-9=0,
Let the equation of the sphere having origin as its centre and touching the line

x+1 r—2 43
I ='}_1 e (=tsay) be x* +y* +:* =4a” s 1)
A point P onthelineis (1=1,2-21, 2¢-3).

If P is the point of contact of the line with (1), then

G=-1F+2-20+ (- =a* = % -22%+14=4" i (2}
Also (-1 1+(2-20) (<2)+(2-3)2=0 = ;=]E'
2
1 1 " 2_5
. From (2), 9[?] IE[E]-}H—::: = a 5"
. Equation to the required sphere is 9 (x* + y* +z*)=5.
Given sphere is x2 + % 4 22 =2 o (1)

Let the equation to the tangent plane to the sphere (1) and making intercepts a, b, ¢ on

X ¥  Z
the axes be — s i)

-, The perpendicular distance from the centre (0. 0, 0) of the pshere from (2) is r

0+0+0-1 |

=
J[1+1+|]
az hz cz

- RN o P
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12. Let the equation to a tangent plane to the sphere
x* +3% +2% —4x+2y—6:z+5=0 and parallel to the plane

2x+2y—z=0 be 2x+2y—-z+4 =0, for a fixed .

= Jd+1+9-5) = 22-22-80=0 = A=-8,10.

Equations to the required planes are 2x+2y-z-8=0, 2x+2y-z+10=0,
13. Let the sphere through the points (4,1, 0), (2, -3, 4). (1,0,0) be

2{2)+2(-N-3+A
(4+4+1)

11+_}=2+:1+Eu=:+21:y+2w:+d=ﬂ . (1)
s Bu+2v+d=-17 e (2) du-6v+8w+d=-29 e (3)

dQu+d=-1 . (4) . From(4), 24 =-d-1 = {5
From(2), -4d-4+2v+d=-17ie., 2v=34-13 .. (6)

. 5d 33
From (3),(5), (6): -2d-2-94+39+8w+d =-29 ie, s r XT)
If (1) touches the plane 2x+2y—-z-11=0, then
=2u-2v+w-11 \Ir 2,2, 2 3 - . -
= +v 4w =d) = Qu+2v—w+l1)" =9 (u° +v° +w" —d)
JE+4+1)

s5d 33 ]1
—

d+l-3d£13+ -2
4 4

=N

_[dz +2d+1 94> ~78d+169 25d” —33ud—mﬂq_d]
4 4 16

— 64d% —664d+1720=0 = 84%-83d+215=0

= (d-5)(8d-43)=0 = d=5 ot %

d=2

, 8§

d=35 51

w=-6 7y
= —

Jv=2 25

v=—

w=-2 8

Ew=£

16

Hence the required spheres are x* + 3% + 2% —6x+2y-4:45=0,
16 (x% + y* +22)=102x + 50y - 49: + 86 = 0.
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14. (i) Let the equation to a sphere touching the axes be
¥+t 42 4 2ux + 2w+ 2wz +d =0 (d > 0) L
(1) touches x-axis (y=0,z=0)at points whose x-coordinates are given by
2+ 2ux+d=0.

Since the two values of x are equal, 45 —4d=0 = u’ =d.

Similarly v’ =d and w* =d. s ou=v=w=td.
But radius of (1) = a. vt ewt —-d=a.
2 a
= % “fzu_ S HEVY=EWET—
= 2dd=a = 3 N

. Equations to the required sphere are
2{.:2 +y1 +.-2}1 22 ax+ 242 ayilﬁ az+a* =0.
(if) Let the required sphere be % + 32 + -2 + Zux +2v2 4 2wz +d =0 ... (1)

Since the required sphere is inscribed in the tetrahedron founded by the planes
x=0,y=0,z=0 and x+2y+2z-1=0.

We have -.I'IEH T -d) = 'I.’l-l-wl_g"

Similarly w? +4 =d,u? +v* =d .

e {u +v +w2]-3d::- W == umt =y=W,

] ta.
m|§n
H|F:.

- =v=2w-1
3

N - e
Also -\"(” VAW =d) o (e ve2we]) =0

2 2 2 —_l
= (Gu+l)’ =% = 160 +10u+1=0 = u=-g,

. Equation to the required sphere is

- . . I I | |
4z 2| —— HH——=v+2 —=|z+—=
X+y- 4z 4+ [ E],1r+ [ SJ}+ [ E] +32 0

- L . . y
Since d=5 is inadmissible.

15. For the required sphere given tangent plane is 3x+2y-z+2=0at A=(,-2,1).
Let AB be a diameter of the required sphere

x=1 yp+2 =z-1
= = = sa
g | g

(- AB is perpendicular to the tangent plane at A )

- Equation to AB is
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16.

17,

18.

Let B=(3r+1,2r=2, =r+l).
- Equation to the required sphere is
(x=1)(x=-3r=-D)+{y+2)(y-2r+2)+(z-1)(z+r-1)=0
But it passes through the origin,
s (0-1O=-3r-1+(0+2) (0-2r +)+(0-1D (0 +r-1)=0 = -2r=—6 = r=3.
- Equation to the required sphere is
(x=D(x=10)+(y+2)(y=d+(z=1)(z+2)=0
= x* +_-.-~2 +7* —1 Ix=2y+z=0.
Given spheres are x? + 32 422 4 2x—dy—6:410=0 e (D
X+ 42t —6x—dy—122+40=0 i (2)
Let 4, B be the centres and n, r» be the radii of the two spheres
(1), (2) respectively 4=(-1,2,3) B=(3,2,6)

B=VvI+4+9-10=2: 1, =9+4+36-40=3

r‘Lﬂ’=1.,'r'[3+lf||2 +[2—2j||2 +[|:5—3j|.2 =5 n+m=5 AB=n+n
- Two two circles touch externally.

Given spheres are x? +;-,:2 +22-25=0 w (1)

¥yt 422 —24x—40y-182+225=0 v (2)
Let 4, B be the centres and ry.r, be the radii of the spheres (1) and (2) respectively.

. A=(0,0,0); B=(12,20,9); n=5; r =,/(144+400+81-225 =20.

Now AB=.[(144+400+81)=25=r+r.
The two spheres touch externally, say, at P

12 0
(P;A,B)=n:n=5:20=1:4 - P=(?4~§].

Given spheres are y* + 2 4+ —64 =0 v (1)

and x% +y? 422 —12x+4y—62+48=0 - (2)
Let 4,8 be the centres and 1, be the radii of (1) and (2) respectively.

A=(0,0,0); n=8, B=(6,-23); r,=,/(36+4+9-48) =1
Now AB=,(36+4+9)=T=n-nr.
~. The two spheres touch internally, say, at P.

; p_[ﬁ‘_'ﬁE]
(P, A, By=n:rm=8:-1 o 77 7 |
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19.

20.

Let a sphere be x? + 3% + 2% 4 2uz + 2wy + 2wz +d =0 « (1)
If (1) passes through (0,0, ¢), then ¢ +2ew+d =0 s )
If (1) touches the plane 7 =0, then _]—w = u'['lﬂ‘z +v? 4w —d)

= w+vi=d s L]

From (2) and (3), (2 +2cw+u? +v2 =0 i€, (—u2)+(—v*)-2¢ (—'I‘l’f|+|‘.‘I =0
. Locus of the centre (-u,-v,-w) of (1)is x2+1% -2z +¢% =0.

Let a sphere be x? + 32 + 2% + 2ux+ 2w+ 2wz +d =0 . (1)
If (1) passes through (0.0,a). then ;2 s250+d =0 - (2)
If (1) intersects the line x-axis (v=0,z=0),

then the points of intersection are given by x? 4+ 2ux+d =0.
But (1) touches x-axis.

4’ -4d=0=>d =u’ o (3)
From (1) and (3). a® +2awut +ut =0 e, [—u}z -2a(-w)+ a® =0

Locus of the centre (—uw,—v,—w) of (1)is 2 —2g=4a® =0 -
EXERCISE 6 (d)

(i) Given equation of sphere is x? + 1% + 22 —2x+4y+6:-11=0... (1)
Given point is (3,-1,5) is equation of plane of contact is 5, =0
xq+yq +zn-l{x+x)+2(v+0)+3(z+5)-11=0
3x—y+5z—(x+N+2(y=1)+3(z+5)-11=0
3x=y+5z=x=-3+2y=-243z+15-11=0 = 2x+y+8z-1=0
Given sphere is x* + y* + 2% —2x +4y+62-11=0

Given point is (0, -1, 1) equation of polar plane is §, =0.

g+t —(x+x))+2(p+n)+3(z+z)-11=0
0+ y(=D+z(D=(x+0)+2(y=-D+3(z+1)=-11=0
—y+z-x+2y—-2+3z+3-11=0 —-x+y+d4z-10=0

Given sphere is +? +y? + 22 =9. Givenplane is x—y+5z-3=0,

m aan

a’l o ‘
Then pole of the plane is ' p . p :>[

3 b

3 3 3

(1) 9(-1) 9{5?J=[3~_3 15)

K(73)
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Given plane is x-y-z+4+9=0 .. (1)
Let P(x, ».z;) be the pole of (1) w.r.t the sphere
X +y? 42t - 2x+4y—6245=0 - (2)

. Polar plane of P (x, »,z) w.r.t. (2) is
x4tz —(x+x)+2(y+Nn)-3(z+2)+5=0
= (x-Dx+(+2p+(5-3z—(x -2 +35 -5 =0 w (3)
since (1) and (3) represent the same polar plane.
Xj - | N ¥ +2 n =] -3 - -l:.'l:'; -2_]-'] +3.-'| -5} .
I a4 +9 =

f

S )= (), —1-2, -1 4+3) - (5 -2p +37) -5) =

= =[(t+D=2(=t=2)+3 (-t +3)-5]=W

= —[r+1+2t+4-3r+9-5]=% = -9=% = r=-I

sub r=—1in (t+1,=1=2, =1r+3) ~. Pole =(0,-1,4)

Given sphere x* + 3% + 2% —6x+2y-3z+1=0. Given points P(1,-1,2) Q(-2,0,4)

3
Spp=xx+ny+35 -3 +x)+n +}=z]—§{:| =25)=1=0

= |{-2}+{-|}{n}+[2}{4]—3{1—2]+{—1+m—%{z+q1+|=ﬂ

=5 —2+D+E+3—]—%{ﬁ}+l=ﬂ = 12-3-9=0 = 12-12=0 = 0=0
Pand O are conugate points.
Polar plane of the point P (-2,3,0) w.r.t. the sphere x* +y* +2° +4x-52-3=0 is

x{-z}+yt3;~+:{n}+z:x-z}-§ts-m-3=u ie. 6y-5:-14=0  ...(1)

Clearly it passes through Q(3,4,2).

Hence P, Q are conjugate points w.r.t. the plane (1).

Polar plane of the origin w.r.t the sphere »* + V42t 2+ 2wy + 2wz +d =0 is
x.0+y.0+z.0+u(x+0)+v(y+0)+w(z+0)+d =0 ie, w+w+wz+d=0 ... (1)

Centre and radius of the sphere x? + 2 +22=¢* ... (2) are (0,0, 0)and a.

w.0+v.04+w.04+4d -

Vit +v7 +w?

Since (1) touches the sphere (2),

2+w2] :

= a2=g% {:-..-1+1.-
Let P=(x,».z) and Q=(x;, ¥2.23). Let asphere be x> +y2 +22 =42 ... (1)

centre of (1) is O =(0,0,0)
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+ OP=\(f +yf +27) and 00 =\(x3 +)3 +23) -

Polar plane of P w.r.t. (1) is xxy + 3y + 22 —a* =0 s )
-, Distance of { from the polar plane of P ie.,

distance of {J from (2) is

x| X3 +.F]..]"r2 +:|:2 —ﬂz ‘

2 2, 2
\lllfiij +W +3)

Similarly distance of P from the polar plane of (0 is

.1'2..1'] '|"J-'1'1-"| +:2.'-| +ﬂ'2 l

Jo3 433 +23)

2 2 2
. Distance of  from the polar plane of ' _ \.I{{A’z +)3 +23) 00
" Distance of p from the polar plane of O *.III[-TE ) op "

9. Given spheres are x? +y? + 22 —2x—6y-7=0 s (1)
X +_~.:1 422 —dx=-d4z=0 ... (2) Let P =(xy, ».z) be a point.
Polar plane of P w.rt. (1) is xxy+ 2y +25—x—x =3y-3-7=0
ie, (q-Dx+(n-3y+z5z-x-In-7=0 e (3)
Polar plane of P w.rt. (2) is xx + )y +225) -2x-2x-2z-22, =0
e, (-Dx+ny+(z-2)z-2x-25 =0 . (4)
Polar planes of P w.r.t. (1) and (2) are perpendicular
< (=D =-2)+(-)n+3(5-2)=0 & x|1+}12 +z|2—2.r| -3y -2z+2=0
Locus of P is x% + y* + 27 —3x-3y-2:+2=0.
x+3 _ el 8 -2
2 3
Any point Pon(1)is (1-3,21-1,3r+2).

10. (i) Given line is

( =t say) « (1)

Given sphere is % + 7 +22 =1 e (2)
Polar plane of P wort. (2)is x (1 =3)+ y (2 -D+z(3r+2) =1

= (-3x-y+2z=-D+1(x+2y+3z)=0
- For all ¢, the polar plane of P passes through the line
~3x-y+2z-1=0=x+2y+3z WL - |

2
Put x=0. .. "}-'+2.: . 2}l+3:: ::?_ y=—,
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) =} -m+2n=0| | m =n
Alsod.rs./, m nof 3)aregivenby: , 5 .4 _of " 53 11" 5
. Equtions to the polar line (1) are ;z }rtf:? = :_;”? e (4)

Since (D(7)+2(=11)+(3)(5)=0. lines (1) and (4) are perpendicular.

x Ty+3d Tz-2 | . . x+3 y+1 z2-12
Note: TR is the conjugate line of R
EXERCISE 6 (e)
Given spheres are x2+}'2+:1+5_1-'+2:+3=ﬂ - (1)
and x? +y? 422 46x+8y+42420=0 e (2)
.06 6.8 2.4 :
(1) and (2) cut orthogonally if > + 3 4 5 =8+20 is true.

Since it 1s true (1) and (2) cut orthogonally.

Let the sphere x? + y® + 2% + 2ux + 2w+ 2wz +d =0 cut each of the spheres
.Jr!+y2 + 22 —(a® + B + %) =0, .r2+yz+:2+2m:—u2=ﬂ,

4zt 42y -0 =0, x* +3? +2% +2cz - ¢ =0 orthogonally.

2u.%+2v.2+2w.%:d—uz -b* =¢* v GALY
2a o . 0 2
En.—+21-§+2u-£—d—a . (2)
2
Er.r.E+21:.£+2w.E=d—hz . (3)
2 2 2
0 0 2c 2
1::_E+Ev-5+2u'-?=d—c . (4)
| - 3 a2
= d=a’-b -, 3”=b s , 2v=" =2 , 2w==- i Hence etc.
a b c
A sphere through the circle is x* + y? + 22 - 2ax+r? =0, z =0 is
P+ =2ax+rt +hz=0 .. (1) fora fixed 3.
A sphere through the circle is x? + y? 422 42 =0, y=0is
2+ - py=0 .. {2) fora fixed p.
If (1) and (2) were to cut orthogonally,

0 0 g
then (-2a) E+U-§+l~i=rl ~r* must be true.  But it is true for any ) and p.

Any sphere passing through the first circle and any sphere passing through the
second circle cut orthogonally.
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4.

Let § =’ +;|:1+:2+2ux+21:r+2w:+d=ﬂ-,
S'Exl+_]|’2+:2+2u'x+21”}‘+2w':+d'={}.
S"l:-:'z-l-_l-'2 +:1+1H'J+2P'}'+Ih":+d"=ﬂ-
Let §=0 cut orthogonally §'=0 and §"=0.
2o+ 2w+ 2ww' =d +d' e (1) 200"+ 2w+ 2ww"=d +d" ... (2)
Given sphere is AS'+uS"=0,(L+u=0).
ie. x1+y3+:1+2(lu'+pu"}x+2{lv'+pv"}F+E{lw'+uw'}:+ld'+ud'=ﬂ
A4 A+ A+p A+p

If this sphere were to be cut orthogonally by §=0. then

2 (hu'+ pu") 2 (Av'+pvT) 2 (Aw'+ uw") Ad '+ pd"
Py — Ly T 0w, e ..l
2 (h+p) A+ 20t A +p  Must be true.

AQ2uw"+ 299"+ 2ww )+ 0 (a0 ™+ 2vv "+ 2ww")
A+l

LHS. =

" Ad+d)+p(d+d")

using (1) and (2)

L+
_{l+u‘,ld+i'-.d'+|.1d'= Adpd”
Ay d+_l+u = RH.S.

Hence the sphere §=0 cutting orthogonally §'=0 and §"=0, cuts orthogonally
AS'+uS" =0,

Let § =2 +;|:1+:2

—r? =0 be a sphere.

Let 4(x;, ».25). B(xs, 5. 21) be conjugate points w.r.t. §=0.

- The polar plane of B ie., xx, +yy; + 225 —r? =0 passes through A.
XjXs + W)y + 5129 =12 =0 w (1)

The sphere having AB as diameter is

(x— Wx—x2) +{y—Ny-y)+(z—z (z-27)=0
ie., x2+}-'2+22—|{11+13]r—{}*|+y1]_v—[z;+:1}:+.r|r2+y|yl+:|zg=ﬂ . (2)

If the sphere (2) was to cut § =0 orthogonally, then

] 0 0
—(x +4’3]E—{ﬂ +}‘2}-E—{:] +tn). o =Rty +an ~r* must be true.

It is clearly true from (1).
Hence the sphere on AB as diameter cuts the sphere 5 =0 orthogonally.
A plane through the points

A(a,0,0), B(0,5,0),C (0,0,¢) is Z+L4+Z-1=0 o (D)
a b ¢
The sphere through O, 4, B, C, is x* +y3 +2* —ax—by—cz = . (I

. the circle through the points A, B, C, is given by the equations I, 11
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Any sphere through the circle given by 1. 11 is

:-:1+_1:1+:2—m—hy—¢':—l[£+£+£—l]=ﬂ e (1)
a b ¢

For different values of 3, (1) represents a system of spheres.

If (1) intersects the sphere x* + y? + 2% — 2qx - 2by - 2¢z = 0 orthogonally, then

(R
d 2 b 2 e 2
{az +bl+c1]

3 h

= W=—Aa®+b7+c?) = A=-

7. Let §=x+3% +22 +2uz + 2wy + 2wz +d =0 cut the spheres

| 3
¥+ +_-2+I_33_z=n_xl+_l-'1+:2+E,r+i_l-'+2=[l orthogonally.
I 0 -3
ugo Toom( 2)=d-2 je, wdwed-2 . (1)
I 3 :
and EH.E+IF.E+IH'.D=J+E i€, u+dv=2d+4 .. (2)
Since § =0 passes through (0, 3, 0), (-2,-1,-4)
we have 6v+ d =-9 e (3) —du-2v-Bw+d=-=-21 .. (4)
From (3), 6v=-d-9 :rz_d_g .
- from (2), n+3[ﬂ]:2d+4:} :.-:E+E.
4] 2 2
From(1). 3w=E+E—d+2=E+E:& w=£+E
2 2 2 2 2 2

. From(4), —|Dd—34+%+3—4d—23+d=—2| = d=-3

The required sphere is x? +y2 + 22 +2x-2y+42z-3=0.
8. Equation to the sphere with (1,2,-3),(5,0,0) as the ends of a diameter is
(x-D(x-5)+{y-2)(y-0)+(z+3)(z-1)=0

—_3 .rz+_pl+:2—ﬁx—2y+2:+2=ﬂ - (1)
Its centre =(3,1,-1) and radius n = J(O+1+1-2)=3.
Given sphere is x? 4 y? 4 2% = 2x -4y -6:+10=0 w {2)

Its centre = (1, 2, 3) and radius », = J(1+4+9-10)=2.
. d = distance between the centres of the sphere (1) and (2) = ,/(4+1+16) = J21.
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10.

11.

If & is an angle of intersection of the spheres. then

2 £ .
cosf="1"72 " il 2 o I[_E]
2nm i W 3 3}
Given spheres are x> + y? 4+ 2% = 2x -4y -6z-11=0 e (1)
and x? +y* 425 +2x-y+12245=0 we (2)
- radical plane of (1) and (2) is 4x+3y+12z+16=0 - (3)

- Any sphere through the circle (1), (3) is
240 42t 2 —dy—11+A (dx+3y+12:+16) =0 .
If this sphere passes through (1, -1, =1), then
1+141-2+4-1+A (4-3-12+16)=0 ie, A=6/5.
. Equation to the required sphere is 5(x* + y* +2°)+14x -2y + T2z +41=0.

Given spheres are §=x? +3% +22 +4y=0 .. (1)
5"=1'1+}=2+32+Jx—2_}!+ﬂz+ﬁ=ﬂ ai 2]
S"=.rz+}=E+31+Ex+2}'+23+2=ﬂ us (3]

Radical plane of (1) and (2)is §-5'=0.
= =3x+6y-8z-6=0 = 3x-6y+82+6=0

Radical plane of (3) and (1) is x=y+z+1=0
The Radical line is the line of intersection of the radical planes and its equation is given
by 3x-6y+8z4+6=0=x-y+z+] or x-y+z+1=0=3x-6y+8z+6

Given spheres are _r2+_y2+:1+2,r+2_}*+2:+2=ﬂ - (1)
1-1_._},3_,_224_4_1-_,_43_,_4:1] e (2)
X+ 4zt +x+6y—4z-2=0 s (3]

Let P(x;,».5) be apoint such that the lengths of the tangents to the spheres (1), (2).

(3) are equal.
:-:|I +;r|1+:|1 +2dx +23 +22 +2=ri2 +_'|:|1I +:|.2 +dx +4z +4
=x|"_:+j-‘]2+:|1+.r]+ﬁy|,~4:|-—2
= 2x -2y +25+2=0, 3x; -6y, +82)+6=0, x; -4y, +65+4=0
Locus of P is the intersection of the planes
x=y+z+1=0, 3x-6y+82+6=0, x-4y+6z+4=0

Equations to the line of intersection of the first two planes are

x-0 y-1_z-0
2 5 3
MNote that this line of intersection lies in the third plane.

(c0-4(D+6(0)+4=0,2.1+(-4)5+6(3)=0)

(Expressing in symmetrical form)
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Locus of P is the line intersection of the three planes and its equations are

-l

B
2 5 3
12. Find the radical plane of spheres (1), (2) and also the radical plane of the spheres (1),
(3). Then express the line of intersection of the radical planes in the symmetrical form.
EXERXISE 6 (f)
1. Given coaxial system of spheres is
4y 20 —20x 430y -402+29+ 4 (2x =3y +42) =0

EIJ—E}L‘ 34-30 , 4[!—41) -

2 2 2

3 2 2 1
mdius=ﬁ[m—ﬂ] +[3A—3u) +[4ﬂ—dl] _Eg]
2 2 2

For limiting points of the system, radius = 0.

2 2 2
. [1{}—21] +[JJL—3[I] +[4D—4l] _29=0
2 2 2

Its centre :[

= A2-201+96=0 = A=12,8
- Limiting points are (-2,3,-4).(2,.-3.4)
2. Any sphere of the given system is 2 +},-1 + 1%+ Dhx+ W+Ie-G+30)=0 ... (1)

. =h =3A

Its centre is [-"I"! 5 T] and radius

. 2 e 2 ' 2 3
= [E] +{_}"] +[ﬁ] +5+3% - ‘JII‘I-}L +120 420
2 2 2 -

Given plane is 3x+4y—-15=0.

[-30-20-15| 1412 4121420
"u'r31+42 2

By data, sphere (1) touches the plane (2) =

= 4(A+32 =122 4120420 = A=2,-4/5
Putting these values of 3 in (1) the required equations of the spheres are
Pt 42t 1 ax42p+62-11=0 and  5(x* +1% +22)-8x-4y-122-13=0.
3. () Given spheresare x* + y? +:22 +3x-3y+6=0, x> +y* +z2 —6y-6:+6=0.
. Radical plane of the two spheres is x+y+2z=0 .. (1)
Equation to the spheres of the coaxal system with (1) as radical plane is

x? +_v2 o +3x=3y+b6+A(x+y+22)=0.
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Now proceed as in Ex. 1.
(if) Given spheres are §=x? +y? +22 —8x+2y-22+32=0 and
S'=.tl+_pl+.-'2—'f.r+:+23=ﬂ.

Equation of the radical plane n is givenby §-§'=0 = -x+2y-3z+9=10
Equation of the co-axial system is given by S+in=0

=3 Xl+}"2+=1—E.r+2y—2:+32+l{—x+2}:—3:+9]=D
= 24y 422 4 (B=A) X +(2420) p+(-2-30) 2490 +32=0

= (2 +17 +20)+ (8= x+(2+20) ¥+ (=2-30) 2+ (91 +32) =0

_[3+:-L —{(2+21) 2+31]
centre 9 * 2 # 2 5

2 2 2
radil.ls=\([3:l] +[2-‘fl] +[2_;3l] (9L +32)

for limiting points, radius=0

2 2 2
:}\’[EH&J +[2+11] +[:+31] Bhragisg
2 2 2

= (B+A)" +(2+20)° +(2+30)° -4 (9A+32)=0

= A +160+64+402 + 4+ 80 +9A% + 4 +12A-360—128=0

= 1432 +72-128=0= 1432 -56=0= A?-4=0 = h=%2
Case-(): 1=2, limiting point is (5, -3, 4)
Case - (i) : »=-2, limitingpointis (3,1,-2)
5. Let A(a,b,c) and B(p,q,r) be two fixed points.
Let P (x;. 3. 5) be a point such that p4=nrB.
PA=nPB < PA* =n’PB’
& (x-a) + (- +(z - o) =[x - p)* + (01 -9 +(5 -1)*]
= {;r]z+}-'|I+:;2—2:&:‘.—2!:'_11.—2{.*:1+u1+bz+{:1}
—n? [:-:II +y]1+:i?—2;xr|—2qp| - 2rz +p1+q2+r2]=ﬂ'
.. Locus of Pis (x* +3% + 22 —2ar—2by -2z + a* + B + %)
—nz {:rz+;.'2+:1—2px—2qr—1r:+pz+qz+r2}=ﬂ-
It is the form 3, S+20,8" =0 (A =14y =-n?)

where §=0,5" =0 are two spheres.
Clearly the locus represents a coaxal system of spheres with radical plane 5-5'=0.
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ﬁl‘

For a coaxal system of spheres limiting points are (-1,2,1) and (-2,1,-1).
- Equation to the limiting point (~1,2,1) is (x+1)? +(y-20 +(z=1)* =0

and equation to the limiting point (-2,1,-1) is

x+2P +O-1P +E+1)’ =0 = x* +y* + 22 +4x-2y+2:+6=0.

. Radical plane of the coaxal system is x+ y+2z=0,

Let a sphere be x? 4+ 3% + 2% 4+ 2ux 4 2w+ 2wz 4 d =0 wa (1]

If it cuts orthogonally the spheres

11+}'2+:1+Eu'x+21:'}'+2w':+£.r“=l] .. (2)

and xz+}'I+_-'2+1u".r+2v“_p+2w':+d':[l v NN

then Zuw'+ 2vv'+ 2ww' = d + d’ e (4)
2uu"+ 2w "+ 2ww =d +d" O { |

Equation to the coaxal system of spheres with (2) and (3) as its members is

¥’ +J"1 + 22 +2u'x+2v"y+ 2wz +d+ A2 (" -u") x

+2(v'- ") y+2(w'-w")z+(d"-d")|=0.
If (1) cuts the system orthogonally, then
2"+ A (u'-u"u+2[v'+A (v'-v")v+2[w+d (w—w")]=d+d"'+A (d'-d")
must be true.
L.H.S. = 2uu'+ 2vv"+ 2ww'+ A [(2un'+ 2vv"+ 2ww") — (2o '+ 200 '+ 2ww)|
=d+d'+A[d+d'-d+d"] =d+d'+)[d'-d"] =R.H.S.

Hence the sphere which intersects two spheres orthogonally will intersect every member
of the coaxal system determined by them orthogonally.

Given radical plane is x+ y+ 2z =10 . (1) One limiting point is (-2,1,-1).
Take (-2.1,-1)as centre and radius as zero.

Then the equation of the sphere is (x +2)° +[;p—1}2 +z+1PF =0

= P+t +22 +4x-2y+2:+6=0 e (2)

Equation of the co-axial system of spheres is §S+3n=0

=5 ::1 +}-'2+.:I +dx-2v+2z+6+A(x+y+22)=0

= x° +y2+.-2 +(4+A)x+(A-2)y+(2A+2)z+6=0

_[u{4+.1'..} ={Ah=2) —{114—1}}
centre = b , 5 )

2 . o 2
| _@4+DY (0=-2F [(2h+2)
md’"“\« > J +[ > ] +[ 2 J o
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for limiting points radius = ()

2 2 2
[4+1J +[l—2] +[21+2] —6=0
2 2 2

@+ +0 -2+ (42 -24=0

= A2 +16+8h+ A% —4h +4+40% +4+80-24=0
= 622 +12h=0 6AA+2)=0
=Ai=0A=-2
Case (/): When A =0. Limiting point is (-2,1,-1)
Case (i) : When L =-2. Limiting pointis (-1,2,1)
9. Let the four spheres be %,,%,.%,. %, with equations
(x-a)’ +(y-0) +(z-0)’ =4’

ie, *+y +2 2mx+a’ -7 =0 ... (1)

X4y +z°=2by+b -r =0 e (2)

X4yt 42t 2ez4cf -1 =0 v (3)and ¥ 4% 428 —ax-by-cz=0 ... (4)
. Radical planes of X,,2,;%,.X:: X, £, are

respectively : 2ax—2by+b" —a” 417 —r3 =0 e (3)

2ax-2cy+c’ —a +rl —r; =0 . (6)

ax-by-cz+r’ —a" =0 wen (3]

Eliminating x, ¥,z from (5), (6), and (7).

2a -2b 0 1 1 0
2a 0 2c|=4abc|l 0 Il|=-dabcz0
a -b -C | | |

~. Radical planes (5), (6), (7) have a unique common point (x, ¥,z

and the spheres represented by (1), (2), (3) and (4) is the radical centre,
Now (5)+(6)-3(7)

= dax—3ax-2by +3by-2cz +3cz +b" 20" +3a" +¢7 +25 =35 - -5 =0
Sax+by+ez+a +b +c (i +r5 +15)=0 D ax+by+ez =0

- (x, v.z) should satisfy the equation.

. The radical centre of the four spheres lieson ax+by+z=0
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THE CONE

Exercise 7(a)
If 1,m,n are the d.r.’s of the generators lying on the cone.

Then the equation to the generator passing through the origin % e e
I 1

Eliminating I,m,n from 32 —4m® +50% =0
The equation of the cone is 3x> —4y° +522 =0

Equation to the generator through (o p,y) is 'T_If'l a2~ D
m n

= I,m,n satisfy the equation al +bm® +cn® =0

= a(x—o) +b(v=PBY +¢(z-7)° =0which is the required cone.

Exercise 7(b)

The equation tot he cone passing through the three axes can be taken in form

fir+gex+hy=0 ... (1) The |ine$=f'_"?=;i lies on (1).
< d.r.’s (1,-2,3) satisfy the equation (1).

= [N+ g(NM+h(D(-2)=0 =6/ -3g+2h=0 e TRy
Similarly the line %:%:% lieson (1)

& fM+g)(2)+h2)(N=0= f+2g+2h=0 ... (3)

, & g h S _g _h_ [t h
5’“""‘"5(2}““‘”3]—ﬁ-4=z_1z=|z+3:"_m=_m=ﬁz"§ =

2 g

. Required cone is 2yz+2zx=3xy=0

Equation to the cone containing the coordinate axis be ayz +bzx+cxy = 0.

Thelines Z=2 =2 = _2_2 and T2 _Z gre the generators
1 =2 3 -1 1 1 5 4 1
= a(=2) N+ M+e()(=2)=0=6a-3b+2c=0 —
a(M+bM(=Dse(=N()=0=a-b-c=0 |
a(d)(D+b6(D(5)+c(3)(d)=0=4a+5b+20c=0 S | |
Sﬂlviﬂglﬂlld[l: 2 = b .— & :}E=E=i
3+2 246 -6+3 5 8 -3

. Required cone is 5z +8zx—3xy=0.
Equation to the cone containing the three axis as generators is

54
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avz+bzx+exy=0 ... (1) Also the lines §=%=% ..... (2)

—

L. N
R (3) and 115

are generators of the cone <

a(S) M+ B3)+c(3)(5)=0 =5a+3b+15c=0 ... |

a(-} (2D +b (2D M+c((-1)=0 =2a-2b-c=0 ... 1l

and a (5)(B)+bB)(=1D+ec(=11)(5)=0 = 40a-88h-55¢=0 .... Il

S wes ()

g . =2 _ F :,i=i=i
3+30 30-5 -10-6 33 25 -6
~. Equation to the cone is 33z +25zx - 16xy =0
Exercise 7 (¢ )

Solving I and IT we get

1. (a)Let aline of intersection be ;=l -
mr n

It lies on the cone and on the plane = /> +9m® —4n”> =0 and /+3m-2n=0

eliminating /, (2n-3m)* +9m> —4n* =0 = m(3m-2n)=0=>m=0,3m-2n=0

(i) Let m =0, then I-lnzﬂ:&%z%z?. - Equation to the line is §=§= :

(ii) Let 3m-2n=0,then /I=0=

L || B

.5 s ¥
>=3" - The line is 5

= =
(=T

(h) Letthe line be %: . It lies on the cone and on the plane

y_2
m n
= Imn+14nf =30im=0, 1 +Tm-5n=0.

Eliminating 7, 3mn+14n (5n—Tm)—30m (5n—Tm)

= 6m> —Tmn+2n> =0= (2m—n) 3m—2n)=0=>2m=n or 3m=2n

(/) Let 2m=n then /+Tm-5(2m) =0 ={-3Im=0=

I m n £ TR - '
! —=— - Equation to the lineis £ =% -
31 2 A 3

(if) Solving |+ Tm-5n=0.

i
2

! m _n . . x oy oz
0./+3m-2n=0= e . Equation to the line is T g

- X y =z
2 (@).Let the cone intersect the plane along the generator T = ; ;

s (/,m,n) satisfy the cone and the plane
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(b)

(€)

S MW+ma+5n=0 (1) =m==0CGI+5n) .. (2)
Also 6mn—2nl+5lm=0 ... (3)

Substituting from (2): =6 (3/ + 5n)n—2nl =51(31 + 5n) =0

=12 +3In+2n* =0 = +nm)(l+2n)=0
=f{+n=0 ... {4) and [+2n=10 e (3)
Solving(l)and (4): /+0m+n=0, 3 +m+5n=0

| m n I m n

“0-1 3-5 1-0 1 =21 =

Solving(1)and (5) [+0.m+2n=0, W+ m+35n=0

- = = .
0-2 6-5 1-0 -2

/ m " I m n
| l

Hence the d.r’s of the two lines are (-1.-2,1) and (-2,1,1). If ¢ is If @ is the angle

between the lines then

(-D{=2)-2()+1(1) 1 TR
0= =— = ~
Sl e 8 Ty s T e [ﬁ)

Let the line of intersection be =2z
[ m n
Sltmen=0 - (1) and  6/m+3mn—2nl =0 s {2)

Substituting from (1) { =— (m+n) in(2)
—bomi{m+n)+3m+2n(im+n)=0

= 6m> +mn-2n> =0 and = (2m-n)(3m+2n)=0

= 2m-n=0 e (3) and 3m+2n=0 e (4)
Solving (1)and (3)ie., f+m+n=0, 0.i+2m-n=0

I _m _n t _m_n

=1=2 0+1 2-=0 -3 1 2

Solving(1)and(4):ie., [ +m+n=0. 0./+3m+2n=0

P B B s B

2-3 0-2 3-0 -1 -2 3

~. The d.r’s of lines of intersection are (- 3,1,2)and (-1,-2,3).
Lines of intersectionare =~ =2 -Z and L =2 =%

-3 1 2 -1 =2 3

It 6 is the angle between the lines
mﬂ=[-3}{-l}+](-z}+2{3}=l l:}E.:ﬁﬂa

Jor1+4 Ji+4+9 14 2

Let the linebe 2 =2 ==
M "

It lies on the cone and on the plane < 20/* + 7m” —108s° =0and 10/ +7m—6n =0

Key to A Text Book of B. Sc. Mathematics - | (A.P.) (2nd Semester)
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2
I{H+Tm] ~0

Eliminating n, 20/* + 7m’ —IUE[ F
= 200% +Tm* =3(100 I* + 49m* +140 Im) =0

=20 +3m+m> =0= (2 +m)(l +m) =0
=2+m=0 ..(3)and j4m=0 eer (4)
() Solving 10/ +Tm-6n=0 ... (2) 2U+m+0.n=0 ...

/ m i i m ]
] ] :}_=_=_
0+6 =12+0 10-14 3 -6 =2
(i) Solving 10/ + Tm-6n=0 v (2) 1 +m+0n=0 ... (4)
) m n [ m n

—] = —
0+6 —-6-0 10-7 2 -2 |
- Angle between the lines of intersection is § where

3(2)-6(-2)-2(1) 16 _|[IE-]
" e, W’ M, '’ S PPy W o) ek
0436 +4yad 4441 21:} o8

(e) Let £ =2 - = be a line of intersection
[ m n

cosB =

then 8mn+3nf=5im=0 and 4/ -m-5n=0.
Eliminating m . 8n (4] —35n)+3nl -5 (4] —=5n) =10

=1 3m+2? =0 (-n)(I-2m)=0 =I-n=0o0r [-2n=0

(i)Solving [ -n=0and 4/ -m-35n=0 :;%:%:?

I m n
(ii) Solving /-2n=0 and 4/-m-5n=0. St
; 1{Z=-13)+1{1
“. Angle between the lines cos8 = (2)-16)+1(1 —0=0=1
J1+1+1J4+9+1 2
Let the line of intersectionbe = =2 =2
m n
~o (f, m_n) must satisfy the cone and the plane
ul+vm
wltvmtwn=0 Sp=—"-— (Nand al® +bm®> +en” =0 ... (2)

(ul+vm)

= =)
'HF1

= aw l* + bwrm® + c{uzf}' +vimt +2uvint) =0

= {:.-wz +w.r2}+ Efm{m'}+m1{bw2 +-r:r2} =)

Substituting (1) in (2) al® +bm* +¢

2
::r[i] [W1+t'u1]+2mi+[h4‘2+t'l‘z}=ﬂ
Fii fi

K(87)
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f
which is a quadratic in [LJ Let be roots be L] and —-
m m ma

. .!l_| .fz - bH-"z +ﬁ-’2 !lirz _ myniy
= | ) g e e T e g
| 2 aw” + o bw” +cv aw” + il

by symmetry each = — 12 __ _j
av’ + b’

The lines of intersection are at right angles < /5 + myms + mpny =0
= | [[h“,z +c1.ﬁz;)+||1r::4rE +aw1}+{m-2 +hu1j} =0

2

:}{h+r:']ﬂ'z +{c+a) - +{a+byw =0

4. Letoneofthe linesbe ~=2 == Line lies on the cone and the plane

£

m R

s mn+nl+im=0 and al +bm+cn=0

ﬂHbmJH’m:D

Eliminating n, (m +ﬂ[—
5

iy !
= al* +(a+b-c)Im+bm* =0 :u[;] +{ﬂ+ﬁ"—¢'}[;]+b=ﬂ

Let the roots be /; /my and /5 /m5.

LA b b b mm  mm

Y niy ;:Uﬂ_{l.fh} 1/e {S}'mm-}

The lines will be at right angles < |/l + mm; +mn, =0= l+l+1— =0

a b ¢

. In the given cone Co.eft. of ¥t + coeff. of v +coeft.of 22 =0
=h=c+c=a+a=-b=0
Hence the cone contains. sets of three mutually perpendicular generators.
Mow the plane [x+my+nz =0 cuts the cone in perpendicular generators

«» the normal of the plane with d.r.’s (/,m,n) lies on the cone

= (b-c)I? +(c—a) m* +(a—b)n” +2fmn+2gnl + 2him =0
. By worked example 5. The angle between the lines of intersection of the plane

x+y+z=0 and the cone ayz +bzx+exy =0 is %-;:}!_+l+l:|]

a b c

In this problem, I—+%+]—:}{.’J—f]+(f—a]+{a—b]=ﬂ
o L

Hence the angle between the lines of intersection is n/3.
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EXERCISE 7(d)

1. (a) Given base curve is z=2, x> +y* =4,

(B)

(c)

(d)

Homogenising the conic x* +1% =4 with the equation of the plane = =2 we get

32
x*+y° =4[§) — x* + y* = z* which is the required cone.

Given spheres are S=x" +y* +z°

+x=2y+3z=

S=x’+)? +z2 +2x-3y+4z=5
~. Equation to the common plane of intersection is 5-8'=0=x-y+z=1.
Homogenising the sphere S = 0 with the plane equation we get the required cone as
x° +y2 +25 4 (x=2y+3z)(x-y+2)-4 {.r—y+:}2 =0
Homogenising the conicoid equation % + _1.:2 —z* ~2x+1=0 with the plane equation
p.

z=3 we get the cone xt +.'F2 -2 ‘Ix(i]“(i] =0 =9x% +9y* 8" —6zx =0

Ix +my + nz 1
P

Homogenising the equation of the conicoid we get the required cone

Given plane Ix+my+nz = p=

32
:lm.z +by1 H:___; :[f:+m_}-r+n.-J
P

2224 2mxy + 2mnyz + Inizx

—° pl{mz +.E=_1J2 +ez?)=Px? +m2}'1 + 1
== [ﬂfll -2 ]Jf2 +{.’:rp2 - mlj}ﬂl +{.|:'p1 — i ]}'2 — 2lmxy - 2mnyz — 2nlzx =0

Equation to the sphere through the point (0, 0, 0) be

11+y2+:2—2"x—2v_1:—2w::=l] ..... (1)
The plane £+§+£=I cuts the axes at A (a.0.0), B(0,5,0) and C (0,0, ¢)
[} [

A lies an the sphere (1) < @ -2ua=0 = 2u=a, similarly 2v=5, 2w=c.
Hence the sphere OABC is x* +y? 422 —ax-by-cz=0

Homogenising the sphere with the given place we get

X’ +y2 +22—(ax+b V4 z}[£+'§+£]=ﬂ
a c

b ¢ C . a b e .
= yz| oty [t~ [+ 0| T+ =0, which is the required cone.

& i

Let f(x,y)=ax® +by" +2hy+2gx +2fr+¢=0
Homogenising the equation with the help of = =& we get
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o = o 2
ax® +by* +3hn’+?ﬂ(i]+1ﬁ[i]+f[i] =0.  Multiplying (k / *) we get

1 [l 1 El
a[iﬁ] +b[;¥] +2#[:?}[%?]+23[§?]+1f[%£]+&:ﬂ
4. (@) Let the equation of the generator through the vertex (-1.1,2) be

x+l py-1 -2
T s (1)

m fl

A point on the generatoris (/r—1l,mr+l,nr+2).
This point lies on the curve 3x? — y? =1,z =0

2
& 3{r=0F=(mr+) =1, prrd2ul=ra==

2 2
Eliminating » we get 3[—E_|] _[_E_MH] =1
n i
2 r S
=3(2+n) -(2m-n)y" = .. |

Eliminating /, m, n from | by using (1)
2
=3[2(x+)+-2F -20-D-(-2F =(z-2)°
=3Q2x+2) -Qy-2P =(z-2P = 3@’ +dxz+ ) - -z + 22y =27 — 444
= 12x* -4}'1 #2° +dyz +12zx +4z-4=0.
(h) Let the equation to the generator through the point (1, 1, 1) be

:-:-1=_1,r-l z-1

. =T e (1)

) i "

Any point on the generatoris | [r+L,mr+l,nr+1|

This point lies on the curve x° +yI =d. g=2

SUrsIP - MFeIP=8s mrilal=rms
n

2 2
- /
Substituting the value of », [;H] +[%+1] =4 = (I+n) +(m+n)* =4n’
Eliminating /, m, n using (1) we get [(x-1)+ (== D]} +[(y =D +(z- D] =4 (=—-1)?
= (x+z=-2F +(y+z-22 =4(z2 -2z +1)
= +y1 ~2:7 +2yz+2zx—-dx-4dy+4=0.
(¢) Let the equation to the generator passing through the

vertex (1. 2. 3) be 'rli_l="";2=:;3=r ..... (1)

Any point on the generator is | [r+L,mr+2,nr+3}
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(d)

This point lies on the curve x? + y* +22 =4, x+y+z=1

o (r+ll+mr+2P +(nr+3)% =4

and ir+l+mr+2+nr+d=l=r({l+m+n)=-5 =r=

2 2
51 -
. Substituting in (2) [.’+ s +l] +(!+ ;T” +2] +[

. (2)

f+m+n

—5n

{+m+n

= (m+n=a +(2n+20=3m)" + (31 +3m=2n) =4 +m+n)*

— 512 +3m% +n® —6mn—4nl -2m =0

2
+3] =4

K(91)

= S(x=12 +3(y=-2P +(z=-3)2 -6 (y=-2)(z=-3) -4(z-N(x-D-2(x-1)(y-2)=0

= 5x7+317 +22 - 2xy—6yz—dzx +6x+8y +102 =26
Similar to above example.

—-::,11';'-

Let the equation to the generator through (., y) be

The point (c +lk, B+ mk,y+nk) lies on the curve gy* +b_1:2 =1z=0

Sala+lk)? +bB+mk)? =1, y+nk=0=k=-T1
H

2 2
Eliminating &, u[{:—%] +b[|3—ﬂj =]

L]

Using (1) we have the required equation , g (na —!ﬂ}' +|t-1[1r:|}—1ﬁrrr]|2 =

—ala(z-7) -y (x-@P +b[B(z-1 -y -PIF =(z-7)°

=ala(z-y)-y (x-a)F +b[B(z-1) -y (=PI =(z-7)*

Any line through (a,b,¢) is ,r:a sl g8

m ]

It meets x = 0in the point [ﬂ. ET' " T]

This point lies on given curve F (y,z)=0

r.:::-F[.h . L I ]} 0 =F h""”}',”'m}u

(x- ﬂ} {x a) X—a Y-a

X —az

This meets the ZX - plane i.e. ¥=0 in the curve F[ .

]

X=d X=d

}=&y=ﬂ

1)
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EXERCISE7(e)
Let S=x?+3? 422 -2x+4z-1=0 and P=(x,.5)=(L1L1)
SSEx()+yM+z()-(x+D+2(z+1)=-1=py+3z,8;=1+1+1-2+4-1=4
Equation to the enveloping cone is Sf =85
=(r+32 =4+t + 22 —2x+dz—1) = dx? +3y2 —5:2 —6yz—8x+16z-4=0
Let S.Ex:+_y2+:1—lt—4_|:=[l. Given vertex = (1, 1, 1)
LS mx(D+yD+z(D+(x+D)-2(y+1) =2x-y+z-1, 5= 1+1+1+2-4=1
Equation to the enveloping cone is E.f =5.8
=> {Ex—}'+:—|]2 ={_rz+_}'2+32+2x—4_1!][]]

— Ix* +2yz=dxy-bx+6y-2z+1=0
The axes of the cone makes equal angles § with the coordinate axes.

- d.r's of the axis are (cos 0, cos®, cos8) = (1,1.1)

Semivertical angle of the cone is ¢ =30°. Vertex =(2,-3,5)
. Equation to the cone is [{x— 2 +(y+3) +{:—511:| (1+1+1) cos” 30°
=[|_{x—2}+|.r;_p+3}+1.{:—5}]1

= (x* +y° +2° —4x+6y-10:z +33}{3}[%]=[1+y+:-4}1

—_‘-ﬁ{xz +}'2 +.-'2}-E{_1f:+:x+.ry}-4x+ 86y -58z+278=0

i = 1 T £ = Y = i
Given Vertex = (0, 0, 0).  Equation to the axis is 243

D.r's of the axes an (2, - 4, 3). Let the semivertical angle be «.
Then the equation to the cone is (x? + 3> +22) (4 +16+9) cos® & = (2x —dy +3z2)°
The cone passes through the point (1, 1, 2)

< (1+1+4) 29c0s” o =(2-4+6)° mmf%

8
. Required cone is (x* +* +:qu[ﬁ] = (2x -4y +3z)°

= 4x” + 40}!2 £19z° - T2yz +36zx-48xy =0
Let P(x,y.z) be any point on the surface of the cone.
Hence the d.r.’s of OP are (x.y.z). The d.r.’s of the x axis i1s on {1,0,0)
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D 1+ yv0+2z0
. - 2 iy | 2. .2
Jx1+},z+:1m = (x +y2+- Jeos“a=x
='.!'1 +22 = tan’a
Equation to the axis x=3_¥=2_z-1 ' SQemi vertical angle is 30°.
4 | 3

-, Equation to the cone is [(x—3)* +(y-2)* +(z = 1)*](4* +1% + 3% )cos® 30
=[4(x=-3)+1{y-2)+3(z-DP

= (X7 + ¥ +27 —6x—4y—2:+14) (26) (3/4) =(dx + y+3z—17) etc.
Vertex V =(1,0,1). D.r.’s of the axis are (1,1,1) passes through P (1,1,1)

Equation to the axis is *—1 ¥ =0 _=z-1
1 | |

s Drsof VP =(-1,1-0,1-1)=(0,1,0)
Semi vertical angle o is the angle between VP and the axis

{0)+1.1+1.0 | - ;
=> CcosoL = N+ 1s1J05150 = i -, Equation to the cone is

(x=D2 + (P +(z=D210+1+ 0.0/ =[1 (x=D+1Ly+1(z=D]

=Syt 42 22242 =(x+y+z-2F S+ 4z -x-2y-z+1=0

,r—-1=y+2=:+l
3 3

Equation to the axis of the cone is and g = 60°

. Equation to the required cone is [(x-1)> +(y+2)* +(z + 1?1 (3* +4? +5%).cos? 60
=B(x=D+4(p+2)+5+D
= (x? )7 +27 - 2x+4y+2:46)50 =4 3x +4y + 5z +10] efc.

Let A=(1,2,2),B=(2,1,-2),C=(2,-2,1). Clearly OA=0B=0C=v1+4+4=3
— A, B, C lie on the sphere centre O and of radius 3.

“quation to the sphere is x* + y* + 2% =3°
Eq p )

Let the plane through Abe a(x-1)+b(y-2)+c(z-2)=0
It passes through B(2.1,-2) @ a-b-4¢=0 .... |
It passes through C(2.-2,1) & g-4b-c=0 .... 1l

h e

Solving land I1 : L - = = 5
1-16 —4+1 —-4+1 5

b ¢
11

Equationtothe planeis 5(x-D+1(y-2)+1(z-2)=0=5x+y+z=9
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Now Homogenising the equation of the sphere with the help of the plane

X+ y+12
X +Jf’l +2° =9[%) ::r'E'1|'Jr1+"§l')vI +9z2 = 25x7 +;|:I 2 +10xy +2)z +102x =0

= 8x? —4}'1 ~4z% +5xy+ yz+5zx =0
Exercise 7 (f)
1. (@) Let S=2x7 +2y% +7:2 —10pz—102x + 2x + 2y + 262 -17 =0

r;E=4L1v:—lﬂl:+2. r;E=4_}-'—|ﬂ:+3 E:H,:-1lfly-I'[I-*.wr-d-liﬁ-
ox oy 1
Required equations are 2x-5:+1=0 ... (1)

2y=5z+1=0 ... (2) TJz=5y=35x+13=0 ... (3)
Solving the equations we get the vertex (2, 2, 1)

(h) Let S = d4x° —yl +2:° +2xy=3yz+12x=1ly+6z+4=0

05 ds 08
So—=8x+2y+12, —==-2y+2x-3z-11 —=4z-3y
=~ x+2)y f'jp 3 X=2a e 4z—-3y+6

Mow to obtain the vertex we have to solve the equations
dx+y+6=0 ... (1),  2x-2y-3z-11=0 ... (2)and 3y—4:-6=0 ... (3)
Solving the equations we get the vertex =(-1,-2,-3)

() Let S=x2-2)2 +322 —4xp+5)z—6zx +8x =19y =22-20=0

s oS s
i 2 e Iw_ Ay = — =dyv—-A4dxr+5z-19 N g o
; =2x-4) E'+3‘Ey y-—4ax ~ﬁ=—'l5-+5,v 6x-2

Now to obtain the vertex solve the equations.
x-2y-3z+4=0 .. (1), dx+4y-5z+19=0 ... (2) 6x-5y—6z+2=0 ... (3)

Solving the equations we get the vertex point as (1. -2, 3)

2. Equationsto the plane L r tothe line il = % =

and passing through the vertex (0, 0, 0)

Lad | b4

is x+2y+3z=0 .. (1)

Let /, m. n be the d.r’s of the line of intersection of (1) with the cone
Syz—8zx-3xy=0. Then Smn-8n/-3m=0 ... (1) and

1 +2m+3n=0 .(2) === (2m+3n)

Substituting in (1) Smn +8n (2m+3n)+3m (2m+3n) =0

= m’ +5mn+dn’ =0 = (m+n)(m+dn)=0 = m=-n or m=-4n
/
(/) Let m=—-n then from (2) i==n=l=m=-n = ? _”I



The Cone K(95)

(ii) Let m=—4n then [=5n — %=_ and ==

Hence the other L r generators are %: JT = and

Let a line perpendicular to given line be == i == . (1)

Also f+m+2n=0 ... 2). (1) lies on the cone < 3mn—2nl-2im =0.... (3)
Eliminating / from (2)and (3) : 3mn+2n(m+2n)+2m (m+2n) =0

= 2m® +9mn+4n® =0 = (2m+n) (m+4n) =0

=2m+n=0 .... (4) m+dn=0.... (3)

(N Solving j+m+2n=0 ....(3) 0/+2m+n=0...(4)
.I'_m'_n:i:ﬂ:i . X Y 2
-4 0-1 2-0 3 1 =2° Thellnctsi_—_z

(iNSolving f+ m+2n=0 ...(3) O0J+m+4n=0 .. (3)

: a1 I 0.8 - Equation to the generator is %= FER

4-2 0-4 1-0 2 -4 1 1
Let (x;, »y, ) beapointon the sphere 2 (x? + 32 +2%) = 3% then 2 (xf + ) +z7) =32,
Equation to the enveloping cone of x* + % + 2% = * with vertex at (x,y,z) is
St =S8,
= (xm+yn+zy —rzjl ={_1'2 +_'|:1+:2 —rI}[IF+}r’E +:'[‘JI —rll

:{xzﬂ,z_,____:_rz][_;_rz"rz]

2(xxy+yn+zz3 —rI]I =r? {xz +;.--2 +27 —.rz}

Consider: Co.eft. of ¥ + Co.eft. 3 + Co.eft. 22

= (2 r]E —r:"‘}+ (2 _1.12 —r2}+{2 .-i'] —rz]

= 2(xf +3f +28)-3r2 = 20+ +28)-3r7 =0

Hence the enveloping cone has three mutually | » generators.

= Given sphere has three mutually | , tangent lines.

From the given cone Co.eft. of ¥* + Co.eft. y* + Coeft.z2 =b-c+c-a+a-b=0
Hence the cone contains sets of three mutually | , generators.

Now the plane I+ my+nz =0 cuts the cone in | , generators

<« the normal of the plane with d.r’s (/, m, n) lies on the cone

< (b-c) i +(c—a)ym® +(a—-b) n* +2 fmn+2gmi + 2him =0
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b.

Let P(x;, ».z) be the point from three mutually | , tangent lies are drawn to the
cone § =ax’ +by’ +cz®-1=0 ... (1)
Equation to the enveloping cone of (1) with vertex at P is §7 = Si
= (axxy + by +czz = 1)? = (ax® +by? +c2? =1) (i + by +cz =)
This cone has three mutually | » generators
& Co.eft. of x* + Co.eft. y* + Coeft.z2 =0
= .:.-le?' -a ':"':’-'IE "‘t'.‘r’i! +c-.:]2 =1)#+ .';Eylz —f:-{ml‘? +r£:_-|:|,I o 5'~'l2 -1}
+ rzzl‘j' -r:{c::.z +.!:L1J|2 +ur:.-'12 -1)=0
e —a (b +esf 1) -blaxi +ezf - —elaxf + by -1)=0
==-1:I!:'|2[b+1:'}+b_fl’]1[ﬁ‘+ a)+ r::f[a+b}=a+b+c

- Locus of P is a{b+c)x? +.‘;{c‘+a}yz +cla+b)z =a+b+e

Let P(x..z) be a point and a line through P be I_fr' :"';""' :"'_:l =r ... (1)

A point on the line is ({fr + x;, mr + y), nr+ z))

The point lies on the curve < {J'.r-r,rl}l +( mr-r_yljl =], wr+5=0=r==-—

. . |f:| : Mz o
Eliminating » we get, —?+:€1 + —T+y| =]

(1z) - nx, ]2 +(mz) —nyy ]2 =n. Eliminating /, m, n by using (1),

[(x—x))2 —xy(z -3 ]]2 +|(r=n)z-(z-3 1}112 =(z-7)?
Cone has three mutually | generators
o Co.eft. of ¥? + Coeft.y* + Coeft.z? & 4z +x+y—1=0
Locus of Pis x? 4+ % +2:% =1
Let the equation to the plane at a distance of @ from the origin be lx + my + nz = a where

I,m,n are direction cosines. Homogenising the equating of the sphere with that of the

L1r+1':ri__'|:+1*r:]2

plane x* + _rz +2% =347 [ Co.eft of ¥* + Co.eft of _1,-1 +Co.eft of =2

a

= (1-3)+(1=-3m)+(1-3n") =3-3(1* +m* +n’)=3-3=0. Hence the problem.

EXERCISE 7(g)
Given cone is 3:1 +al;,:2 +5:2 +2yz+dzx+6xy=0.
= a=3b=4,c=52f=22g=4,2h=6
It is required to find the reciprocal cone.
A=be- 2 =4(5-(* =19 F=gh—af =2(3)-3(1)=3
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B=ca-g? =53)-(2¥ =11 G =hf —-bg =3(1)-4(2) = -5
C=ab-h =X)-(3 =3 H=fg-ch=1(2)-53)=-13

. Equation to the reciprocal cone is 19x +11y* +3z% +6yz — 10zx — 26xy = 0
2. Let the equation to the cone passing through the

three coordinate axes i1s ayz +bzx+cxy =0 . (1)

This cone contain the normals of the given planes x+y+z=0 and 2x-y+z=0.
< The normals %=%=% and %=_—;=% lieon (1)

< a)(D+BD)M+c()(1)=0 =a+b+c=0 (3)

and < al-3N(DN+D(D+e(2(-3)=0=3a-2b+6c=0 ...(4)

Solving (3) and (4) we have g =£3=i5

Hence the cone (1) is 8)z-3zx-5x=0 .. (2)
The reciprocal cone of a=+bzx+exy=01is
ax* +a'-.r2:|=1 +crz* -2boyz - 2cazx-2abxy =0

Similarly the reciprocal cone of (2) is

64x® +9y7 +252% = 2(=3) (-5)3z - 2(-5) (8)zx - 2(8) (-3)xy = 0
= 64x +93% +25:% —30yz +80zx +d48xy =0

3. Givenconeis 2x* +3y” +4:° + 2z +dzx+ 60y =0 ... (1)
. a=2b=3c=4, f=l,g=2h=3.

A=be-f*=(3)(4)-1=11; F=gh-af =2(3)-2(1)=4

B=ca-g’ =4(2)-4=4; G=hf —bg=3(1)-3(2)=-3

C=ab—h2=2{3}—9=—3: H=fg-ch=1(2)-4(3)=~-10

-. Eqution to the reciprocal cone of (1) is 11x + 437 - 327 +8yz —62x - 20xy =0
T 2 3

4. Equation to reciprocal cone of g’ +.i:-;.-1 +ez? =0 is I_=-"’JT=“_:|]

a c

Similarly the reciprocal cone of 2x* -3% + 2 =0 is

2 2 2

X oz 5

T = _="_=0 2 a1 o

23 ] = 3x"-2y" +62" =0

The plane / x+m y+nz =0 touches the cone 2x* -3y + 22 =0
«» The normal of the plane lies on the reciprocal cone
3% -2y? +62° =0 & 31° -2m’ +6n0" =0.

5. Let the equation to the cone passing through the three axes be ayvz + bex+exy=0... (1)
Now the normals of the planes.
x—v+z=0 ..(2), 2x+3y+z=0 ..(3)and dx—y-5z=0 ...(4)
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licanthe cone (1) < g-b+c=0, 3a+2b+6c=0 and 5a-20b-4c=0.

Solving these equations we get % - g = ij

~. Equation to the cone is 8yz+3zx—5xy =0 s {2
Now we write be reciprocal cone of (5) as 64x% +9y? +25:% +30yz +80zx —48xy = 0

Clearly the point (1,1,1) lies on the cone.

x—=1_p-1_z-1]

I 1 1

~. Equation to the generator is

Equation to the cone is S= 2+ 1_1:3 -3z2 +2yz=5zx+3xy=0

Equation to the tangent plane at P (1,1,1) is S, =0.

=x(N+2y (=3 (D+[y (D+1(z))] —%l-’ (1+1 {x}l]+%[r (M+1()]=0

= 2x+dy-6242y+22-5z-5x+3x+3y=0
=9y -9z =0 = y—z=0.
Exercise 7( h)
Any cone through the intersection of the line cones is § + 48 =0
=t =23 +327 4y + Sz -6y + A2x0 = 3% +42% —Syr + 62— 10xy) = 0
The line with d.r.’s (1.1.1) lies on it

©1-243-4+5-6+A2-3+4-5+6-10)=0= A=~

. Equation to the cone is

X —2_}-'2 +322 —dyz +5.:r—ﬁ.1}'—%{11'2 —3;,-'2 +4z7 -5z +6zx—10xy)=0
Any cone through the intersection of the given two cones is

27x% +20)% -32:% + M(2pz + 2x - 4xp) =0

Let us take the other plane passing through the lines of intersection be [x +my+nz =10
(1) must represent the pair of planes

= 27x% +20y% - 3227 + M(2yz + 2x - dxy) = (3x+2y—42) (I +my + nz)
Comparing the coeffs. 3/ =27,2m=20,-4n=-32 =I/=9m=10,n=8

~. The other plane is 9x+10y+8z=0
We can verify by comparing with the coeffs of »=.zx and xv. Hence the problem.



CUNIT-V)

THE CYLINDER

Exercise 8 (a)
Let P(x;, . ;) be a point on the cylinder

~. Equation to the line parallel to the line

Led | By

x_Y
|

and passing through P is 't_1I| = J"_,;F] == ::] =r.
= !

Any point on the line is P (r+x,-2r+y,3r+z).
P lies on the base curve x* +2y% =1, z=3
3=z

3

< (x +r}2 +2(n —2;‘}1 =1 and Ir+z=3=r=

3-3) G-z T
Eliminating » we have [.r1+ 3"] +2[}'|—3 3“ } =1
= (3x -5 +37 +203) +25,-6)* =9
. Locus of P is 3x% +6y° +32% +8yz—2zx +6x+ 24y 182424 =0
Let P (x, .2 ) be any point on the cylinder, then the equations to the generator through

X=X _Y=-N_z-3
I -2 3

P are

The line meets the plane - =( at the point

= Y oy
. X=X _Y=0 _z-3 :_[I‘_i‘ v +1‘{}]
given by ] S - 303 .

- 2
- ; : z 2z
I'he generator intersects the conic <> [J:, —?'] +2[y| + TLJ =1

32 _32
- Locus of P is [x—ij +2[}-+1T') =1:3:1+ﬁ}'1+3:1—2:r+8}':—3=ﬂ

Since the axis of the cylinder is parallel to z - axis, by eliminating z
ax? +.J':5-|:2 =2z and lk+my+nz=p

p = lx = my

"

We get ax’ + by’ = E[ ] . . Coneis nia?® + .‘;11,-‘1 +2fx +2my—np) =0

Equation to the generator parallel to :—axis and passing through P (x,y.5) is

hal.. B s TS| TP Any point on the genertor is P (x, y,r +3)
0 0 |

P lies on the guiding curve x> + y? =z, x+ y+2=1

n‘.::=-.r]2 +_1:|1 =(r+z 2 oand j+y+n+r=1=r=1-x -y -z

Eliminatingr = x* + 3 =(1-x-»)*. .. Locusof Pis 2xy—2x-2y+1=0

99
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I.l'

EXERCISE 8 (b)
x=1 y gz-3

2 I 2
. Equation to the rt. circular cylinder of radius 2 is

(-0 + =B +-1 - | (P +m?
:-[{x—l}ll +(y-2)" +(z-3)° —4]1’.4 +14+4) =[2. (x- D) +1.(y-2)+2.(=-3)]
=9(x? + 3% 427 = 2x -4y -62+10) = (2x + y+ 22 - 10)?

= Sx2 +8)° +527 —day—dyz —8zx + 22x—16y-142-10=0

Equation to the axis of the cylinder is

3
) = [Hx =)+ miy =P+ n(z=1)]

Equation to the axis is %= JT = -i:-: . Radius of the cylinder =4

. Equation to the cylinderis (x® + y? + 22 —16) (4 +1+4) = [2x+ y - 2z

=9 (x +_]ff2 + 22 -16) = dx? +.’*'2 +477 +dxy-dyz - Bzx

— 5x2 +8y? +5:2 4 dpz+Bzx—dxy—144=0.

Let A=(1,0,0), B=(0,1,0)and C=(0,0,1)

ABC is an equilateral triangle = Centroid of A ABC = circumcentre of A ABC

= Centre of the circle =(5 3 EJ

dius of the circle = [1-1) +[0-1) +{0-1) = [~
Radius of the circle = [_E] +{ _E] +[ _E] = E_,-

Equation to the plane ABC is x+ y+z=1

Equation to the normal which also passes through (0, 0, 0)
- D.r’s of the normal are (1. 1. 1). -. Equation to the cylinder is

[r_x—ﬂf +(y—0) +(z—-0)° —rz]{fl +m? +nt) = (Ix +my +nz)?
::r[x2 +y° 422 —%]{|+|+]1={x+y+_—11

= [3;-:I +3}'1 +322 —1‘,||=;-:2 +y2 1t +2xy+2yz+2=x

= x’ +;y:E +2° —yz-zx—-xy—-1=0

. . . . X=1 y=2 z=1
Equation to the axis of the cylinder is II =}1 = - =
radius of the cylinder r =2, - Equation of the cylinder is

[(x=D2 +(y-22 +(z-22 -2} 122 +22 +2) =2 (x-D+2 (y=-2) +2 (z- D]

= 12[x% + 97 +27 - 2x—dy -4z +5]=(2x + 2y + 22 - 10)°

2

= ¥’ +;|:2+: - -x=xy+dx-y-2z-5=0
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-8

Let P(x.3.5) be any point on the cylinder

x=0 y=-0 =z-0

. Equation of the generator is 5 =

Radius of the cylinder r =5

Equation to the cylinder is [x® + y? + 22 -5%) (22 +3% +67) =[2x + 3y + 6z

=49 (x* + 7 + 22 = 25) =4x* +9y% +3627 +12xp+ 36y + 24=x

= 45x% +40y% +1327 122y -36y=—24zx -1225=0

Givencircle x* +y* +z2 =x-y-z=0 ..(1) x+y+z=1 .. (2)

The axis of the cylinder will be perpendicular to the plane (1) and passes through the
centre of the sphere.

The plane x+ y+:z=1 meets the axes at A (1.0,0), B(0,1,0)and C (0,0.1)

= ABC is an equilateral trangle.

. . , 111
= Circum centre = incentre = centroid = [3155] -

| 2 | 2 | 2 3 " 7
= Circum radius = AG = [I——] +[{}——] +[{}—_] :Jj = pt =
3 3 3 3 3

By symmetry the normal to the plane through G clearly passes through the origin.

- . . X 3 4
- Equation to the axis of the cylinder i }T -

. Equation to the curve right circular cylinder is

(2432422 @3 +14 D) =[Lx+1 y+1. 2]

2

== [3.1'2 +3|}'2 +322 -2)=x _I_}Jl P +2yz+2zx+2xy

= x? +_p1 422 —yz=zx=xy=1

; . . . Xx=1_y-3 z-35
Equation to the axis of the cylinder is x:_: ="2 m—

radius of the cylinder = 3. Equation to the right circular cylinder is

[(x=12 +(y=3F +(z=5° -321[22 + 22 + (1] =2 (x=1)+ 2 (y-3) -1 (z - )P
=9[x* + 3 +2° = 2x-6y 102 +26] = (2x + 2y -z -3)°

= 0x% +9y2 +9:% _18x— 541 —90z + 234

=4,:r1 +aﬂ.y1 +:1+Ew+ﬁ: +9-dxz-12x-4dy=z

= 5x° +.'5y2 +8:2 +dyz+4zx —Bxy +6x—-42y-962+225=0
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EXERCISE 8 (c)
1. Let P(x;,»,z) beany point on the cylinder
~. Equation of the generator is . B 'F;'F' = :_3:] =k (say)

The point (k +x,2k + y;,3k + z;) lies on the sphere

& (k+x)% +k+ 1) +Ch+3) =25

= 14k% + 2k () + 2 +3:]]—{x11+_v|2 +:12 =25)=0

The line touches the sphere < 4 (x; + 2y +32)% =4 (14) (xf + )i +2f -25) =0
. Locus of P 1s |::-:+Iy-iu.'.’r.-'jl'z =14 {.rz +y1 +z - 25)

=132 +10p? +52% —dxy—62x-122-350=0
2. Try yourself as in Worked Ex. 1.
3. Let P(x,)y.z) be a point on the cylinder.

The equation to the generator is ==——1-= -,

The (r+x;,r+ y.r+2) lies on al+by?+et=1 .. (2)
a:::&a-{fr‘+.ar|'_i2+a!:||;r+_1=‘|}2+::|{.-*+:]',lI

:'.:-rzl[a+b+.t'}|+2r{a_r| + by +4:':|}+|{a_1'|1+.r'1_-]:11+£':i! -1)
(1) touches the conicoid (2)

<> &4 (ax; + by +::.-',}2 :4{a+b+-::}{:1r]2 +£1;1;|‘1' +c:|1 =1)
Locus of P is (ax+ by +z)* = (a+b+c) (ax® + by + e -1)

= (b+¢) X +{c+ a}yz +(a+ b}sl - 2abxy - 2bcyz = 2cazx-(a+b+c)=0



THE CENTRAL CONICOID

Exercise 9 (a)

1. Equation to the conicoid 3x* —6y® +92 +17=0
3 B ] }_14_ 9 . - 0
(=17) (—=17) (-17)
Any plane parallel to x+4y-2z=% can be takenas x+4y-2z=4 ..(2)
U C) N )
=3/17 (+6/17) (=9/17)
=¥ apy|-1:8_2l. n{ ”]_+239 9. gl
3 39 9 9 3

Now (2) is a tangent plane to (1) & A=

. Required tangent plane is x+4y-2:z= ig = 3x+12y-6z=117.
ot

2. (@) Equation to any plane passing through the given line is
Tx=6y+9+A(z=-3)=0=Tx-06p+2z+(9-30)=0 = Tx-6y+iz=3A-9

This plane touches the conicoid 7x% —3y% + 22 +21=0
2 2 .3
1.‘ o

I & — e — ] -— 2=~-- : —6)* +2 2
B e = (30 -9) (7" +(=6)" +21(1°)

:211+91+4=u::.{21+|}(1+4}=ﬂ::.=—%,—4

. I
Required tangent planes are (i) Tx—6y+9 —Er;:—3] =0=14x-12y—-z+21=0

(if) Tx—6y+9-4(z-3)=0=Tx-6y—-4z+21=0
(h) Equation to the plane passing through the given line is
1x+10y =304+ A 5y=32)=0 = Tx+(5A+10)y=-3A =30,

7x° Syz 3:2
——y i L] =I
['his plane touches the conicoid il T
o M LiEns ];m} s 33.]’*@-3{:--

= ?+5|::u.1~r?+2+:-.2 =15 => 22 +5043=0=> {21+3}{1+|}=0ﬂ1=—%,—1
. Required planes are (i) ?x+l{}y—3lﬁl—§[5_v—3.-]=[l = 14x +5y +9z = 60
(7)) Tx+10y=30=1(5y=-32)=0=Tx+5y+3z=30

() Givenlineisgm’;}---:ﬂ——yﬂ x=3z = x+y-3=0, x-32=0 ... (1)

Any plane passing through the line (1) is x+ y-34+A(x-32)=0= x(1+ M)+ y-30z=3
103
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: 2 .3
This plane touches the conicoid % + "'T + % =1

S 6(+A 2 +3M+2(=30 =3 =202 +20+D+1+60% =3
=22 +1=0 =H21+1]=ﬂ=~l=ﬂ.—%
Required tangent planes are (i) x+y-3=0 and
(if) :+}=—]—%|{x—33}=ﬂ =X+ y+3z2=06

3 6 9
3. The plane 3x+12y -6z =17 touches the conicoid —ﬁl’] +ﬁ}’1 —E:E =1

17 17 =17
< (3)° [—3]+uzf [FJfr{-ﬁﬁ[T]:(l?}l & 17(-3+24-4=(17 = (17? =(17)?

Hence the plane touches the conicoid.

2 2 2
Point of contact is = L m;‘n_
ap bp cp

(I 1 o (V1Y =M AN] 1 o2
:{(3) [—3]I?‘“2}[ﬁ][1?]‘[ ﬁ)( 9 ][1?]} ( I"E'S}
4. (i) Let G(x.»,z) be the centraid of A ABC .

Then A =(3x.0.0), B=(0, 3y,.0),C=(0,0,3z)

X
~. Equation to the plane ABC is I + 3 "'3:' =1 _.()

2 2 2

(1) touches the conicoid a—z + iT + :_3 =1

o LY 2 1Y, 2 1) _p a ¥
g | =—| +b5° | —| +c"| —| =I . RL_AIPE.
[Jxl} [3}1] ¢ [3:]] -, Locus of G is 3 +_1.:2 + ¥
(if) Let G (x;, ». z;) be the centroid of the tetrahedran OABC .
Then A =(4x),0,0), B=(0,4y,.0),C=(0,0,4z)

Equation to the plane ABC is ol s e (1)
4.TI 4_1-" 4:]

2 ) 2
(1) touches the conicoid « HE[LJ +b3[L] +c3[-|—] =1

4_1'|

2 ;2 2

o LpiaahG s o g
RN

Let the tangent plane be lx+my+nz=p.

tn

This touches the conicoid < g21% + b*m* + c*n® = pz
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». Equation to the tangent plane is Jy + my +nz = + \{'GIF +5om® +oint

u'razfz + b2 +ctnt

Distance from the origin to the plane = = =r
‘u'r.fz +m® +nt
ol +m? +2nt = .l'zl[.lr1 +me +HI}
= *(a® - r*)+m (b -rP)+ 0t (" -rP)=0 e (1)
X y I
Equation to the normal from (0, 0, 0) to the tangent plane is e ";:: - i L)

Locus of (1) is obtained by eliminating /, m, n between (1) and (2)

o Locus is x?(a® —#%)+ y2 (8% 1% )+ 22 (? = +*) =0

7?2 m

6. Equation to the tangent plane be fx+my +nz = J— o
if c

P ow
It passes through (o, B, y) = la+mp+ny =, [—+—+— ... (1)

a b I

Equation to the normal to the tangent plane from (0,0,0) is } = i -

Eliminating [, m, n from (1) and (2) the locus of the normal is

. ()

"

2 2 2
I:EII+I3_].J+T'_"}1 =F d g2

2 pd | a2
a b ¢
7. Tangent plane makes equal angles with the axes
= normal makes equal angles with the axes = d.r’s of the normal are (1, 1, 1)

Equation to the tangent plane is x+ y+z = p where p=+a’ +b° +¢*
Tangent planes cut the axes at A =(p,0,0), B=(0, p, 0),and C = (0,0, p)
=0A=p, OB=p, OC=p

| | f
Area of the tetrahedran =é, 0OA.OB.OC =EF3 =g(al+b1+cl}3 :

EXERCISE 9 (b)
1. Given conicoid § = av? +by2 +ezt-1=0. LetP (x;. 1. 51) be the point.
Equation to the enveloping cone with vertex at P is Si" =5(8)
= (axx) + byyy +czz) - 1)° = (ax? +by* +e2? - I}{m-]z +.E:n_1.:|2 +-.f,:|2 -1)
Cone contains three mutually | » generaters
& co-eft. of .2 + co.eft. of y? + co-eft. of 2 =0

:}::rz.qz—u{mf +|'[l’|2+|’£|2—1} +.E72;p,=|2 —.'Eﬂ-l[.ﬂ:r]1 +.fJ"_|."|:2+|’.':i?—]:|'
+c*zf —claxt +byf +ez{ -1 =0
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::a{b}f +c:$-|}+b(::':]1+:1r$-|}+c{:1rﬁ+by.2nt]:l]
o Locus of Pis a(b+c)x® +b(c+a) y* +e(a+b) 2% =0.
Let P(x, 3, z) be a point on the generator || to the given line.

. Equation to the generatoris X~ _ Y= N __=731 _ . (1)

||ﬂ|2 _bl a c
Any point on the line is Q {x,, y +rlat —8°, 5 +er} -

2
@2 2 2 [_}'|+r‘\|lﬂ2--f?1]

£
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Y-
+[..|+Ef} 1

Q lies on the ellipsoid 5+ +—=5=1 oL+
a b a2 b2 2

Line (1) is tangent line to the evlinder < Disc = 0.
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SRI KRISHNA DEVARAYA UNIVERSITY
B.A /B.S¢ Degree Examination Apri/May 2018
SECOND SEMESTER
Part 11: Mathematics
Paper I1: Solid Geometry (New Regulation 2016-17)Common for B.A/B.Sc)

Time : 3 hours Maximum : 75 marks

SECTION - A
I. Answer any Five Questions. (5 x § = 125)

1. Find the image of the point (1, 3, 4) in the plane 2x — y + 2 =13,
Ans. Refer Problem 20(1), Page No. 73.
2. Find the equation of the plane through (1, 0. <2) and perpendicular to the planes
2x+y—z=2,x—-y—z=3.
Ans. Refer Example 5, Page No. 47,

3. Find the equation of the line through (1, 2, 3) and parallel to the linex -y + 2z =5,
3x+y+z=06.
Ans. Does is Problem 21, Page No. 73.
x+4 y+6 z-1 .
4. Prove that 3 = 5 =5 and 3x-2y+z+5=0=2x+3y+4z—4 lines are
coplanar and also find their intersecting point.
Ans. Refer Example 4, Page No. 87.
5. Find the equation of the shperes passing through the circle x* +y* + 22 =4,2=0
and itneresected by the plane x + 2y + 2z = 0 in a circl eof radius 3",

Ans. Refer Example 3, Page No. 42.

6. Find the radius and centre of the circle of intersectio of the sphere x° + y* + z° =
25, 2x+3y+2:=9,

Ans. Refer Problem 3(i). Page No. 144.

7. Find the limiting points of the coaxial system of the sphere determine dby the
spheres x* +y* + 2 —8x+ 2y - 22+ 32 =0, x*+py +2¢-x+2+23=0.
Ans. Refer Problem 4, Page No. 173.

-
=

x oy ,
8. Show that —= i] = —p isa generator of the cone 5yz + 8zx — 2xy = (.

Ans. Refer Example 2 Page No. 179,

9. Find the equation of the right circular cone whose vertex is (0, 0, 0) axis the line
x =1, y =21, z = 3t and whose semi-vertical angle is 60°,

Ans. Refer Example 4, Page No. 195,
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10. Find the equation of the cylinder whose generators are paralle to T.t‘: —LZ =§ and
passing through the guiding curve x* + 2y* =1, z=3.
Ans. Refer Example 1, Page No. 220.
SECTION - B
Answer ALL questions 5x10=350
NIT I

11. (a) A variable plane is at a constant distance 3P from the origin and meets the
coordinate axes in A, B, C. Show that the locus of the centroid of AABC is
x1+yiezri=pl

Ans. Refer Problem - 23, Page No. 49,
(OR)
(b) The equation 6x° + 4y° — 11xy + 3yz + 4zx = 0 represent a pair of planes and
find its distance between them.
Ans. Refer Problem 1(iv). Page No. 61.
UNIT 11
x-1_ y+1_ =z-3

5 A and

12. (a) Find the equation of the plane which contains the line

is perpendicular to the plane x + 2y + z = |2,
Ans. Refer
(b) Find the shortest distance between and the equaitons of shortest distance

between the lines il = i - e -I—‘;I = e = it .
3 4 2 4 5 3
Ans. Refer Example 1(a), Page No. 103.
UNIT 111

13. (a) A plane passes through a fixed point (a. b, ¢) and cuts the axes in A, B, C.

a b ¢
Show that the locus of the centre of the sphere of OABC is ;"‘ :‘*‘— =2,

il

Ans. Refer Example 6, Page No. 54,

(b) Show that the plane 4x + 9y + 14z — 64 = 0 touches the sphere 3(x* + y* + z°)
—2x — 3y — 4z - 22 = 0. Find also the point of contact.

Ans. Refer Problem 4, Page No. 155.
UNIT 1V

14. (a) Find the limiting points of the coaxial system of spheres x* + y* + 22 — 20x +
J0y—-40z+29+ A(2x -3y + 42)=0.
Ans. Refer Problem - 1, Page No. 173.
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{(b) Find the equation of the cone with vertex (5.4, 3)and 3x* + 2" =6,y +z=10
as base.

Ans. Refer Example 3, Page No. 189,
UNIT - V

15. (a) Find the equation of right circular cone whose vertex is P(2, -3, 5) axis PQ
which makes equal angles with the axes and which passes through A(1, -2, 3).

Ans. Refer Example 2, Page No. 194,
OR

(b) Find the equation of the enveloping cylinder of sphere x* + y* + z* = 25, whose

X ? Z
generators are parallel to T = % = 5

Ans. Refer Example 1, Page No. 225.
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VIKRAM SIMHAPURI UNIVERSITY
THREE YEAR B.S¢/B.A (CBCS) Degree Examination Apri/May 2018
SECOND SEMESTER
Part 1I: Mathematics
Paper 11: Solid Geometry

Time

: 3 hours Maximum : 75 marks

Ans.

Ans,

Ans.

Ans.

Ans.

Ans.

Ans,

Ans.

Ans.

SECTION - A

. Answer any Five Questions. (5 x § = 125)
. Find the angle between the planes 2x - y+z=0andx+y+2z=7.

Refer 17(ii), Page No. 49,

Find the equation of the plane passing through (1. 0, -2) and perpendicular to the
plane 2x +y—-z=2andx-y—-z=13.

Refer Example 5, Page No. 47.

. Find the points of intersection of the lines -_3 - > - 5 and
x—1 y—-3_3
3 I -5
Refer Problem - 9, Page No. 72.
] x-1 y-2 =z-3 x-2 y-3 z-4
Show that the lines - - and - - are coplanar.

2 3 4 3 4 5
Refer Example 5, Page No. 1835,

. Find the centre and radius of the sphere 2x* + 2y* + 22 - 2x+ 4y + 22+ 1 = 0.

Refer Example 1(ii), Page No. 135.

Find the equation of the sphere through the circle x* + y* + =2 + 2x + 3y + 6 = 0,
x—2y+ 4z =9 and the point (1, 2, 3).

Refer Problem (iii) 5, Page No. 145,

Find the equation of the tangent plane to the sphere x* + " + 22 - 2x + 4y +2z - 3
= 0, to the point (-1, 4, -2).

Refer Problem 3, Page No. 155,

Show that the spheres are orhtozonal

X+y+z2+0p+2:+8=0, xX*+y+2+6x+8y+4z+20=10,

Refer Problem - 1. Page No. 169.

Find the equation of the cone with vector (1, 1, 1) and guiding curve x* + y* = 4,

—
-— _—

Refer Problem 4(a). Page No. 182.
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10. Find the equation of the cylinder whose generators are parallel to the lines

X ¥ 4

557 ; and whose guiding curve int he ellipse x* + 2y =1,z=10,
Ans. Refer Problem - 1 Page No. 220.
PART - B
Answer any FIVE of the following questions, choosing at least ONE question
from each Unit. 5x10=50
SECTION - A
UNIT - 1

11. Find the equations of the planes bisecting the angle between the planes. 2x -y -
22+3=0,3x-2y+6z+8=0.

Ans. Refer Problem 9(iii). Page No. 55.

12. Prove that the equations 2x* — 3)* + 4z + xy + 6zx — yz = 0 represents a pair of
planes and find the angle between them.

Ans. Refer Problem 1(i). Page No. 61.
UNIT - 11
13. Find the image of the point (1, 3, 4) in the plane 2x —y+z+3 =0,
Ans. Refer Problem 20(1), Page No. 73.
14, Find the length and equaions to the lines of shortest distance between the lines

x=3 y-3 z42 x-1 y+7 2z41
-1 2 11 3 2z
Ans. Refer Problem 2(i) . Page No. 103.
UNIT - 111
15. Find the centre and radius of the circlex — 2y +2z= 15, x* +y* + =22 - 2y — 4z - 11
= (),
Ans. Refer Exerices 3(ii), Page No. 144,

16. Find whether the following circle is a great circle or small circle x* + y* + 22 + Ty
+22+2=0,2x-3y+4z=8,

Ans. Refer Exerices 15(i), Page No. 145,
SECTION - B
UNIT - 1V

17. Find the equation of the sphere which touches the planes 2x + 2y —z+2 =0 at
(1, =2, 1) and cuts orthogonally the sphere x* +y* + 22 —4dx + 6y + 4 =0,
Ans. Refer Example 2, Page No. 177.
18. Find the limiting points of the coaxial system defined by the spheres x* + y* + 2% +
dx -2y +2z+4=0and x*+ ¥ +22+2x—4y- 2+ 6= 0.
Ans. Refer Example 1, Page No. 172,
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ANDRA UNIVERSITY
Three Year B.Se/B.A. (CBCS) Degree Examination Apri/May 2018
SECOND SEMESTER
Part 1I: Mathematics
Paper 11: Solid Geometry

Time : 3 hours Maximum : 75 marks

1.
1.

Ans.
. Show that the equation x* + 4y* + 92> — [2yz —bzx + dxy + 5x+ 10y - 15z + 6 =

Ans,
. Find the image of the point (2, <1, 3) in the planes 3x -2y +z=9,
Ans.

Ans.

. Find the equation of the sphere having its centre on the line 5y + 2z=0=2x-3y

Ans.
. Find the vertex of the cone 2x* + 2y + 722 = 10z - 10zx + 2x + 2y + 26 - 17 = 0.
Ans.

Ans.

Ans.

SECTION - A

Answer any Five Questions. (5 x 5§ =15)

Find the equation of the plane through (4, 4, 0) and perpendicular to the planes
x+2y+2z=5and 3x+3y+2z-8=0.

Refer Example 4, Page No. 47.

0 represents a pair of parallel planes and find the distance between them.
Refer Example 3, Page No. 60.

Refer Example 2, Page No. 68.

Find the equations of the line through the point (1. I, 1) and interesecting lines.
2=y=z=2=0=x+y+tz=1

X=y=z+3=0=2x+4y-z2=-4

Refer Example 8, Page No. 89.

and passing through the points (2, -1, -1)(0,- 2, - 1).
Refer Problem 5, Page No. 136.

Refer Problem 1(a), Page No. 205.

Find the equation to the right circular cylinder whose guiding circle is x* + )7 + =°
=0.x-y+z=3.

Refer Example 1, Page No. 222,

Find the enveloping cylidner of the sphere x* +* + 22 + 2x — 4y + 1 = 0 having its
generators paralleltox =y =1z,

Refer Example 1, Page No. 225,
SECTION - B

Answer ALL of the following questions. (5 x 10 50)
11. (a) IfA=(1,3,2),B=(-5.0,2),C=(1, 1,—4) find the distance of (2, 3, 4) from

Ans.

the plane AgC without find the equation to ARC .
Refer Problem 26, Page MNo. 50.
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{b) A variable plane passes through in a fixed point (a. b, ¢). It meets the axes of

reference in A, B and C. Show that the I....... of the point of intersection of the
planes through A, B, C and parallel of the planes through A, B, C and parallel
to the cordinate plane as ax' + by' + ez' = 1.

Ans. Refer Example 6, Page No. 54,

) ] ) x-1 y-2 =z4+3
10. (a) Find the image of the lines 9 = | = 5 I the plane 3x -3y + 10z-26=0.
Ans. Refer Example 6, Page No. 70.
Or
(b) Find 5.D and the requestions of the line of S.D between the lines 3x -9y + 5z
=0=x+y—-z andb6x+8y+3z-10=0=x +2y+z=3.
Ans. Refer Example 4, Page No. 99,

11. (a) The plane of equation 5 + 'hl+ f = | meets the axes in A, B, C. Find the sanction

of the ciecumcircle of AABC and inface find its centre.
Ans, Refer
Or
(b) Find the limiting points of the coaxal system defined by the spheres x* + y* + 2*
+4x+2y+2z2+6=0andx¥*+)y*+ 22+ 2x—4y- 22+ 6=0.
Ans. Refer Example 1, Page No. 172.

12. (a) Prove that the angle between the lines of intersection of the plane x + y + z =

n (N
0 with the cone ayz + bzx + exy =0us — if —+—+—=0,
3 a b ¢
Ans. Refer Example 5, Page No. 185.
Or

(b) Prove that the cone E(x. y. z) = 0 will have three mutually perpendicular
generatorsasa + b+ ¢ = 0.

Ans, Refer Theorem 7.14, Page No. 201.
13.(a) Find the equation of the cylinder whose generators have direction raties
(1, -2, 3) and whose guiding curve is x* +2)y*=1,z=0.
Ans. Refer Problem - 1, Page No. 220.
Or

(b) Find the equation of the enveloping cyclinder of the conicoid ax® + by* + ¢2*
= 1. Whose generators are parallelotox =y =z,

Ans. Refer Problem - 3 Page No. 225.
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SRI VENKATESWARA UNIVERSITY
Three Year B.Sc./B.A. (CBCS) Degree Examination April 2018
Choice Based Credit System
SECOND SEMESTER
Part 11: Mathematics
Paper I: Solid Geometry (w.e.f 2015-2016)

Time : 3 hours Maximum : 75 marks

SECTION - A

Answer any FIVE of the following (5 x5 =125)

Ans.

Ans.
. Find the image of the point (1, 3, 4) in the plane 2x -y +z+3 =10 (5)
Ans.

Ans,

Ans.

Ans.

Ans,

Ans.

Ans.

Find the equation to the plane through the points (1, -2, 4), (3, -4, 5) and
perpendicular to XY plane. (5)

Refer Problem 8(iii), Page No. 48.

Prove that the equation 2x* — 6y — 12z* + 18yz + 2zx + xy = 0 represents a pair
of planes, and find the angle between them. (5)

Refer Example 1, Page No. 59.

Refer Problem - 20(i), Page No. 73.

x-1 y+1 z-3
=i =22 gy

Find the equation to the plane containing the line

2 -1 4
perpendicular to the plane x + 2y +z - 12 =0,
Refer Problem 6, Page No. 77.
. Find the centre and radius of the circle x* + y* + 22 =2y -4z - 11 =0,x+ 2y + 2=
_15=0. (5)

Refer Problem 3(i1), Page No. 144,

Show that the plane 2x — 2y + z + 12 = 0 touches the sphere x* + y* + z* - 2x — 4y
+ 2z~ 3 = 0 and find the point of contact. (5)

Refer Exerices 4, Page No. 151.
Find the equation to the cone which passes through the three co-ordiante axes and

e ties T T ang Eo ¥ F
c 1nnes | 7 3 dan 2 | 1
Refer Problem 1, Page No. 181.

Find the equation of the lines of intersection of the plane 2x + vy — z = 0 and the
cone 4x* —y* + 3z =0, (5)

Refer Example 1, Page No. 183.

and

e |

" . . i
Find the equation of the cylinder whose generators are parallel to T = 5 =

which passes through the curve x* + y* =16,z = 0.
Refer Example 1, Page No. 183.
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10. Find the equation to the right circular cylinder whose axis is IT_I = % == Is and
of radius 2.
Ans. Refer Example 1, Page No. 223,
SECTION - B
Answer ALL guestions. Each carries 10 Marks. Sx10=350
11. Find the equation of the plane bisecting the obtuse angle between the planes
3x+4y—5z+1=0and 5x+ 12y-13z=0. (10)

Ans. Refer Problem 10, Page No. 55,

12. If H=ax?+ by* + ¢z* + 2fyz + 2gzx + 2hxy = 0 represents pair of planes and 0 is
angle between them. Then show that

| a+h+c |
cos 6 = N{u+b+c}3 +4[.f:+.§f: + i —ab—:‘:c—ca” (10)

Ans. Refer Theorem 3.32, Page No. 58.

x—1 y-2 243,

13. Find the image of the line . - T - -3 in the plane 3x -3y + 10z-26=0.
(10)
Ans. Refer Example 6, Page No. 70.
. : i . X _y_=z
14. Find the length and equations of the line of S.D between the lines 1 = E:T and
x+y+2z-3=0=2x+3y+3z-4. (10)

Ans. Refer Example 3, Page No. 56.

15. A sphere of constant radius 'r' passes through the original "0’ and cuts the axes in
A, B, C. Prove that the foot of the perpendicular from 'Q' to the plane ApC lies
on(x*+y*+22 (x* +y* + %) =4 (10)

Ans. Refer Example 6, Page No. 134,
Or

16. Find the equation of the sphere which touches the plane 3x + 2y -z +2 =0 at
(1, -2, 1) and cuts orthogonally the sphere x* + "+ —4dx+ 6y +4=0. (10)
Ans. Refer Problem 15, Page No. 156.
17. Prove that the angle between the lines of intersection of the plane x + y + =10
T I 1 1
with the cone ayz + bzx + cxy =0 is 3 if S + E+ ;= 0. (10)

Ans. Refer Example 5, Page No. 185.
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Or

18. Show that the equation 2)° — 8yz — 4zx — 8xy + 6x — 4y — 22 + 5 = 0 represents a
cone and find its vertex. (107

Ans. Refer Exerices 3, Page No. 201.
19. Find the equation to the right circular cylinder whose guiding circle is x* +y* + z*
=9 x-y+z=3 (10)

Ans. Refer Example 1, Page No. 222,

Or
20. Find the equation of the enveloping cylinder of the sphere x> + y* + 2°— 2x + 4y —
1 = 0, having its generators parallel to the line x = y = = (10)

Ans. Refer Example 1, Page No. 225.
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KRISHNA UNIVERSITY
Three Year B.Sc./B.A. (CBCS) Degree Examination April 2018
Choice Based Credit System
SECOND SEMESTER
Part 11: Mathematics
Solid Geometry (Regulation 2015-2016)

Time : 3 hours Maximum : 75 marks

SECTION - A
Answer any FIVE of the following (5 x5 =125)

I. Find the equation of the plane through the point (4, 4, 0) and perpendicular to each
of the plane x + 2y +2z-5=0and 3x + 3y +2:-8 = 0.

Ans. Refer Example 4, Page No. 47.

2. Show that the equation 2x* — 3)* + 42° + xy + 6xz — yz = 0 represents a pair of
planes.

Ans. Refer Problem 1(i). Page No. 61.

3. Find the symmetric form of the equations of the linex+y+z+1=0=4x-y-2z
+ 2.

Ans. Refer Problem 16, Page No. 73.
x+1 y =z-=3

4. Find the angle between the line T " 6 and the plane 3x+y+z=17.
A Sol tl ¥ 53 ,
ns. Solve ) = 3— 6 e 1)

giventrans 3x+y+z-7=10
Let 0 be angle between the plane and the list

+3.2+1.3+16 6+3+6 15

in@ = =+ = +
then sin6= iz o 1) i re - VINAD TN

5. Find the equation of the sphere which touches the plane 3x + 2y —z + 2 = 0 at
(1,-=2, 1) and passes therough the origin,
Ans. Refer Problem - 15, Page No. 156.
6. Find the equation of the sphere through the points (1, -4, 3)(1.-5, 2) (1. -3.0)
and passes through the origin.
Ans. Refer Problem 8, Page No. 136.
7. Find the equation of the cone whose vertex is (1, 2. 3) and guiding curve is
¥y =dax,z=0.
Ans. Refer Example 5, Page No. 190.
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Find the equation to the right circular cylinder whose guiding circle is x* +y* + =2*
=D x=yp+r=3

Refer Example 1, Page No. 222,
PART B

Answer All QQuestions 3 =% 10 = 50 Marks

9.

Ans.

10.

Ans.

11.

Ans.

Ans.
14,

Ans.

15.

Ans.
1 6.

Ans.

A variable plane is at a constant distance 3p from the origin and meets the axes in

5

A, B, C show that the locus of the centroid of the triangle ABC is x* +y* + 22 =p°,
Refer Problem 22, Page No. 49.
Or

Find the equation of the bisector of the angles between the planes 2x — y + 2z + 3
=) and 3x — 2y + 6z + 8 = () and distinguish them.
Refer Problem 9(ii)., Page No. 55.
UNIT 11
x-1_y-2 2z2-3 x-2 y-3 z-4

5 3 4 " 3 a g are coplanar. Find

the point of intersection and the plane containing the lines.

Show that the lines

Refer Example 1, Page No. 85.
Or

. Find the shortest distance and the equations of S.D between the lines 3x -9y + 35

z=0=x+y-z:6x+8y+3z-10=0=x+2y+2z-13.

. Refer Example 4, Page No. 99.

UNIT - 111

. If r . r, are the radii of two orthogonal spheres, then the radius of the circle of

i

their undersection is 2, 2.
h +h

Refer Theorem, Page No. 163.

If (=2, 1,—1)1is a limiting point of a coaxal system for which x + y + 22 =0 is the
radical plane then show that the other limiting pointis (-1, 2, 1).

Refer Problem - 8, Page No. 173.
UNIT - IV

Find the vertex of the cone x* — 2y* + 3z° — d4xy + Syz — 6zx + Bx — 19y - 2z - 20
= (.

Refer Exerice Problem 1(b), Page No. 205.

Find the equation of the right circular cone whose vertex is (1, -2, —1) axis the line

x—1 y+2 z+]
3 45

Refer

and the semivertical angle 60°,
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17.

Ans.

18.

Ans.

13

UNIT -V
Find the equation to the cylinder whose generators are parallel to the line
x Yy _z .. . . , ,
1 - ) - 3 guiding curve is the ellipse x* + 2y* =1,z =3.
Refer Example Problem |, Page No. 220,

Or

Find the equation of the enveloping cylidner of the sphere x* + y* + 2 — 2x + 4y —
| = 0 having its generators parallel to the line x = y = z.

Refer Example 1, Page No. 225,
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ADIKAVI NANANAYA UNIVERSITY
At the end of Second Semester Degree Examination
Choice Based Credit System
SECOND SEMESTER
Part 11: Mathematics
Solid Geometry (W.e.f Admitted Batch 2016-17) (CBCS PATTERN)

Time : 3 hours Maximum : 75 marks

SECTION - A
Answer any FIVE of the following (5 x 5 =15)

|. Find the equations of the planes through the intersection of the planes x + 3y + 6 =
0, 3x =y — 4z =0 such that the perpendicular distance of each from the origin is
unity.
Ans. Refer Example 2, Page No. 53,

Find teh equation of the line through the point (1, 2, 4) and parallel to the line
Ix+2y-z=4,x-2y-2z=5.

Ans. Refer Problem 21, Page No. 73.

[

. x=3 2-y =z+1 :
3. Show that the line T 4' =7 intersects the line2x + 4y +3z+ 3 =0, x
+ 2y + 3z =0 in the point (9, -6, 1)

Ans. Refer Problem 8, Page No. 72.

4. A plane passes through a fixed point (a, b, ¢) and intersects the axes in A, B, C.

a b ¢
Show that the center of the sphere OABC ;"‘:‘*—: 2,

Ans. Refer Example 5, Page No. 134,

5. Find the polar line of 2t =2=2=3=3
. Find the polar hine o T
Ans. Refer Example 3, Page No. 161.

6. Show that the spheres x*+y* + 22+ 6y + 22+ 8=0; x* + p*+ 2"+ 6x+ By + 4z +
20 = 0 are orthogonal.

Ans. Refer Problem - 1, Page No. 169.
7. Find the equation of the quarinic cone through the coordinate axes and three lines.

w.r to the sphere x* + y* + 22 = 16.

x y =z X Yy =

—==—=—and —-==—=

1 -2 372 1 1
Ans. Refer Problem - 1, Page No. 181.
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8. Find the condition that one plane uz + vy + wz = 0 way touch the cone ax® + by*

+czi=1),
Ans. Refer Example 6, Page No. 211.
SECTION - B
II. Answer ALL questions. 5x10=50

9.(a) A variable palne is at a constant distance "p" from the origin and meets the
axes in A, B, C. Show that the louis of the coentroid of the tetrahedron OABC
isx2+yi+z2=16p%

Ans. Refer Problem - 23, Page No. 49.

-

r v
10. Find the sanction of the shortest distance between the lines 1 2= cure x + y

21
+2z-3=0=2x+3y+3z-4.
Ans. Refer Example 6, Page No. 211.

11. (a) Show that the two circlesx*+y* + 22—y +2z=0,x—-y+z=2and x* +)* +

Z+x-3y+z-5=0,2x—y + 4z -1 =0 line on the same sphere and its
equation,
Ans. Refer Example 5, Page No. 143,
(OR)

(b) Find the pole of the plane x — y + 5z — 3 = 0 w.r.to the sphere x* + y* + 2> =9,
Ans. Refer Probelm 3, Page No. 162.

12. (a) Find the equation of the sphere which touches the plane 3x + 2y -z +2=0at
(1,=2, 1) and cuts orthogonally the sphere x* + y* + >~ dx + 6y + 4 = 0.

Ans, Refer Example 2, Page No. 167.
(b) Find the limiting points of the coaxal system of spheres of which two members
arex’+y*+z'+3x-3Jy+6=0,x¥*+y +tz2-6y-6z+6=0.
Ans. Refer Problem 3, Page No. 173,
13. (a) Show that if a right circular cone has sets of three mutually perpendicular

generations, its semivertical angle must be tan™' /7 .

Ans. Refer Example 3, Page No. 203.
Or

(b) Find he plane which touches the cone x* + y* — 327 + 2yz — 5zx + 3xy = 0,
among the generator whose direction ratios are (1, 1, 1).

Ans. Refer Problem 6, Page No. 212.
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SECTION - A

Answer any FIVE of the following (3 x 5 =125)

Ans.
2.

Ans.

Ans,

Ans,

Ans.

Ans.

Ans,

Ans.

Find the equation of the plane through (4, 4, 0) and perpendicular to the planes
x+2y+2z=5and 3x+3y+2:=8.

Refer Example 4, Page No. 47.

Find the equation of the plane bisecting the acute angle between the planes x + 2y
+2z-3=0,3x+4y+12z+1=0.

Does is Example 7, Page No. 54.

. Find the equations of the line through the point (1, 1. 1) and intersection the lines

AE=Pp=F—d=(mgty+g-]
x=y—2=3=0=x++4y-z-4.
Refer Example 8, Page No. 89,

-

Find the equation of the plane contaiing the line —+—=1,y=0.
a c

Does is Example 5, Page No. 100,

. Show that the spheres x* + )~ + z° = 25; ¥ + )7+ z7 = 225 = 0 touch externally, and

find the point of contact.
Refer Problem 17, Page No. 156.

Determine the equation of the sphere through the points (4, -1, 2), (0, -2, 3).
(1,=5.1). (2, 0. 1) and find its radius.

Refer Problem 2(ii), Page No. 135.
Find the equation of the cone which passes through the three coordiante axes and

PURTON W N
¢ lines =" and >="2=".

Refer Problem 1, Page No. 181.

" . : X y 2

Find the equation to the cylinder whose generators are parallel to 1 = 5 = 3 and

guiding curve x* + 3= 16:z=0.
Refer Example 1, Page No. 219.



Question Papers 17

SECTION - B

Answer the following (ONE question from each Unit)

9. (a)

Ans.

(b)

Ans.

10. (a)

Ans.

(b)

Ans.

11. (a)

Ans.

(b)

Ans.
12. (a)

Ans.

(b)

Ans.

UNIT -1

Obtain the equation of the plane which passes through the point (-1, 3, 2) and
is perpendicular to each of the planes x + 2y +2z=5,3 + 2y + 2z = 8.

Refer Problem -9, Page No. 48.
Or

Find the equation of the plane which is perpendicular to the plane 5x + 3y + 62
+ 8 = 0 and which contains the line of intersection of x + 2y + 3z -4 =10, 2x +
y—z+5=0,.
Refer Problem - 6, Page No. 535.

UNIT 11
Find the length and equation to the line of shortest distance between the lines
x y+l z-2
4 3 2
Refer Problem - 4, Page No. 103.

2 3x=2y-3z+6=0=x-3y+2z-3.

x—1 y-2 2-3 x-2 y-3 z-4 I
5 3 I ' 3 2 5 are coplanar.

Find their point of intersection and the plane containing the lines.
Refer Example 1, Page No. 85.
UNIT - I

Obtain the equations of the sphere which passes through the circle x* + y* + 2*
—-2x+2y—4z+3=0, 2x + y + z = 4 and touch the plane 3x + 4y = 14.

Refer

Prove that the lines

Or
) x+1 y=2 :
Show that the polar line of 3 — 3 =z+3 with respect to the sphere
x+3 2-Ty =z

x*+y*+22=1is the line = =—,

11 5 -1
Refer Problem 10(i), Page No. 162.
UNIT IV

State and prove a necessary and sufficient condition for a cone to admit a set
of 3 mutually perpendicular generators.

Refer Theorem 7.14, Page No. 201.

Or

Find the equation of the sphere which touches the plane 3x + 2y —-z+2=0at
(1,-2, 1) and cuts orthogonally the sphere x* + ) + 2> —dx + 6y + 4 =0,

Refer Example 2, Page No. 167.
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UNIT -V
13. (a) Find the equation of the right circular cone whose vertex is (1, -2, —1), axis the
. ox=1 y+2 z+] : )
line - - and semi-vertical angle 60°.
3 4 5
Ans, Refer Problem 8, Page No. 198,

Or

(b) Find the equation of the right circular cylinder of radius 5 units and having its

xi5 the line = x==-y=-—2,
-%nustw.alm‘:1 3,} 6

Ans. Refer Problem 5, Page No. 224,



